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INTRODUCTION 


The challenge of well-posed problems transcends national boundaries, 
ethnic origins, political systems, economic doctrines, and religious 
beliefs; the appeal is almost universal. Why? You are invited to formulate 
your own explanation. We simply accept the observation and exploit it 
here for entertainment and enrichment 

This book is a new, combined edition of two volumes first published 
in 1970. It contains more than three hundred problems that are "off the 
beaten path" — problems that give a new twist to familiar topics or that 
introduce unfamiliar topics. With few exceptions, their solution requires 
little more than some knowledge of elementary algebra, though a dash of 
ingenuity may help. The problems range from fairly easy to hard, and 
many have extensions or variations that we call challenges . Supplied 
with pencil and paper and fortified with a diligent attitude, you can make 
this material the starting point for exploring unfamiliar or little-known 
aspects of mathematics. The challenges will spur you on; perhaps you can 
even supply your own challenges in some cases. A study of these non- 
routine problems can provide valuable underpinnings for work in more 
advanced mathematics. 

This book, with slight modifications made, is as appropriate now as it 
was a quarter century ago when it was first published. The National Council 
of Teachers of Mathematics (NCTM), in their Curriculum and Evaluation 
Standards for High School Mathematics (1989), lists problem solving as its 
first standard, stating that "mathematical problem solving in its broadest 
sense is nearly synonymous with doing mathematics." They go on to say, 
"[problem solving] is a process by which the fabric of mathematics is 
identified in later standards as both constructive and reinforced." 

This strong emphasis on mathematics is by no means a new agenda 
item. In 1980, the NCTM published A n A genda for Action. There, the NCTM 
also had problem solving as its first item, stating, "educators should give 
priority to the identification and analysis of specific problem solving strate- 
gies — [and] should develop and disseminate examples of 'good problems’ 
and strategies." It is our intention to provide secondary mathematics 
educators with materials to help them implement this very important 
recommendation. 



ABOUT THE BOOK 

Challenging Problems in Algebra is organized into three main parts: 
"Problems," "Solutions," and "Answers." Unlike many contemporary 
problem-solving resources, this book is arranged not by problem-solving 
technique, but by topic. We feel that announcing the technique to be used 
stifles creativity and destroys a good part of the fun of problem solving. 

The problems themselves are grouped into two sections. Section I 
covers eight topics that roughly parallel the sequence of a first year 
algebra course. Section II presents twelve topics that roughly parallel the 
second year algebra course. 

Within each topic, the problems are arranged in approximate order of 
difficulty. For some problems, the basic difficulty may lie in making the 
distinction between relevant and irrelevant data or between known and 
unknown information. The sure ability to make these distinctions is part 
of the process of problem solving, and each devotee must develop this 
power by him- or herself. It will come with sustained effort 

In the "Solutions" part of the book, each problem is restated and then 
its solution is given. From time to time we give alternate methods of 
solution, for there is rarely only one way to solve a problem. The 
solutions shown are far from exhaustive, and intentionally so, allowing 
you to try a variety of different approaches. Particularly enlightening is 
the strategy of using multiple methods, integrating algebra, geometry, and 
trigonometry. Instances of multiple methods or multiple interpretations 
appear in the solutions. Our continuing challenge to you, the reader, is to 
find a different method of solution for every problem. 

The third part of the book, "Answers," has a double purpose. It 
contains the answers to all problems and challenges, providing a quick 
check when you have arrived at a solution. Without giving away the 
entire solution, these answers can also give you a hint about how to 
proceed when you are stuck. 

Appendices at the end of the book provide information about several 
specialized topics that are not usually covered in the regular curriculum 
but are occasionally referred to in the solutions. This material should be 
of particular interest and merits special attention at the appropriate time. 

THE TOPICS COVERED 

Section I. The book begins with a chapter of general problems, 
simple to state and understand, that are generally appealing to 
students. These should serve as a pleasant introduction to problem 
solving early in the elementary algebra course. 

Chapter 2 demonstrates the true value of algebra in understanding 
arithmetic phenomena. With the use of algebraic methods, students are 
guided through fascinating investigations of arithmetic curiosities. 



VI 


Familiar and unfamiliar relations are the bases for some cute problems 
in chapter 3. A refreshing consideration of various base systems is 
offered in chapter 4. Uncommon problems dealing with the common 
topics of equations, inequalities, functions, and simultaneous 
equations and inequalities are presented along with stimulating 
challenges in chapters 5, 6, and 7. 

The last chapter of this section contains a collection of problems 
summarizing the techniques encountered earlier. These problems are best 
saved for the end of the elementary algebra course. 

Section II. The second section opens with a chapter on one of the 
oldest forms of algebra, Diophantine equations — indeterminate equations 
for which only integer solutions are sought. These problems often appear 
formidable to the young algebra student, yet they can be solved easily 
after some experience with the type (which this section offers). 

The next two chapters present some variations on familiar themes, 
functions and inequalities, treated here in a more sophisticated manner 
than was employed in the first section. 

The field of number theory includes some interesting topics for the 
secondary school student, but all too often this area of study is avoided. 
Chapter 12 presents some of these concepts through a collection of 
unusual problems. Naturally, an algebraic approach is used throughout. 

Aside from a brief exposure to maxium and minimum points on a 
parabola, very little is done with these concepts prior to a study of the 
calculus. Chapter 13 will demonstrate through problem solving some 
explorations of these concepts at a relatively elementary level. 

Chapters 14, 15, 17, and 18 offer unconventional problems for some 
standard topics: quadratic equations, simultaneous equations, series, and 
logarithms. The topic of logarithms is presented in this book as an end in 
itself rather than as a (computational) means to an end, which has been its 
usual role. Problems in these chapters should shed some new (and dare we 
say refreshing) light on these familiar topics. 

Chapter 16 attempts to bring some new life and meaning, via 
problem solving, to analytic geometry. Chapter 19 should serve as a 
motivator for further study of probability and a consideration of general 
counting techniques. 

We conclude our treatment of problem solving in algebra with 
chapter 20, "An Algebraic Potpourri." Here we attempt to pull together 
some of the problems and solution techniques considered in earlier 
sections. These final problems are quite challenging as well as out of the 
ordinary, even though the topics from which they are drawn are quite 
familiar. 



USING THE BOOK 

This book may be used in a variety of ways. It is a valuable supplement 
to the basic algebra textbooks, both for further explorations on specific 
topics and for practice in developing problem-solving techniques. The 
book also has a natural place in preparing individuals or student teams for 
participation in mathematics contests. Mathematics clubs might use this 
book as a source of independent projects or activities. Whatever the use, 
experience has shown that these problems motivate people of all ages to 
pursue more vigorously the study of mathematics. 

Very near the completion of the first phase of this project, the 
passing of Professor Charles T. Salkind grieved the many who knew and 
respected him. He dedicated much of his life to the study of problem 
posing and problem solving and to projects aimed at making problem 
solving meaningful, interesting, and instructive to mathematics students 
at all levels. His efforts were praised by all. Working closely with this 
truly great man was a fascinating and pleasurable experience. 


Alfred S. Posamentier 
1996 



PREPARING TO 
SOLVE A PROBLEM 


A strategy for attacking a problem is frequently dictated by the use of 
analogy. In fact, searching for an analogue appears to be a psychological 
necessity. However, some analogues are more apparent than real, so 
analogies should be scrutinized with care. Allied to analogy is structural 
similarity or pattern. Identifying a pattern in apparently unrelated 
problems is not a common achievement, but when done successfully it 
brings immense satisfaction. 

Failure to solve a problem is sometimes the result of fixed habits of 
thought, that is, inflexible approaches. When familiar approaches prove 
fruitless, be prepared to alter the line of attack. A flexible attitude may 
help you to avoid needless frustration. 

Here are three ways to make a problem yield dividends: 

(1) The result of formal manipulation, that is, “the answer," may or may 
not be meaningful; find out! Investigate the possibility that the 
answer is not unique. If more than one answer is obtained, decide on 
the acceptability of each altematibe. Where appropriate, estimate the 
answer in advance of the solution. The habit of estimating in advance 
should help to prevent crude errors in manipulation. 

(2) Check possible restrictions on the data and/or the results. Vary the 
data in significant ways and study the effect of such variations on the 
original result 

(3) The insight needed to solve a generalized problem is sometimes 
gained by first specializing it. Conversely, a specialized problem, 
difficult when tackled directly, sometimes yields to an easy solution 
by first generalizing it. 

As is often true, there may be more than one way to solve a problem. 
There is usually what we will refer to as the "peasant’s way" in contrast to 
the "poet's way" — the latter being the more elegant method. 

To better understand this distinction, let us consider the following 
problem: 


If the sum of two numbers is 2, and the product of these 
same two numbers is 3, find the sum of the reciprocals 
of these two numbers. 



ix 


Those attempting to solve the following pair of equations simultane- 
ously are embarking on the "peasants way" to solve this problem. 

x + y = 2 
xy = 3 

Substituting for y in the second equation yields the quadratic equation, 
x 2 - 2x +3 = 0. Using the quadratic formula we can find x = 1 ± i a/2. 

2 

By adding the reciprocals of these two values of x, the answer —appears. 

This is clearly a rather laborious procedure, not particularly elegant. 

The "poet's way" involves working backwards. By considering the 
desired result 

1 1 

— + — 

x y 

and seeking an expression from which this sum may be derived, one 
should inspect the algebraic sum: 

x + y 

xy 

The answer to the original problem is now obvious! That is, since 

x + v 2 

x + y - 2 and xy = 3, — ' 1 = — This is clearly a more elegant 
solution than the first one. 

The "poet's way" solution to this problem points out a very useful 
and all too often neglected method of solution. A reverse strategy is 
certainly not new. It was considered by Pappus of Alexandria about 320 
A.D. In Book VII of Pappus' Collection there is a rather complete descrip- 
tion of the methods of "analysis" and "synthesis." T. L. Heath, in his 
book A Manual of Greek Mathematics (Oxford University Press, 1931, 
pp. 452-53), provides a translation of Pappus' definitions of these terms: 

Analysis takes that which is sought as if it were 
admitted and passes from it through its successive 
consequences to something which is admitted as the 
result of synthesis: for in analysis we assume that 
which is sought as if it were already done, and we 
inquire what it is from which this results, and again 
what is the antecedent cause of the latter, and so on, 
until, by so retracing our steps, we come upon 
something already known or belonging to the class of 
first principles, and such a method we call analysis as 
being solution backward. 



But in synthesis, reversing the progress, we take as 
already done that which was last arrived at in the 
analysis and, by arranging in their natural order as 
consequences what before were antecedents, and 
successively connecting them one with another, we 
arrive finally at the construction of that which was 
sought: and this we call synthesis. 

Unfortunately, this method has not received its due emphasis in the 
mathematics classroom. We hope that the strategy recalled here will serve 
you well in solving some of the problems presented in this book. 

Naturally, there are numerous other clever problem-solving strategies 
to pick from. In recent years a plethora of books describing various 
problem-solving methods have become available. A concise description of 
these problem-solving strategies can be found in Teaching Secondary 
School Mathematics: Techniques and Enrichment Units, by A. S. 
Posamentier and J. Stepelman, 4th edition (Columbus, Ohio: Prentice 
Hall/Merrill, 1995). 

Our aim in this book is to strengthen the reader's problem-solving 
skills through nonroutine motivational examples. We therefore allow the 
reader the fun of finding the best path to a problem's solution, an 
achievement generating the most pleasure in mathematics. 



PROBLEMS 


SECTION I 
First Year Algebra 


1. Posers: Innocent and Sophisticated 


The number of hairs on a human head, a castaway on a desert 
island trying to conserve his supply of water, a stubborn watch that 
stops for fifteen minutes every hour — these are some of the fanciful 
settings for the problems in this opening section. A variety of mathe- 
matical ideas are encountered in the problems, with the Pigeon Hole 
Principle and the mathematics of uniform motion receiving the greatest 
share of attention. 

1-1 Suppose there are 6 pairs of blue socks all alike, and 6 pairs of 
black socks all alike, scrambled in a drawer. How many socks 
must be drawn out, all at once (in the dark), to be certain of 
getting a matching pair? 

Challenge 1 Suppose the drawer contains 3 black pairs of socks, 7 
green pairs, and 4 blue pairs, scrambled. How many socks 
must be drawn out, all at once (in the dark), to be certain 
of getting a matching pair? 

Challenge 2 Suppose there are 6 different pairs of cuff links scrambled 
in a box. How many links must be drawn out, all at once 
(in the dark), to be certain of getting a matching pair? 

1-2 Find five positive whole numbers a , b , c, d , e such that there is no 
subset with a sum divisible by 5. 

1-3 A multiple dwelling has 50 letter boxes. If 101 pieces of mail are 
correctly delivered and boxed, show that there is at least one 
letter box with 3 or more pieces of mail. 


2 PROBLEMS 


Challenge 1 
Challenge 2 
Challenge 3 
Challenge 4 


What conclusion follows if there are 102 pieces of mail? 

What conclusion follows if there are 150 pieces of mail? 

What conclusion follows if there are 151 pieces of mail? 

If no human being has more than 300,000 hairs on his 
head, and the population of Megalopolis is 8,000,000 
persons, what is the least value of n in the assertion that 
there are n persons in Megalopolis with the same number 
of hairs on their heads? (Assume that all people have at 
least one hair on their head.) 


1-4 Assume that at least one of a x and b\ has property P, and at 
least one of a 2 and b 2 has property P, and at least one of a 3 and 
b 3 has property P. Prove that at least two of a u <* 2 > ^ 3 » or at 
least two of b u b 2 , £> 3 have property P. 


Challenge 1 Add to the information in Problem 1-4 that at least one 
of a 4 and has property P, and that at least one of 
a 6 and b 5 has property P. Prove that at least 3 of the a y s, 
or at least 3 of the £>’ s have property P. 

Challenge 2 Assume that property Q is possessed by at least one of 
bu ci, by at least one of a 2 , £> 2 , c 2 , . . . , by at least 
one of a io, £>io, c xo . Find the largest value of k in the 
assertion that at least k of the a' s, or at least k of the £>’s, 
or at least k of the c’s have property Q. 


Challenge 3 Assume that property R is possessed by at least two of 
au £>i, ci, by at least two of a 2 , £> 2 , c 2 , ...» by at least 
two of n 5 , £> 5 , c 5 . Find the largest value of m for which it 
can be said that at least m of the a* s, or of the £>’s, or of 
the c’s have property P. 


1-5 An airplane flies round trip a distance of L miles each way. The 
velocity with head wind is 160 m.p.h., while the velocity with tail 
wind is 240 m.p.h. What is the average speed for the round trip? 

1-6 Assume that the trains between New York and Washington leave 
each city every hour on the hour. On its run from Washington to 
New York, a train will meet n trains going in the opposite direc- 
tion. If the one-way trip in either direction requires four hours 
exactly, what is the value of «? 
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Challenge Change “four hours exactly” to “three and one-half hours 
exactly” and solve the problem. 

1-7 A freight train one mile long is traveling at a steady speed of 
20 miles per hour. It enters a tunnel one mile long at 1 p.m. At 
what time does the rear of the train emerge from the tunnel? 

1-8 A watch is stopped for 15 minutes every hour on the hour. How 
many actual hours elapse during the interval the watch shows 
12 noon to 12 midnight? 

Challenge 1 A watch is stopped for 15 minutes every hour on the 
hour. According to this watch, how many hours elapse 
between 12 noon and 12 midnight (actual time)? 

Challenge 2 Between 12 noon and 12 midnight, a watch is stopped for 
1 minute at the end of the first full hour, for 2 minutes at 
the end of the second full hour, for 3 minutes at the end of 
the third full hour, and so forth for the remaining full 
hours. What is the true time when this watch shows 12 
midnight? 

1-9 The last three digits of a number N are jc 25. For how many values 
of x can N be the square of an integer? 

1-10 A man born in the eighteenth century was x years old in the- 
year x 2 . How old was he in 1776? (Make no correction for 
calendric changes.) 

Challenge 1 Is there a corresponding puzzle for the nineteenth cen- 
tury? If so, find the man’s age in 1876. 

Challenge 2 Show that there is no corresponding puzzle for the 
twentieth century. 

1-11 To conserve the contents of a 16 oz. bottle of tonic, a castaway 
adopts the following procedure. On the first day he drinks 1 oz. 
of tonic and then refills the bottle with water; on the second day 
he drinks 2 oz. of the mixture and then refills the bottle with 
water; on the third day he drinks 3 oz. of the mixture and again 
refills the bottle with water. The procedure is continued for suc- 
ceeding days until the bottle is empty. How many ounces of water 
does he thus drink? 
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Challenge Assume that the castaway drinks only z oz. the first day, 

1 1 

1 oz. the second day, 1^ oz. the third day, and so forth. 
Find the total consumption of water. 

1-12 Which yields a larger amount with the same starting salary: 

Plan I, with four annual increases of $100 each, or 
Plan II, with two biennial increases of $200 each? 

Challenge How does the result change if the increase under Plan II 
is $250? 

1-13 Assuming that in a group of n people any acquaintances are 
mutual, prove that there are two persons with the same number 
of acquaintances. 

1-14 The smallest of n consecutive integers is y. Represent in terms of y 
(a) the largest integer L (b) the middle integer M. 

Challenge 1 Let y be the largest of n consecutive integers. Represent 
in terms of j (a) the smallest integer S (b) the middle 
integer M. 

Challenge 2 Let y be the smallest of n consecutive even integers. 

Represent in terms of y (a) the largest integer L (b) the 
middle integer Af. 

Challenge 3 Let j be the smallest of n consecutive odd integers. 

Represent in terms of j (a) the largest integer L (b) the 
middle integer M. 

3/i 

Challenge 4 If n is a multiple of 4, find the integer in position — 

for the original problem and each of Challenges 1, 2, 
and 3. 

1-15 We define the symbol \x\ to mean the value jc if x > 0, and the 
value —x if x < 0. Express \x — y\ in terms of max(x, y) and 
min(;t, y) where max(jc, y) means x if x > y, and y if x < y, 
and min(jc, y) means x if x < y 9 and y if x > y. 

Challenge 1 Does the result cover the case when x = yl 

Challenge 2 Prove that max(jc, y) = * + y + ^ 2 y ^ , and find the 

corresponding expression for min(x, y). 
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1-16 Let jc + = 


x if x > 0 
0 if x < 0, 


and let x 


— x if x < 0 
0 if jc > 0. 


Express: 

(a) x in terms of jc + and x~ (b) |jc| in terms of jc + and jc~ 

(c) jc + in terms of |jc| and x (d) jc” in terms of \x\ and x . 

(See problem 1-15 for the meaning of |jc|.) 


1-17 We define the symbol [x] to mean the greatest integer which is 
not greater than x itself. Find the value of [y] + [1 — y\ 

Challenge 1 Find the value of (a) [y] - [1 - y] (b) [1 - y] - [y], 

fjf] # 

Challenge 2 Evaluate F = — when (a) x is an integer (x ^ 0) (b) x is 
a positive non-integer (c) x is a negative non-integer. 


Challenge 3 Evaluate D = [x 2 ] — [x] 2 when (a) 0 < x < 1 (b) 1 < 
jc < 2 (c) 2 < x < 3. 

Challenge 4 Find an x satisfying the equation [x]x = 11. 

Challenge 5 Let (jc) = x — [x ] ; express (jc + y) in terms of (jc) 
and (y). 


1-18 At what time after 4:00 will the minute hand overtake the hour 
hand? 

Challenge 1 At what time after 7:30 will the hands of a clock be 
perpendicular? 

Challenge 2 Between 3:00 and 4:00 Noreen looked at her watch and 
noticed that the minute hand was between 5 and 6. Later, 
Noreen looked again and noticed that the hour hand 
and the minute hand had exchanged places. What time 
was it in the second case? 

Challenge 3 The hands of Ernie’s clock overlap exactly every 65 
minutes. If, according to Ernie’s clock, he begins working 
at 9 a.m. and finishes at 5 p.m., how long does Ernie work, 
according to an accurate clock? 
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2 Arithmetic: Mean and Otherwise 


“Mathematics is the queen of the sciences, and arithmetic is her 
crown,” said the great mathematician Carl Friedrich Gauss. School 
arithmetic eventually grows up and turns into the branch of mathe- 
matics called number theory, which has fascinated mathematicians and 
amateurs alike through the ages. In this section, you will find problems 
from number theory involving such topics as means, factorization, 
primes, divisibility, partitions, and remainders. 


2-1 The arithmetic mean (A.M.), or ordinary average, of a set of 
50 numbers is 32. The A.M. of a second set of 70 numbers is 53. 
Find the A.M. of the numbers in the sets combined. 


Challenge 1 Change the A.M. of the second set to —53, and solve. 

Challenge 2 Change the number of elements in each set to 1, and 
solve. 


Challenge 3 Find the point-average of a student with A in mathe- 
matics, A in physics, B in chemistry, B in English, and 
C in history — using the scale: A, 5 points; B, 4 points; 
C, 3 points; D, 1 point — when (a) the credits for the 
courses are equal (b) the credits for the courses are 
mathematics, 4; physics, 4; chemistry, 3; English, 3; 
and history, 3. 

Challenge 4 (a) Given n numbers each equal to 1 + ^ , and two num- 
bers each equal to 1 ; find their A.M. (b) Given n numbers 
each equal to 1 + - , and one number 1 ; find their A.M. 
Which of (a) and (b) is larger? 

Challenge 5 Given n numbers each equal to 1 — - , and one number 
2; find their A.M. 


Challenge 6 In order to find the A.M. of 8 numbers a\, a 2 , . . . , a 8 , 
Carl takes one-half of ^ s 2 where s x — a x + a 2 + 

a 3 + a 4 , and s 2 = a 5 + + a 7 + a % \ and Caroline 

takes one-half of ^s 3 + ^s 4 where S3 = a\ + a 3 + 


Arithmetic: Mean and Otherwise 7 


a 5 + a 7 , and s 4 = a 2 + a 4 + + a 8 . Explain why 

both obtain the correct A.M. 

Challenge 7 Estimate the approximate A.M. of the set {61, 62, 63, 65, 
68, 73,81,94}. 

2-2 Express the difference of the squares of two consecutive even 
integers in terms of their arithmetic mean (A.M.). 

Challenge How does the result change if two consecutive odd integers 
are used? 

2-3 It is a fundamental theorem in arithmetic that a natural number 
can be factored into prime factors in only one way — if the order 
in which the factors are written is ignored. This is known as the 
Unique Factorization Theorem. For example, 12 is uniquely 
factored into the primes 2, 2, 3. 

Consider the set Si = {4, 7, 10, . . . , 3fc + 1, . . .}, in which 
k — 1, 2, . Does Si have unique factorization? 

Challenge Is factorization unique in S 2 = {3, 4, 5 

2-4 What is the smallest positive value of n for which n 2 + n + 41 
is not a prime number? 

Challenge Examine the expression n 2 — n + 41 for primes. 

Q C 

2-5 Given the positive integers a , b 9 c, d with ^ ^ < 1 ; arrange in 

order of increasing magnitude the five quantities: ^ 1. 

2-6 It can be proved (see Appendix I) that, for any natural number «, 
the terminal digit of n 5 is the same as that of n itself; that is, 
« 5 td«, where the symbol td means “has the same terminal digit.” 
For example, 4 5 td4. 

Find the terminal digit of (a) 2 1 2 (b) 2 30 (c) 7 7 (d) 8 1 0 (e) 8 1 0 • 7 1 1 

Challenge Find the terminating digit of (a) (b) . 

2-7 If N = 1 • 2 • 3 • • • 100 (more conveniently written 100!), find 
the number of terminating zeros when the multiplications are 
carried out. 
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Challenge Find the number of terminating zeros in D — 36! — 24! 

2-8 Find the maximum value of x such that 2 X divides 21! 

Challenge 1 Find the highest power of 3 in 21! 

Challenge 2 Find the highest power of 2 in 21! excluding factors also 
divisible by 3. 

2-9 The number 1234 is not divisible by 1 1, but the number 1243, ob- 
tained by rearranging the digits, is divisible by 11. Find all the 
rearrangements that are divisible by 1 1. 

Challenge Solve the problem for 12034. 

2-10 Let k be the number of positive integers that leave a remainder 
of 24 when divided into 4049. Find k . 

Challenge 1 Find the largest integer that divides 364, 414, and 539 
with the same remainder in each case. 

Challenge 2 A somewhat harder problem is this; find the largest 
integer that divides 364, 414, and 541 with remainders 
2, and /?3, respectively, such that R 2 = R\ + 1, 
and /?3 — R 2 + 1. 

Challenge 3 A committee of three students, A , B , and C, meets and 
agrees that A report back every 10 days, B , every 12 
days, and C, every 15 days. Find the least number of 
days before C again meets both A and B . 

2-11 List all the possible remainders when an even integer square is 
divided by 8. 

Challenge List all the possible remainders when an odd integer square 
is divided by 8. 

2-12 Which is larger; the number of partitions of the integer N = 
k * 10 2 into 2k + 1 positive even integers, or the number of par- 
titions of N into 2k + 1 positive odd integers, where k = 1,2, 
3, . . .? To partition a positive integer is to represent the integer 
as a sum of positive integers. 

2-13 Given the three-digit number N = a \a 2 a^ written in base 10, 
find the least absolute values of mi, m 2 , m3 such that N is di- 
visible by 7 if miai + m 2 ^2 + m 3 a 3 is divisible by 7. 
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Challenge 1 Solve the problem for the six-digit number N = 
a 10 2^ f>* 

note: Only |m 1 1, |m 2 |, and |m 3 | are needed. 

Challenge 2 Solve the problem for the four-digit number N = 


2-14 When x 3 + a is divided by x + 2, the remainder is known to 
be —15. Find the numerical value of a . 

Challenge 1 Find the smallest value of a for which x 3 + a is exactly 
divisible by x + 2. 

Challenge 2 Find the value of a in the original problem when x + 2 
is replaced by x — 2. 

2-15 If x — a is a factor of x 2 + 2ax — 3, find the numerical value(s) 
of a . 

Challenge 1 Find the remainder when P(x) = x 3 — 2x 2 + 2x — 2 
is divided by x + 1. 

Challenge 2 Find the remainder when x° + 1 is divided by x — m. 

Find the remainder when x G + 1 is divided by x + m. 

Find the remainder when x 6 + 1 is divided by x 2 — m. 

hint: x 6 + 1 = (x 2 ) 3 + 1 

2-16 Let N be the product of five different odd prime numbers. If N is 
the five-digit number abcab , 4 < a < 8 , Find N. 

2-17 If a five-digit number N is such that the sum of the digits is 29, 
can N be the square of an integer? 

2-18 Each of the digits 2, 3, 4, 5 is used only once in writing a four- 
digit number. Find the number of such numbers and their sum. 

2-19 Find all positive integral values of k for which 8 k + 1 expressed 
in base 10 exactly divides 231 expressed in base 8. 

Challenge Solve the problem with 231 expressed in base 12. 

2-20 Express in terms of n the positive geometric mean of the positive 
divisors of the natural number n. Definition: The positive geo- 
m etric mean of the k positive numbers a x , a 2 , . . . , a k is 

^ a i02 • • . 0jt* 
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3 Relations: Familiar and Surprising 

Relations defined by equations and inequalities are a common 
feature of the algebraic landscape. Some of the sources for the unusual 
relations in these problems are monetary transactions, percents, and 
the Cartesian lattice. 

-j- j 

3-1 Let y \ = — — . Let y 2 be the simplified expression obtained by 

x 1 x i 

replacing x in y\ by — — - . Let y 3 be the simplified expression 

J* i V ~f~ 1 

obtained by replacing x in y 2 by ’ _ 1 , and so forth. Find 
y ioo> ^soi- 

Challenge 1 Find the value of y 2 oo when x = 2. 

Challenge 2 Find the value of y 50 i when x = 2 

Challenge 3 Find the value of y 2 oi when x = 1. Be careful 1 

Challenge 4 Find the value of y 2 oo when x — 1. Be doubly careful! 

3-2 Let us designate a lattice point in the rectangular Cartesian plane 
as one with integral coordinates. Consider a rectangle with sides 
parallel to the axes such that there are s i lattice points in the base 
and s 2 lattice points in the altitude. The vertices are lattice points. 

(a) Find the number of interior lattice points, N(I). 

(b) Find the number of boundary lattice points, N(B). 

(c) Find the total number of lattice points, N. 

Challenge Suppose the word “rectangle” is changed to “square”; find 
N(l) y N(B ), and N. 

3-3 An approximate formula for a barometric reading, p(millimeters), 
for altitudes A(meters) above sea level, is p = 760 — .09/r, where 
h < 500. Find the change in p corresponding to a change in h 
from 100 to 250. 

Challenge Find the lowest and the highest pressures for which this 
formula is valid. 

3-4 A student wishing to give 25 cents to each of several charities 
finds that he is 10 cents short. If, instead, he gives 20 cents to 
each of the charities, then he is left with 25 cents. Find the 
amount of money with which the student starts. 
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Challenge 1 How does the answer change if the original shortage is 
15 cents? 

Challenge 2 How does the answer change if the original shortage is 
20 cents? 

Challenge 3 How does the answer change if the original shortage 
is 25 cents? 

3-5 Find two numbers x and y such that xy , - , and x — y are equal. 

2x 

Challenge 1 Find two numbers x and y such that xy = — = 3(jc — y). 
Challenge 2 Solve the problem for xy = ~ = 2{x — y). 


3-6 A merchant on his way to the market with n bags of flour passes 

through three tollgates. At the first gate, the toll is - of his hold- 

4 1 

ings, but 3 bags are returned. At the second gate, the toll is ^ of 
his (new) holdings, but 2 bags are returned. At the third gate, the 
toll is ^ of his (new) holdings, but 1 bag is returned. The merchant 
arrives at the market with exactly ^ bags. If all transactions in- 
volve whole bags, find the value of n. 


Challenge 


Solve the problem if the first toll is ^ of the holdings, plus 
^ of a bag; the second toll is ~ of his (new) holdings, 
plus ^ of a bag; and the third toll is ^ of his (new) holdings, 
plus ^ of a bag; and he arrives at the market with exactly 



bags. 


3-7 The number N 2 is 25% more than the number N i, the number 
Nz is 20% more than N 2 , and the number N 4 is x% less than 7V 3 . 
For what value of jc is N 4 = Nil 

Challenge Solve the problem generally if N 2 is a% more than N i, 
and A ^3 is b% more than N 2 . 


3-8 Let R = px represent the revenue, R (dollars), obtained from the 
sale of x articles, each at selling price p (dollars). Let C = mx + b 
represent the total cost, C, in dollars, of producing and selling 
these x articles. How many articles must be sold to break even? 
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Challenge 1 What must the relation be between p and m (the unit 
marketing cost) to make the result meaningful? The unit 
marketing cost is the total marketing costs divided by the 
number of units marketed. 


Challenge 2 How do you interpret the constant b in the given formula ? 

Challenge 3 Find the value of x so that the revenue exceeds the cost 
by $100. 


Challenge 4 
Challenge 5 


Find the value of x so that the revenue exceeds the cost 
by D dollars. 

Find the profit if the number of articles sold is — * 

r p — m 


3-9 In a certain examination it is noted that the average mark of 
those passing is 65, while the average mark of those failing is 35. 
If the average mark of all participants is 53, what percentage of 
the participants passed? 

Challenge 1 Try this problem with the following changes. Replace 65 
by 70, 35 by 36, but leave 53 unchanged. 

Challenge 2 What is the result if the only change is 65 to 62? 


3-10 Under plan I, a merchant sells n x articles, priced 1 for 2t, with 
a profit of ^i on each article, and «2 articles, priced 2 for 3 i % 

with a profit of ^ £ on each article. Under Plan II, he mixes the 
articles and sells them at 3 for 5i. If n x + n 2 articles are sold 
under each plan, for what ratio — is the profit the same? 

Challenge Change 2 i to pi and 3 i to qi and solve the problem. 


3-11 The sum of two numbers x and y , with jc > is 36. When x is 
divided by 4 and y is divided by 5, the sum of the quotients is 8. 
Find the numbers x and y. 

3-12 Find the values of x satisfying the equation \x — a\ = \x — b\ 9 
where a, b are distinct real numbers. 

Challenge 1 Find the values of x satisfying the equation \x — 1| = 
\x — 2|. 
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Challenge 2 Find the values of x satisfying the equation \x + 1| — 

I* - 2|. 

Challenge 3 Find the values of x satisfying the equation \2x — 1| = 

I* - 2|. 

Challenge 4 Find the values of x satisfying the equation \3x — 1| = 
\x — 2|. 

Challenge 5 Find the values of x satisfying the equation \2x — 1| = 

\2x - 2|. 

Challenge 6 Find the values of x satisfying the equation \2x — 1| = 
\3x - 3|. 

Challenge 7 Now try the more difficult equation \x — 1| + \x — 2| = 
|jc — 3|. 

3-13 Two night watchmen, Smith and Jones, arrange for an evening 
together away from work. Smith is off duty every eighth evening 
starting today, while Jones is off duty every sixth evening starting 
tomorrow. In how many days from today can they get together? 

Challenge Solve the problem if Smith is off duty every eighth evening 
starting today, while Jones is off duty alternately every sixth 
evening and every thirteenth evening starting tomorrow. 

3-14 A man buys 3-cent stamps and 6-stamps, 120 in all. He pays for 
them with a $5,00 bill and receives 75 cents in change. Does he 
receive the correct change? 

Challenge 1 Would 76 cents change be correct? Would 74 cents 
change be correct? 

Challenge 2 If the correct change had to consist of 3 coins limited 
to nickels, dimes, and quarters, list the 3-coin combina- 
tions yielding an acceptable answer. 

3-15 In how many ways can a quarter be changed into dimes, nickels, 
and cents? 

Challenge Is the answer unique if it is stipulated that there are five 
times as many coins of one kind as of the other two kinds? 

3-16 Find the number of ways in which 20 U.S. coins, consisting of 
quarters, dimes, and nickels, can have a value of $3.10. 



14 PROBLEMS 


4 Bases: Binary and Beyond 


Prepare for a voyage to the far-out world of bases different from 
ten. The two main “stops” along the way are rational numbers in other 
bases and divisibility. You may want to read Appendix V in the back 
of the book before attacking the problems. It contains some unusual 
information on divisibility. 

4-1 Can you explain mathematically the basis for the following correct 
method of multiplying two numbers, sometimes referred to as the 
Russian Peasant Method of multiplication? 

Let us say that we are to find the product of 19 X 23. In 
successive rows, we halve the entries in the first column, rejecting 
the remainders of 1 where they occur. In the second column, we 
double each successive entry. This process continues until a 1 
appears in column I. 

I II 


19 

23 

9 

46 

4 

92 

2 

184 

1 

368 


437 


We then add the entries in column II, omitting those that are 
associated with the even entries in column I. 

4-2 If x = {0, 1, 2, . . . , . . .}, find the possible terminating digits 

of x 2 + x in base 2. 

Challenge 1 If x = {0, 1, 2, . .}, find the possible terminating 
digits of x 2 + x + 1 in base 2. 

Challenge 2 If x — {0, 1, 2, . . . , «, . . .}, find the possible terminating 
digits of x 2 + x in base 5. 

Challenge 3 If x = {0, 1, 2, . . . , n, . . .}, find the possible terminating 
digits of x 2 + x + 1 in base 5. 
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4-3 Find the base b such that 12b — 2(27 1 ). 72& means 72 written in 
base b . 

Challenge 1 Try the problem for 736 = 2(376). 

Challenge 2 Try the problem for 12 b = 3(27 &). 

4-4 In what base is 4416 the square of an integer? 

Challenge 1 If TV is the base 4 equivalent of 441 written in base 10, 
find the square root of TV in base 4. 

Challenge 2 Find the smallest base b for which 2946 is the square of 
an integer. 

4-5 Let TV be the three-digit number a x a 2 a^ written in base b, b > 2, 
and let S = a x + a 2 + a 3 . Prove that TV — S is divisible by 
6 — 1 . 

Challenge 1 Prove the result for the w-digit number a x a 2 ...a r}> 
written in base b. 

Challenge 2 Explain the connection between this theorem and the 
test for divisibility by 9 in the decimal system. (See 
Appendix V.) 

Challenge 3 Show that 73 written in base 9 is not divisible by 8, while 
73 written in base 1 1 is divisible by 10. 

4-6 Let TV be the four-digit number a 0 aia 2 a 3 (in base 10), and let TV 7 
be the four-digit number which is any of the 24 rearrangements 
of the digits. Let D — |TV — TV'|. Find the largest digit that exactly 
divides D. 

Challenge 1 Does the theorem hold for five-digit numbers? Does it 
hold for n-digit numbers, where n is any natural number, 
including single-digit numbers? 

Challenge 2 Let TV be the three-digit number abc with a > c. From TV 
subtract the three-digit number TV' = cba. If the digit on 
the left side of the difference is 4, find the complete 
difference. 

4-7 Express in binary notation (base 2) the decimal number 6.75. 

Challenge 1 Convert the decimal number TV = 19.65625 into a binary 
number. 
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Challenge 2 Does the (base 10) non-terminating expansion 5.333 . . . 
terminate when converted into base 2? 


4-8 Assume r = {6, 7, 8, 9, 10} and 1 < a < r. If there is exactly one 
integer value of a for which ^ , expressed in the base r, is a termi- 
nating r-mal, find r. 

Challenge Try the problem with ^ instead of ~ a • 


4-9 From the unit segment OA extending from the origin O to A(\, 0), 
remove the middle third. Label the remaining segments OB and 
CA, and remove the middle third from segment OB. Label the 
first two remaining segments OD and EB. Express the coordinates 
of D , E , and B in base 3. 

Challenge Remove the middle third from segment CA, and label the 
remaining segments CF and FG. Express in base 3 the 
coordinates of C, F , and G. 


4-10 Assume that there are n stacks of tokens with n tokens in each 
stack. One and only one stack consists entirely of counterfeit 
tokens, each token weighing 0.9 ounce. If each true token weighs 
1.0 ounce, explain how to identify the counterfeit stack in one 
weighing, using a scale that gives a reading. You may remove 
tokens from any stack. 

Challenge 1 Which is the counterfeit stack if the overall deficiency is 
^ ounce? 

Challenge 2 What changes should be made in the analysis and 
solution if (a) each true token weighs 1.0 ounce and each 
counterfeit weighs 1.1 ounce? (b) each true token weighs 
1.1 ounce and each counterfeit weighs 0.9 ounce? 

Challenge 3 Solve the generalized problem of n stacks with n tokens 
each, if each true token weighs t ounces and each counter- 
feit weighs s ounces. Then apply the result to Problem 
4-10 and its challenges. 
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5 Equations, Inequations, and Pitfalls 

Equations and inequalities play a double role on the problem- 
solving stage. They may be the stars of the show if they are tricky to 
solve or especially interesting. More often, they are in the supporting 
cast, serving as the indispensable tool for expressing the data in a 
problem. Both roles are explored in this section. 

2x 4 

5-1 Find the solution set of the equation x _ 2 = x - 2 
Challenge Find the values of x satisfying the equation \/x — 2 = — 3. 

x — 3 

5-2 Find the pairs of numbers x, y such that 2y = x ~ 3. 

x — 3 x — 3 

Challenge Find the pairs (x, y ) such that 2y _ j — 2 - ly ’ 

5-3 Find all the real values of x such that | Vx — \/2| < 1. 

Challenge Let the set of all values of x satisfying the inequalities 
\x — 8| < 6 and \x — 3| > 5 be written as a < x < b. 
Find b — a. 

5-4 Find all values of x satisfying the equation 2x = |x| + 1. 

Challenge Compare this result with that obtained by solving the 
equation 2x = — |x| + 1, and try to interpret this new 
equation geometrically. 

5-5 Find the values of a and b so that ax + 2 < 3x + b for all 
x < 0. 

Challenge Find values of a and b so that ax + 2 > 3x + b for all 
x < 0. 

5-6 Find all positive integers that leave a remainder of 1 when di- 
vided by 5, and leave a remainder of 2 when divided by 7. 

Challenge 1 Change the first remainder to 2, and the second re- 
mainder to 1, and solve the problem. 

Challenge 2 Solve the problem with the first remainder 1 < r x < 4, 
and the second remainder 1 < f 2 < 6. 
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5-7 On a fence are sparrows and pigeons. When five sparrows leave, 
there remain two pigeons for every sparrow. Then twenty-five 
pigeons leave, and there are now three sparrows for every pigeon. 
Find the original number of sparrows. 

Challenge 1 Replace “five” by a and “twenty-five” by b , and find 
s and p (the number of sparrows and the number of 
pigeons, respectively). 

Challenge 2 Solve the problem generally using ri and r 2 , respectively, 
for the two ratios, and a and b as in Challenge 1. 

5-8 A swimmer at A , on one side of a straight-banked canal 250 feet 
wide, swims to a point B on the other bank, directly opposite 
to A . His steady rate of swimming is 3 ft. /sec., and the canal flow 
is a steady 2 ft. /sec. Find the shortest time to swim from A to B. 

5-9 Miss Jones buys x flowers for y dollars, where x and y are integers. 
As she is about to leave the clerk says, “If you buy 18 flowers 
more, I can let you have them all for six dollars. In this way you 
save 60 cents per dozen.” Find a set of values for x and y satisfying 
these conditions. 

Challenge Finding Miss Jones hesitant at the first offer, the clerk adds, 
“If you buy 24 flowers more, I can let you have them all 
for $6.75. In this way you save 75 cents per dozen.” Does 
the same set of values for x and y satisfy these new 
equations? 

5-10 Find the set of real values of x satisfying the equation 

* + 5 _ * + 6 = * + 7 _ *4-8 
*4-4 *4-5 * + 6 *4-7 

Challenge 1 After solving the problem can you find, by inspection, 
the answer to 

*4-6 _ *4-7 _ *4-8 _ *4-9 ? 

*4-5 *4-6 ” *4-7 *4-8 * 

Challenge 2 Solve the more general problem 

* 4- a 4- 1 * 4- a 4- 2 _ * 4- a 4- 3 * -j- a 4- 4 

*4 -a *4-<*4-l - "*4-«4-2 * 4- a 4- 3 
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5-11 The contents of a purse are not revealed to us, but we are told 
that there are exactly 6 pennies and at least one nickel and one 
dime. We are further told that if the number of dimes were 
changed to the number of nickels, the number of nickels were 
changed to the number of pennies, and the number of pennies 
were changed to the number of dimes, the sum would remain un- 
changed. Find the least possible and the largest possible number 
of coins the purse contains. 


Challenge 1 How does the situation change if the number of nickels 
is 6, and the number of dimes and the number of pennies 
are unspecified, except that there must be at least one 
of each? 


Challenge 2 What solution is obtained if the number of dimes is 6, 
but the nickels and pennies are unspecified? 

Challenge 3 Explain why, in the original problem, the least number 
of coins yields the greatest value, whereas in Challenges 1 
and 2 the least number of coins yields the smallest value. 

Challenge 4 Investigate the problem if there are exactly 6 pennies, 
and at least one nickel, one dime, and one quarter. 


5-12 A shopper budgets twenty cents for twenty hardware items. 
Item A is priced at 4 cents each, item B , at 4 for 1 cent, and item C, 
at 2 for 1 cent. Find all the possible combinations of 20 items made 
up of items A , /?, and C that are purchasable. 

5-13 Partition 75 into four positive integers a> b, c, d such that the 
results are the same when 4 is added to a, subtracted from b , 
multiplied by c, and divided into d . To partition a positive integer 
is to represent the integer as a sum of positive integers. 

Challenge 1 Partition 48 into four parts a, b, c, d such that the results 
are the same when 3 is added to a, subtracted from b> 
multiplied by c, and divided by d. 

Challenge 2 Partition 100 into five parts a, b , c, d , e so that the results 
are the same when 2 is added to a, 2 is subtracted from b , 
2 is multiplied by c, 2 is divided by d , and the positive 
square root is taken of e. 
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5-14 Two trains, each traveling uniformly at 50 m.p.h., start toward 
each other, at the same time, from stations A and B , 10 miles 
apart. Simultaneously, a bee starts from station A , flying parallel 
to the track at the uniform speed of 70 m.p.h., toward the train 
from station B . Upon reaching the train it comes to rest, and allows 
itself to be transported back to the point where the trains pass 
each other. Find the total distance traveled by the bee. 

5-15 One hour out of the station, the locomotive of a freight train 

3 

develops trouble that slows its speed to ^ of its average speed 

up to the time of the failure. Continuing at this reduced speed 
it reaches its destination two hours late. Had the trouble occurred 
50 miles beyond, the delay would have been reduced by 40 
minutes. Find the distance from the station to the destination. 


5-16 Two trains, one 350 feet long, the other 450 feet long, on parallel 
tracks, can pass each other completely in 8 seconds when moving 
in opposite directions. When moving in the same direction, the 
faster train completely passes the slower one in 16 seconds. Find 
the speed of the slower train. 

Challenge 1 Show that, if the respective times are t\ and t 2 with 
1 2 > t u the results are 


f = 


800(f 2 ~h 1 1 ) 
2 


and s = 


800(/2 - / 1 ) 
2/ 2 ri 


Challenge 2 Show that, if the respective times are t\ and t 2 with 
t 2 > 1 1 , and the respective lengths are L\ and L 2 , the 
results are 


/= 


(Li 4- L>2)(t2 + f 1 ) 

2r 2 /i 


and s = 


(L\ L,2)(t2 — 1 1 ) * 

2 / 2/1 


Use this formula to solve the original problem. 


5-17 The equation 5(x — 2) = y (x + 2) is written throughout in 
base 9. Solve for x, expressing its values in base 10. 


5-18 Find the two prime factors of 25,199 if one factor is about twice 
the other. 
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Challenge Find the three prime factors of 27,931 if the three factors 
are approximately in the ratio 1 :2:3. 

5-19 When asked the time of the day, a problem-posing professor 
answered, “If you add one-eighth of the time from noon until 
now to one-quarter the time from now until noon tomorrow, you 
get the time exactly.” What time was it? 

Challenge 1 On another occasion the professor said, “If from the 
present time, you subtract one-sixth of the time from now 
until noon tomorrow, you get exactly one-third of the 
time from noon until now.” Find the present time. 

Challenge 2 If, as the result of daylight-saving time confusion, the 
professor’s watch is one hour fast, find the change needed 
in the original statement “one-eighth of the time from 
noon until now” to yield the answer 5:20 p.m. true time. 

Challenge 3 One day the professor forgot his watch. A colleague, of 
whom he asked the time, in an attempt to cure the pro- 
fessor of his mannerism, replied, “If you subtract two- 
thirds the time from now until noon tomorrow from 
twice the time from noon to now, you get the time short 
by ten minutes.” 

Do you agree with the professor that it was 9:30 p.m.? 

5-20 Solve - + - = - for integer values of x, y , and z. 

x y z 

5-21 Prove that, for the same set of integral values of x and y, both 
3 x + y and 5x + 6 y are divisible by 13. 
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6 Correspondence: Functionally 
Speaking 


Finding a particular value of a function or its range of values is 
ordinarily a routine task. But not for the functions considered in this 
section. In addition to functions defined algebraically, there are 
functions defined in terms of geometric ideas such as paths along a 
coordinate grid and partitions of the plane by families of lines. 


6-1 Define the symbol f(a) to mean the value of a function / of a 
variable n when n = a. If /(l) = 1 and f(n ) = n + f(n — 1) 
for all natural numbers n > 2, find the value of /(6). 

Challenge 1 Find /( 8) by using the method of “telescopic” addition 
and, if possible, by using a short cut (see Challenge 2). 

Challenge 2 Show that f(n) = ^n{n + 1). 


Challenge 3 Find the value of /(10); of/ (100). 

Challenge 4 Find the value of n such that /(«) = 3/(5). 
Challenge 5 Find the value of n such that /(4«) = 12 /(«). 


6-2 Each of the following (partial) tables has a function rule associ- 
ating a value of n with its corresponding value /(«). If f(n) = 
An + B, determine for each case the numerical values of A 
and B. 


(a) n 

/(«) 

(b) n 

/(«) 

(c) n 

fin) 

(d) n 

fin) 

(e) n 

fin) 

1 

1 

1 

3 

1 

0 


,1 

,3 


2 

2 

2 

2 

2 

2 4 

3 2 

2 4 

L 

1 

2 

1 

4 

1 

1 

,1 




3 

3 

3 

3 

3 

3 

2 4 

o 

2 4 

3 

2 

2 

7 

1 

1 

1 

A 

1 

1 

5 

5 

5 

5 

4 

2 

4 


Challenge Now try a slightly harder table. 



,1 


1 

n 


1 

2 

fin) 

0 

-1 

-2 
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6-3 In a given right triangle, the perimeter is 30 and the sum of the 
squares of the sides is 338. Find the lengths of the three sides. 

Challenge Redo the problem using an area of 30 in place of the 
perimeter of 30. 


6-4 A rectangular board is to be constructed to the following speci- 
fications: 

(a) the perimeter is equal to or greater than 12 inches, but less 
than 20 inches 

(b) the ratio of adjacent sides is greater than 1 but less than 2. 
Find all sets of integral dimensions satisfying these specifications. 

X 2 

6-5 Find the range of values of F = ^ x4 for real values of x. 

2x + 3 

Challenge Find the largest and the least values of / = x 2 for 
a; > 0. 

6-6 Determine the largest possible value of the function x + 4y 
under the four conditions: (1) 5a: + 6y < 30 (2) 3x + 2 y < 12 
(3) a; > 0 (4)y > 0. 

6-7 Let us define the distance from the origin O to point A as the 
length of the path along the coordinate lines , as shown in Fig. 6-7, 
so that the distance from O to A is 3. 

Starting at O , how many points can you reach if the distance, 
as here defined, is n , where n is a positive integer? 



6-7 
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6-8 Given n straight lines in a plane such that each line is infinite in 
extent in both directions, no two lines are parallel (fail to meet), 
and no three lines are concurrent (meet in one point), into how 
many regions do the n lines separate the plane? 


Challenge 1 Let there be n — r + k lines in the plane (infinite in 
both directions) such that no three of the n lines are 
concurrent, but k lines are parallel (but no others). 
Find the number of partitions of the plane. 

Challenge 2 Let there be n straight lines in the plane (infinite in both 
directions) such that three (and only three) are concurrent 
and such that no two are parallel. Find the number of 
plane separations. 


Challenge 3 A set of /cj parallel lines in the plane is intersected by 
another set of k 2 parallel lines, all infinite in extent. Find 
the number of plane separations. 

Challenge 4 In Challenge 3, introduce an additional line not parallel 
to any of the given lines, and not passing through any of 
the k\k 2 points of intersection. How many additional 
regions are created by this plane? What is the total 
number of plane separations? 


Challenge 5 In a given plane, let there be n straight lines, infinite in 
extent, four of which, and only four, are concurrent and 
no two of which are parallel. Find the number of planar 
regions. 


6-9 Define ^ as a proper fraction when ^ < 1 with N, D natural 

numbers. Let / (D) be the number of irreducible proper fractions 
with denominator D. Find f(D) for D - 51. 

Challenge Find f(D) for D = 52. 
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7 Equations and Inequations: 

Traveling in Groups 


In one way or another, the problems in this section concern systems 
of equations or inequalities (or both!). Two unusual topics included 
are the notion of an approximate solution for an inconsistent system 
of equations and linear programming. 

7-1 Let the lines \5x + 20 y = — 2 and x — y — —2 intersect in 
point j P. Find all values of k which ensure that the line 2x + 
3 y = k 2 goes through point P . 

7-2 Let (x, y) be the coordinates of point P in the xy-plane, and let 
( X , Y) be the coordinates of point Q (the image of point P) in 
the AT-plane. If X = x + y and Y = x — y, find the simplest 
equation for the set of points in the AT-plane which is the image 
of the set of points x 2 + y 2 = 1 in the x^-plane. 

7-3 The numerator and the denominator of a fraction are integers 
differing by 16. Find the fraction if its value is more than ^ but 
less than ^ • 

7-4 If x + y + 2z = k, x + 2 y + z = k> and 2 x + y + z — k> 
k 0, express x 2 + y 2 + z 2 in terms of k . 

Challenge 1 Solve the problem if x + 2y + 3z = k, 3x + y + 2z = k, 
and 2x + 3y + z — k, k ^ 0. 

Challenge 2 Show that both the problem and Challenge 1 can be 
solved by inspection. 

7-5 Why are there no integer solutions of x 2 — 5y = 27? 

7-6 Civic Town has 500 voters, all of whom vote on two issues in a 
referendum. The first issue shows 375 in favor, and the second 
issue shows 275 in favor. If there are exactly 40 votes against both 
issues, find the number of votes in favor of both issues. 
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7-7 How do you find the true weight of an article on a balance scale 
in which the two arms (distances from the pans to the point of 
support) are unequal? 

Challenge Suppose it is known that the arms of a balance scale are 
unequal; how do you determine the ratio r of the arm 
lengths? 

7-8 Solve in base 7 the pair of equations 2x — 4y = 33 and 3x + 
y — 31, where x y y , and the coefficients are in base 7. 

7-9 Given the pair of equations 2x — 3 y = 13 and 3x + 2y = b , 
where b is an integer and 1 < b < 100, let n 2 = x + y, where 
x and y are integer solutions of the given equations associated in 
proper pairs. Find the positive values of n for which these condi- 
tions are met. 

7-10 Find the set of integer pairs satisfying the system 

3jc + 4 y = 32 
y > x 
. 3 

y < 2 * 

7-11 Compare the solution of system I, 

x + y+ z= 1.5 
2x — y + z = 0.8 
x — 2 y — z — —0.2, 

with that of system II, 

x + y + z = 1.5 
2x — y + z — 0.9 
jc — 2 y — z — —0.2. 

7-12 The following information was obtained by measurement in a 
series of experiments: 

x + y = 1.9 
2x — y = 1.4 
x — 2y — -0.6 
x — y — 0.3. 

Find an approximate solution to this system of equations. 
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7-13 Find the maximum and the minimum values of the function 
3x — y + 5, subject to the restrictions y > 1, x < y, and 
2x — 3y + 6 > 0. 

7-14 A buyer wishes to order 100 articles of three types of merchandise 
identified as A, B, and C, each costing $5, $6, and $7, respectively. 
From past experience, he knows that the number of each article 
bought should not be less than 10 nor more than 60, and that 
the number of B articles should not exceed the number of A 
articles by more than 30. If the selling prices for the articles are 
$10 for A, $15 for 5, and $20 for C, and all the articles are sold, 
find the number of each article to be bought so that there is a 
maximum profit. 


8 Miscellaneous: Curiosity Cases 


The mixed bag of problems in this final section unites several 
themes from earlier sections. Many problems deal with topics con- 
sidered before. More important, the solutions involve techniques that 
have been illustrated in previous sections. 

8-1 Find all values of x satisfying the equation ^-y-y== = y * 

8-2 Find all real values of x satisfying the equations: 

(a) x 2 |x| = 8 

(b) x|x 2 | = 8, where the symbol |jc| means +x when x > 0, 
and —x when x < 0. 

Challenge Replace +8 by —8 in each equation and find the real 
values of x satisfying the new equations. 

8-3 Let P(x, y) be a point on the graph of y = x + 5. Connect P 
with Q( 7, 0). Let a perpendicular from P to the x-axis intersect 
it in R. Restricting the abscissa of P to values between 0 and 7, 
both included, find: 

(a) the maximum area of right triangle PRQ 

(b) two positions of P yielding equal areas. 
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8-4 Find the smallest value of x satisfying the conditions: x 3 + 
2x 2 — a , where x is an odd integer, and a is the square of an 
integer. 

Challenge 1 Change “odd integer” to “even integer greater than 2,” 
and solve the problem. 

Challenge 2 Change x 3 + 2x 2 to x 3 — 2x 2 , and then solve the 
problem. 

Challenge 3 In Challenge 1 change x 3 + 2x 2 to x 3 — 2x 2 and solve 
the problem. 

8-5 If ^ ^ = x A _ x + x + l is true for all permissible values of x, 

find the numerical value of A + B. 

Challenge Solve the problem with B as the first numerator on the 
right-hand side of the equation, and A as the second 
numerator. 


8-6 For what integral values of x and p is (x 2 — x + 3)(2 p + 1) an 
odd number? 

Challenge Solve the problem using (x 2 + x + 3)(2/> — 1). 

8-7 Express the simplest relation between a, b , and c, not all equal, 
if a 2 — be — b 2 — ca — c 2 — ab . 

Challenge Solve the problem for a 2 + be = b 2 + ca = c 2 + ab . 


8-8 Find the two linear factors with integral coefficients of P(x, y ) = 
x 2 — 2j> 2 — xy — x — y 9 or show that there are no such factors. 

Challenge 1 Change P(x, y) to x 2 — 2 y 2 — xy — 2x — 5y — 3, and 
find the linear factors with integral coefficients. 

Challenge 2 Change P(x t y) to x 2 — 2 y 2 — xy — 2x — 5y + 3, and 
show that linear factors with integral coefficients do not 
exist. 

8-9 Find the sum of the digits of (100,000 + 10,000 + 1000 + 
100 + 10 + l) 2 . 



Miscellaneous: Curiosity Cases 29 


8-10 How do you invert a fraction, using the operation of addition? 

8-11 How do you generate the squares of integers from pairs of con- 
secutive integers? 

8-12 Is there an integer N such that N 3 = 9k + 2, where k is an 
integer? 

Challenge Is there an integer N such that TV 3 = 9k + 8? 

8-13 Let S n — l n + 2 n + 3 n + 4 n , and let Si = 1 + 2 + 3 + 4 = 
10. Show that S n is a multiple of Si for all natural numbers n , 
except n = 4 k, where k — 0, 1 , 2, ... . 

8-14 A positive integer N is squared to yield N u and is squared 
to yield N 2 . When N 2 is multiplied by N the result is a seven- 
digit number ending in 7. Find N. 

8-15 Let / = mx + ny, where m, n are fixed positive integers, and x> y 
are positive numbers such that xy is a fixed constant. Find the 
minimum value of /. 
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SECTION II 
Second Year Algebra 


9 Diophantine Equations: 

The Whole Answer 

An equation with two or more variables whose values are restricted 
to integers is known as a Diophantine equation after Diophantus of 
Alexandria, who studied them about 1800 years ago. They may arise 
in describing situations involving objects that occur only in integral 
quantities. Some of the problems here, for example, concern people, 
coins, or pieces of merchandise. A solution of a Diophantine equation 
is an ordered pair (or triple, or quadruple, etc.) of integers. When 
solutions exist, there are generally an infinite number of them. If 
further restrictions are imposed on the values of the variables, such as 
that they must be positive or less than a certain integer, there may be 
a finite number of solutions or even just one. 

9-1 A shopkeeper orders 19 large and 3 small packets of marbles, all 
alike. When they arrive at the shop, he finds the packets broken 
open with all the marbles loose in the container. Can you help 
the shopkeeper make new packets with the proper number of 
marbles in each, if the total number of marbles is 224? 

Challenge Redo the problem with 19 small packets and 3 large packets. 

9-2 Find the integral solutions of 6x + 15 y = 23. 

Challenge 1 Solve in positive integers 13x + 21 y = 261. 

Challenge 2 Show that there are no positive integral solutions of 
17x + 15 y = 5 but that 17x — 15 y = 5 has infinitely 
many positive integral solutions. 
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9-3 A picnic group transported in n buses (where n > 1 and not 
prime) to a railroad station, together with 7 persons already 
waiting at the station, distribute themselves equally in 14 railroad 
cars. Each bus, nearly filled to its capacity of 52 persons, carried 
the same number of persons. Assuming that the number of 
picnickers is the smallest possible for the given conditions, find 
the number of persons in each railroad car. 

Challenge Solve the problem with the following changes: 

(a) 1 1 persons are waiting at the station instead of 7. 

(b) There are 22 railroad cars and each of 21 cars has the 
same number of persons, but in the 22nd car there are 
10 vacant seats. 

9-4 Find the number of ways that change can be made of $1.00 with 
50 coins (U.S.). 

Challenge Solve the problem restricting the change to dimes, nickels, 
and cents. 

9-5 Let x be a member of the set {1, 2, 3, 4, 5, 6, 7}, y, a member of 
the set {8, 9, 10, 11, 12, 13, 14}, and z, a member of the set 
{15, 16, 17, 18, 19, 20, 21}. If a solution of x + y + z = 33 
is defined as a triplet of integers, one each for x, y , and z taken 
from their respective sets, find the number of solutions. 

Challenge Solve the problem for x + y + z = 31. 

9-6 R u R 2i and R^ are three rectangles of equal area. The length of 
Ri is 12 inches more than its width, the length of R 2 is 32 inches 
more than its width, and the length of R$ is 44 inches more than 
its width. If all dimensions are integers, find them. 

9-7 Given x 2 = y + a and y 2 = x + a where a is a positive integer, 
find expressions for a that yield integer solutions for x and y . 

9-8 A merchant has six barrels with capacities of 15, 16, 18, 19, 20, 
and 31 gallons. One barrel contains liquid B , which he keeps for 
himself, the other five contain liquid A> which he sells to two men 
so that the quantities sold are in the ratio 1:2. If none of the 
barrels is opened, find the capacity of the barrel containing 
liquid B . 
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9-9 


Find the number of ordered pairs of integer solutions (x, y) of 
the equation ^ ^ p a positive integer. 


9-10 Express in terms of A the number of solutions in positive integers 
of x + y + z = A where A is a positive integer greater than 3. 

9-11 Solve in integers ax + by = c where a, b 9 and c are integers, 
a < b 9 and 1 < c < b, with a and b relatively prime. 


10 Functions: A Correspondence Course 

A number of “advanced” ideas concerning functions will be en- 
countered in this section. Among them are recursive definitions, limits 
of functions, and composite functions. A few strange exponential 
functions make an appearance, as do some unusual symmetric func- 
tions. The notions of variation and continued fractions complete the 
cast of characters. 

10-1 Let / be defined as /(3w) = n + /(3w — 3) when n is a positive 
integer greater than 1, and /(3«) = 1 when n — 1. Find the 
value of /(12). 

Challenge Define / to be such that /(3n) = n 2 + f(3n — 3). Find 
/(15). 

10-2 If / is such that fix) = 1 — f(x — 1), express fix + 1) in 
terms of fix — 1). 

Challenge 1 Does the constant function f — \ satisfy these 
conditions? 

Challenge 2 Express fix + 2) in terms of fix — 1). 

Challenge 3 Express fix + n) in terms of fix — 1). 
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10-3 Let / = ax + b, g = cx + d 9 x a real number, a , £>, c, real 
constants, (a) Find relations between the coefficients so that 
fig) is identically equal to x; that is, /(g) = x, and (b) show 
that, when /(g) = x, /(g) implies g(/). 

Challenge 1 Prove that the results are the same for / = ax — b and 
g = cx — d. 

Challenge 2 Solve the problem for / = ax + b and g = cx — d. 

10-4 If fix) = -x"(x - 1)”, find fix 2 ) + fix) fix + 1). 

Challenge Find fix 4 ) + fix 2 ) fix 2 + 1) by inspection. 

10-5 The density d of a fly population varies directly as the population 
N , and inversely as the volume V of usable free space. It is also 
determined experimentally that the density for a maximum 
population varies directly as V . Express N (maximum) in terms 
of V. 

Challenge Solve the problem if the density for a maximum population 
varies directly as \ / V . 

10-6 Given the four elementary symmetric functions /i = xi + x 2 + 

*3 + *4, / 2 = *1*2 + *2*3 + *3*4 + *4*1, fz = *1*2*3 + 

*2*3*4 + *3*4*1 + *4*1*2, / 4 = *1*2*3*4, eXpreSS S = — + 
■j- + 7 - + 7 - m terms of f u f 2 , fz, / 4 - 

X2 A3 A4 

Challenge Let gi = xi + x 2 + x 3 , g 2 = *1*2 + *2*3 + *3*1, 
g3 = *1*2*3- Express r = -^ + -^ + -^in terms of 

* I * 2 * 3 

gl, g2» g3- 


10-7 Let fin) = n(n + 1) where n is a natural number. Find the values 
of m and n such that 4 fin) = fim) where m is a natural number. 

Challenge 1 Try the problem with 2 fin) = fim). 

Challenge 2 Try the problem with 5 fin) = fim). 

10-8 Find the positive real values of X such that x { * X) = (x*/. 

Challenge For which positive values of x is x (xX) > (x*/, and for 
which positive values of x is x ixX) < (x*) x ? 
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10-9 If x = 3 H and y = 3 -| — , find the value of 

3 + — 3 + — 5— 

x . , 1 


X - y\. 


3 +- 
y 


3 3 

Challenge Express — ^ — as an (infinite) continued fraction. See 
problem 10-10. 

10-10 Assuming that the infinite continued fraction 


2 + 


2 + 


2 + 


represents a finite value x , find x. (Technically, we say the infinite 
continued fraction converges to the value x.) 

Challenge 1 Assuming convergence, find 

2 


y= -2 + 


-2 + 


-2 + 


-2 + 


Challenge 2 Assuming convergence, find y = 1 + 


1 + 


1 + 


l + 


10-11 Find lim F ; that is, the limiting value of Fas A becomes arbitrarily 
close to zero where F = + * — — , A 0. 

Challenge 1 Find lim G where G — + \ — — , A 0. 

h—*0 h 

Challenge 2 Find lim H where H = + * — — , A ^ 0. 

a->o h 

Challenge 3 Find lim X where X = + \ — — , A 0. 

h 

x° — 1 

10-12 Find the limiting value of F = ~~ y , x 1, where c is a 

positive integer, as x assumes values arbitrarily close to 1 ; that 
is, find lim F. 

x — U 

x n — 2 n 

10-13 If n is a real number, find lim =- in terms of n, that is, the 

x —*2 x * 

x n — 2 n 

limiting value of x _ 2 * as x a PP roac h es arbitrarily close to 2. 
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Challenge On the basis of the results obtained here and in Problem 
10-12 find, by inspection, lim and lim — , 

x— >3 x - * x—*a X - a 

where a is a positive integer. 


10-14 A function / is defined as 



1, when x = 1, 

2x — 1 + fix — 1), when jc > 2, x an integer. 


Express / as the simplest possible polynomial. 

Challenge 1 Solve the problem for 

- _ fl, when x = 0, 

J 12jc + 1 + fix — 1), when jc > 1, jc an integer. 


Challenge 2 Solve the problem for 

- _ fl, when jc = 0, 

J — 12jc — 1 + fix — 1), when jc > 1, jc an integer. 


II Inequalities, More or Less 

As a major means for expressing mathematical comparisons, 
inequalities have become a key tool in modern mathematics. Several 
problems in this section involve comparing the size of two numbers, 
while others call for solving a tricky inequality. Various applications of 
inequalities are made in the remaining problems. 

11-1 Let P = — l)(| — l)(“ — l)> where a , b , c are positive 

numbers such that a + b + c = 1. Find the largest integer N 
such that P > N. 

11-2 Find the pair of least positive integers x and y such that \\x — 
13 y — 1 and x + y > 50. 

Challenge 1 Replace x + y > 50 by x + y > 59 and solve the 
problem. 
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Challenge 2 Replace x + y > 50 by x + y > 59 and solve the 
problem. 

11-3 Is the following set of inequalities consistent? (Consider three 
inequalities at a time.) 

x + y < 3, — x — y > 0, x > — 1, —y<2 

11-4 Find the set of values for x such that x 3 + 1 > x 2 + x. 

Challenge Find the set of values of x such that x 3 — 1 > x 2 — x. 

11-5 Consider a triangle whose sides a, b , c have integral lengths such 
that c < b and b < a. If a + b + c = 13 (inches), find all the 
possible distinct combinations of a , 6, and c. 

Challenge Change the perimeter from 13 to 15 (inches) and solve the 
problem. 

11-6 A teen-age boy is now n times as old as his sister, where n > 3^ . 

In 3 years he will be n — 1 times as old as she will be then. If 
the sister’s age, in years, is integral, find the present age of the boy. 

Challenge Solve the problem when 3 < n < 4. 

11-7 Express the maximum value of A in terms of n so that the follow- 
ing inequality holds for any positive integer «. 

x" + x n ~ 2 + X "- 4 + • • * + ~i + — ; + ~ > 

11-8 Find the set Ri = {x | x 2 + (x 2 — l ) 2 > | 2 x(x 2 — 1)|}, and 

the set R 2 = {x | x 2 + (x 2 — l ) 2 < | 2 x(x 2 — 1 )|}. 

Challenge Replace x 2 + (x 2 — l ) 2 by x 2 + (x — l ) 2 and 2x(x 2 — 1) 
by 2 x(x — 1 ) and solve the problem. 

1 3 5 99 1 

11-9 Show that F = -•-•-••• — < —== • 

ii y anow uiai t 2 4 6 100 ^ VIST 

™ „ cu 4 _ 2 4 6 UX> VIOT 

Challenge Show that = 3 * 5 * 7 * ‘ ' ToT > ioT ‘ 


11-10 Which is larger \/9l or v'TOf ? Be careful! 
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11-11 If x is positive, how large must x be so that V* 2 + x — x shall 
differ from | by less than 0.02? 

Challenge Solve the problem with 0.02 replaced by 0.01. 

ftt 1 

11-12 Find a rational approximation - to \fl such that — ^ < 

\/2 — — < J- where n < 8. 
n on 

11-13 Find the least value of ( a x + a 2 + a z + ~ , 

where each a,*, / = 1, 2, 3, 4, is positive. 

Challenge 1 When are the factors equal? 

Challenge 2 Verify the theorem for a x = a 2 = * * * = a n -i = 1 and 

Q n — 2 . 


12 Number Theory: Divide and Conquer 


Though many exotic branches of mathematics have flowered since 
the turn of the century, some of the deepest mathematical research in 
progress today concerns that oldtimer, number theory. The problems 
in this section convey the flavor of this persistently vital subject. They 
deal with such topics as divisibility, factorization, number bases, and 
congruence. 

12-1 Let Ni = .888 . . . , written in base 9, and let N 2 = .888 . . . , 
written in base 10. Find the value of N% — N 2 in base 9. 

Challenge 1 Express Nt — N 2 in base 10. 

Challenge 2 Express N x — N 2 in base 12. 

12-2 Solve x 2 - 2x + 2 - 0 (mod 5). 

Challenge 1 Solve x 2 — 2x + 2 » 0 (mod 10). 

Challenge 2 Solve x 2 - 2x + 2 = 0 (mod 17). 
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12-3 Find the positive digit divisors, other than 1, of N — 664,512 
written in base 9. 

Challenge Is N = 664,426 written in base 8 divisible by 7? 

12-4 Find all the positive integral values of n for which n 4 + 4 is a 
prime number. 

Challenge Solve the problem for n 4 + n 2 + 1. 

12-5 Let B a = jc° — 1 and let Bb = x b — 1 with a , b positive integers. 
If By = x y — 1 is the binomial of highest degree dividing each 
of B a and B b , how is y related to a and 6? 

Challenge Does the result hold for x a + 1 and x h + 1 ? 

12-6 If f(x) — x A + 3x 3 + 9x 2 + 12x + 20, and g(x) — x 4 + 
3x 3 + 4x 2 — 3 jc — 5, find the functions a(x) 9 b(x) of smallest 
degree such that a(x)f(x) + b(x)g(x) = 0. 

12-7 Find the smallest positive integral value of k such that kt + 1 
is a triangular number when / is a triangular number. (See 
Appendix VII.) 

12-8 Express the decimal .3 in base 7. 

Challenge 1 Express the decimal .4 in base 7. 

Challenge 2 Express the decimal .5 in base 7. 

12-9 The following excerpt comes from Lewis Carroll’s Alice's Ad- 
ventures in Wonderland. 

“Let me see: four times five is twelve, and four times six is 
thirteen, and four times seven is — oh dear! I shall never get to 
twenty at that rate!” 

Do you agree or disagree with the author? 

12-10 Show that, if a 2 + b 2 = c 2 , a , b , c integers, then P = abc is 
divisible by 60 = 3*4*5. 

12-11 Find the integer values of x between —10 and +15 such that 
P = 3jc 3 + lx 2 is the square of an integer. 

Challenge What is the least value of jc > 15 satisfying the given 
conditions? 
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12-12 Find the geometric mean of the positive divisors of the natural 
number n. (See Appendix IV.) 


12-13 Show that if F = 1*2*3* ***/i and S = 1+2 + 3 + • • ■ + n, 
n a natural number, then S exactly divides P if n is odd. 

12-14 By shifting the initial digit 6 of the positive integer N to the end, 
we obtain a number equal to ^ N . Find the smallest possible 
value of N that satisfies the conditions. 

Challenge Solve the problem with initial digit 8. 

12-15 Find the two-digit number N (base 10) such that when it is 
divided by 4 the remainder is zero, and such that all of its positive 
integral powers end in the same two digits as the number. 

12-16 Find a base b such that the number 32 l fe (written in base b) is the 
square of an integer written in base 10. 

Challenge Find a base b such that 123 b is the cube of an integer written 
in base 10. 


it tp ( a ~ b)(c~d) 5 £ ^(a-c)(b-d) 

12-17 It 77 w ~ . - . = — 7 , find ; 777 * 

{b — c){d —a) 3 (a — b)(c — d) 

1 - Tf (a + b) jc + d) _ 5 „ , (a — c) (b — d) 

Challenge If {b + c){d + a) 3 > find + b) {c + d) 


12-18 Solve jc(jc + 1)(jc + 2)(x + 3) + 1 = y 2 for integer values of 
jc and y. 

Challenge Solve (x + l)(x + 2)(x + 3)(x + 4) + 1 = y 2 for integer 
values of x and y. 


12-19 Factor jc 4 — 6jc 3 + 9jc 2 + 100 into quadratic factors with in- 
tegral coefficients. 

Challenge Find the quadratic factors with integral coefficients of 
x 4 - 10jc 3 + lOx 2 - 41jc - 20. 


12-20 Express (a 2 + b 2 )(c 2 + d 2 ) as the sum of the squares of two 
binomials in four ways. 
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12-21 Observe that 1234 is not divisible by 11, but a rearrangement 
(permutation) of the digits such as 1243 is divisible by 11. Find 
the total number of permutations that are divisible by 11. 

Challenge Find the total number of permutations of N = 12345 that 
are divisible by 11. 

12-22 Find all integers N with initial (leftmost) digit 6 with the property 

that, when the initial digit is deleted, the resulting number is ■— 
of the original number N. 

Challenge Solve the problem with initial digit 9. 

12-23 Find the largest positive integer that exactly divides N = 1 1* -1 " 2 + 
12 2 * +1 , where k = 0, 1, 2, 

Challenge 1 Find the largest positive integer exactly dividing N = 
7 *+2 + 32*+^ where k = 0j i, 2 , . . . . 

Challenge 2 Show in general terms that N = A k+2 + (A + 1) 2 * +1 , 
where k — 0, 1, 2, . . . , is divisible by (A + l) 2 — A. 

12-24 For which positive integral values of x , if any, is the equation 
x 6 = 9k + 1, where k = 0, 1, 2, . . . , not satisfied? 

12-25 If n, A, B, and C are positive integers, and A n — B n — C n is 
divisible by BC, express A in terms of B and C (free of n). 

12-26 Prove that if ad = bc> then P = ax z + bx 2 + cx + d 9 a 5 * 0, 
is divisible by x 2 + h 2 , where h 2 = ~ a — ~ * 

Challenge Try to prove the converse of this theorem. 

12-27 Let R be the sum of the reciprocals of all positive factors, used 
once, of N, including 1 and N, where N = 2 P-1 (2 P — 1), with 
2 P — 1 a prime number. Find the value of R. 

12-28 Note that 180 = 3 2 *20 = 3 2 *2 2 *5 can be written as the sum 
of two squares of integers, namely, 36 + 144 = 6 2 + 12 2 , but 
that 54 = 3 2 *6 = 3 2 *2*3 cannot be so expressed. If a , b are 
integers, find the nature of the factor b such that a 2 • b is the 
sum of two squares of integers. 
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12-29 Show that b — 1 divides b h 2 + b h 3 + * * * + b + 1, and 
thus show that b 2 — 2b + 1 divides b b ~ l — 1. 


13 Maxima and Minima: 

Ups and Downs 

Since ancient times, mathematicians have been continually fas- 
cinated by the idea of maximizing and minimizing mathematical ob- 
jects or quantities. There seems to be something especially irresistible 
about the challenge of finding the largest rectangle that can be in- 
scribed in a certain triangle or the smallest value of a certain function. 
You will find a good cross-section of typical maximum-minimum 
problems here. 

13-1 The perimeter of a sector of a circle is 12 (units). Find the radius 
so that the area of the sector is a maximum. 

Challenge Solve the problem for perimeter P. 

13-2 The seating capacity of an auditorium is 600. For a certain per- 
formance, with the auditorium not filled to capacity, the receipts 
were $330.00. Admission prices were 15i for adults and 25 i for 
children. If a represents the number of adults at the performance, 
find the minimum value of a satisfying the given conditions. 

Challenge 1 Find the value of c for a — 361, where c represents the 
number of children. 

Challenge 2 Find the value of c for a = 360 + k, k = 1, 2, 3, ... . 

13-3 When the admission price to a ball game is 50 cents, 10,000 
persons attend. For every increase of 5 cents in the admission 
price, 200 fewer (than the 10,000) attend. Find the admission 
price that yields the largest income. 

Challenge 1 How many attend when the admission price is $1.50? 

Challenge 2 Find the maximum income. 
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Challenge 3 Find the admission price yielding the largest income if, 
in addition to the conditions stated in the original prob- 
lem, there is an additional expense of one dollar for every 
100 persons in attendance. 

13-4 A rectangle is inscribed in an isosceles triangle with base 2b 
(inches) and height h (inches), with one side of the rectangle 
lying in the base of the triangle. Let T (square inches) be the area 
of the triangle, and R m the area of the largest rectangle so 
inscribed. Find the ratio R m :T. 

Challenge Change isosceles triangle to scalene triangle with base 2b 
and corresponding altitude h , and solve the problem. 

13-5 It can be proved that the function f(y) = ay — y b (where 
b > 1, a > 0, and y > 0) takes its largest value when y = 

(i)*”* * ^ Se theorem to maximum value of the func- 

tion F = sin x sin 2*. 

13-6 In the woods 12 miles north of a point B on an east-west road, a 
house is located at point A . A power line is to be built to A from 
a station at E on the road, 5 miles east of B . The line is to be built 
either directly from E to A or along the road to a point P (between 
E and B ), and then through the woods from P to A, whichever is 
cheaper. If it costs twice as much per mile building through the 
woods as it does building along the highway, find the location 
of point P with respect to point B for the cheapest construction. 

13-7 From a rectangular cardboard 12 by 14, an isosceles trapezoid 
and a square, of side length s , are removed so that their combined 
area is a maximum. Find the value of s . 

Challenge Find the value of s for a combined area that is minimum. 

13-8 Two equilateral triangles are to be constructed from a line seg- 
ment of length L. Determine their perimeters Pi and P 2 so that 
(a) the combined area is a maximum (b) the combined area is a 
minimum. 

Challenge Verify that the maximum area is twice the minimum area. 

13-9 Find the least value of x 4 + y 4 subject to the restriction x 2 + 
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Challenge Find the least value of x 3 + y 3 subject to the restriction 
* + y = c. 

13-10 Find the value of x such that S = (x — fc x ) 2 + (x — k 2 ) 2 + 
• • • + (x — fc») 2 is a minimum where each fc,-, / — 1,2 
is a constant. 


13-11 If |x| < c and |x — x x | < 1, find the greatest possible value of 

IV - * 2 |. 


13-12 Show that the maximum value of F = 
are positive numbers, is ^ • 


ab 


4 (a + b) 2 


, where a, b 


13-13 Find the area of the largest trapezoid that can be inscribed in a 
semicircle of radius r. 


14 Quadratic Equations: Fair and Square 

Two themes can be traced in this section. There are problems whose 
solution calls for solving a quadratic equation at some point. The 
other problems concern a variety of relationships between the roots 
(solutions) and coefficients of quadratic equations beyond the sum and 
product relationships usually studied in high school algebra. 

14-1 Find the real values of x such that 3 2 * 2 “ 7 *+ 3 = 4* 2 -*-6 
Challenge 1 Solve the problem for 3 2 * 2 ~ 7 *+ 3 s 
Challenge 2 Solve the problem for 4 2 * 2 - 7 *+ 3 = g*2-*-6 

14-2 Let D = h 2 + 3 k 2 — 2 hk, where h , k are real numbers. For 
what values of h and k is D > 0? 

Challenge If D = h 2 — 3k 2 + 2 hk with h and k real numbers, find 
the values of h and k for which (a) D > 0 (b) D < 0. 

14-3 If the roots of x 2 + bx + c = 0 are the squares of the roots of 
x 2 + x + 1 = 0, find the values of b and c. 
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Challenge Solve the problem so that the roots of x 2 + bx + c = 0 
are the cubes of the roots of x 2 + x + 1 = 0. 

14-4 If the roots of ax 2 + bx + c = 0, a 9* 0, are in the ratio m:n 9 
find an expression relating m and n to a 9 b> and c. 

14-5 Find all values of x satisfying the pair of equations 
x 2 — px + 20 — 0, x 2 — 20x + p — 0. 

14-6 A student, required to solve the equation x 2 + bx + c = 0, 
inadvertently solves the equation x 2 + cx + b — 0; b y c in- 
tegers. One of the roots obtained is the same as a root of the 
original equation, but the second root is m less than the second 
root of the original equation. Find b and c in terms of m . 

14-7 If ri and r 2 are the roots of x 2 + bx + c = u, and S 2 — 
r\ 2 + r 2 2 , Si — r x + r 2 , and S 0 = ri° + r 2 °, prove that 
S 2 + bS\ + cSq = 0. 

Challenge Find the relation between the roots r u r 2 , and r 3 and the 
coefficients of a cubic equation x 3 + bx 2 + cx + d — 0, 
and then determine the value of S z + bS 2 + cSi + dS 0 
where S 3 = r! 3 + r 2 3 + r 3 3 , S 2 = rf + r 2 2 + r 3 2 , Si = 
r 1 '+ r 2 + r 3 , So = ri° + r 2 ° + r 3 °. 
hint: Let (x — r{)(x — r 2 )(x — r 3 ) = x 3 + bx 2 + cx + d. 

14-8 A man sells a refrigerator for $171, gaining on the sale as many 
percent (based on the cost) as the refrigerator cost, C, in dollars. 
Find C. 

Challenge 1 Solve the problem if the percent gain is half the value of 
the new C. 

Challenge 2 Solve the problem if the percent gain is half the value of 
the new C, and the selling price is $170.50. 

14-9 Express q and s each in terms of p and r so that the equation 
x 4 + px z + qx 2 + rx + s = 0 has two double roots u and v 
where u may or may not equal i?. (Each of the factors x — u 
and x — v appears twice in the factorization of x 4 + px z + 
qx 2 + rx + s .) 
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Challenge 1 Find w, v if p = —4 and r = —4. 

Challenge 2 Find w, i? if p = 2 and r = 2. 

14-10 Let /(«) = «(« + 1) where n is a natural number. Find values 
of n such that f(n + 4) = 4 /(«) + 4. 

Challenge 1 Is there a pair m, n such that 2/(«) + 2 = /(m) where 
m = « + 2 ? 

Challenge 2 Is there a pair m, « such that 2^ w(/i + 1)] = \ m(m + 1)? 

14-11 If one root of Ax 3 + Bx 2 + Cx + D = 0, A 0, is the 

arithmetic mean of the other two roots, express the simplest 
relation between A , B , C, and D. 

Challenge Find the simplest relation between the coefficients if one 
root is the positive geometric mean of the other two. 

14-12 If the coefficients a 9 b , c of the equation ax 2 + bx + c — 0 are 
odd integers, find a relation between a 9 b , c for which the roots are 
rational. 

14-13 If f(x) — a 0 x 2 + a\X + a 2 — 0, a 0 ^ 0, and a 0 , a 2 and s = 
flo + + a 2 are odd numbers, prove that f(x) = 0 has no 

rational root. 


15 Systems of Equations 
Strictly Simultaneous 


Sometimes we can ask more interesting questions about a system of 
equations than “what is its solution.” In other problems here, you will 
have your hands full hunting for the solution. It may be helpful to 
review Cramer’s Rule before plunging in. (See Appendix VII.) 

15-1 Estimate the values of the four variables in the given linear system. 
Then substitute repeatedly until a definitive solution is reached. 


• • 
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*1 = \ (0 + * 2 + * 3 + 0 ) 

*2 = 4 (0 + 0 + *4 + *i) 

^3 “ ^ (^i + ^4 + 1 + 0) 

*4 = \ (*2 + 0 + 1 + X Z ) 

15-2 For the system x + y + 2z = a 

—2jc — z = b 
x + 3y + 5z = c 

find a relation between a 9 b f and c so that a solution exists other 
than x — 0, y = 0, z = 0. 

15-3 Find the smallest value of p 2 for which the pair of equations, 

(4 - p 2 )x + 2y = 0 
2* + (7 - p 2 )y = 0 

has a solution other than x = y = 0, and find the ratio x:y 
for this value of p 2 . 

15-4 If P t = 2x 4 + 3x 3 - 4x 2 + 5x + 3, 

P 2 = x 3 + 2x 2 — 3x + 1, 

P 3 = x 4 + 2x 3 -x 2 + x + 2, 
and aPi + bP 2 + cP z = 0, find the value of a + b + c, where 
abc 5 * 0. 

15-5 If f x = 3jc - y + 2z + w, 

Y 2 = 2* + 3 y - z + 2 w, 
fz = 5x-9y + 8z- w, 

find numerical values of a, b, c so that af x + bf 2 + cf 3 = 0. 

15-6 Find the common solutions of the set of equations 

x — 2xy + 2 y = —l 
x — xy + y = 0. 

Challenge Solve the problem replacing x — xy + y = 0 by x — 
xy + y = 1, and verify the result geometrically. 
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15-7 Solve the system 3x + 4y + 5z — a, 

4x + 5y + 6z — b , 

5x + 6y + Iz = c, 

a , b , c arbitrary real numbers, subject to the restriction x > 0, 
y > 0, z > 0. 

15-8 For a class of N students, 15 < N < 30, the following data were 
obtained from a test on which 65 or above is passing: the range 
of marks was from 30 to 90; the average for all was 66, the average 
for those passing was 71, and the average for those failing was 56. 
Based on a minor flaw in the wording of a problem, an upward 
adjustment of 5 points was made for all. Now the average mark 
of those passing became 79, and of those failing, 47. Find the 
number N 0 of students who passed originally, and the number 
N/ of those passing after adjustment, and N. 


16 Algebra and Geometry: 
Often the Twain Shall Meet 


Many mathematical ideas have both an algebraic aspect and a 
geometric aspect. Several of these ideas are explored here, with the 
emphasis on analytic geometry and transformations. 

16-1 Curve I is the set of points (x, y) such that x = u + 1, y = 
— 2u + 3, u a real number. Curve II is the set of points ( x 9 y ) 
such that x = —2 v + 2, y = 4v + l, va. real number. Find 
the number of common points. 

Challenge 1 Change y — — 2u + 3 to y = —2u+l and solve the 
problem. 

Challenge 2 Change x = « + 1 to x=2m+ 1 and solve the 
problem. 

16-2 Let the altitudes of equilateral triangle ABC be A A u BB U and 
CCi, with intersection point H . Let p represent a counterclock- 
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wise rotation of the triangle in its plane through 120° about 
point H. Let q represent a similar rotation through 240°. Let r 
represent a rotation of the triangle through 180° about line AA it 

And let s , t represent similar rotations about lines BB U CC u 
respectively. 

If we define p * r to mean “first perform rotation p and then 
perform rotation r,” find a simpler expression for (q * r) * q\ 
that is, rotation q followed by rotation r, and this resulting rota- 
tion followed by rotation q . 

Challenge 1 Determine whether these rotations are commutative; 
that is, for example, whether p* r — r*p. 

Challenge 2 Determine whether these rotations are associative; that 
is, for example, whether (q* r) * p = q* (r* p). 

16-3 Fig. 16-3 represents a transfor matio n of the segment AB onto 
segment A'lP , and of BC onto B f C\ The points of AB g o into 
points of A'B f by parallel projections (parallel to AA'). The 
points of BC go into points of B’C f by projections through the 
fixed point P. 



The distances from the left vertical line AM are zero for 
point A , 3 for point B f 4 for point C, 5 for point B\ and 2 for 
point A'(C '). Designate the distances of the points o n AC from 
AM as x , and the distances of their projections on A f B f {CB f ) 
from AM as /. Find the values of r and s of the transformation 
functions / = rx + s (a) for 0 < x < 3 (b) for 3 < x < 4. 

16-4 Given the three equations (1) lx — 12 y = 42 (2) lx + 20 y = 98 
(3) 21* + 12 y = m 9 find the value(s) of m for which the three 
lines form a triangle of zero area. 
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Challenge 1 Solve the problem generally for the system of equations 
(1) a x x + biy = ci (2) a 2 x + b^y = c 2 (3) a z x + 
bzy = m with a x b 2 — a 2 b x ^ 0. 

Challenge 2 Solve the problem for (1) 4* — 6 y = 21, (2) 2x — 3y — 
21, (3) 2lx + 12 y = m, and explain the “weird” result. 

16-5 Describe the graph of y/x 2 + y 2 — y. 

Challenge Describe the graph of y/x 2 + y 2 — — y. 

16-6 Transform x 2 — 3* — 5 = 0 into an equation of the form 
aX 2 + 6 = 0 where a and b are integers. 

Challenge Verify this transformation as a translation of the parabola 

y = x 2 — 3x — 5 in the xy-plane, a distance of 1^ units 
to the left. 

16-7 It is required to transform 2*i 2 — 4*1*2 + 3* 2 2 into an ex- 
pression of the type a x y x 2 + a 2 J ? 2 2 - Using the transformation 
formulas y x — x x + c* 2 and y 2 — x 2 > determine the values of 
a i and a 2 . 

Challenge 1 Investigate the case when the transformation formulas 
are y x — x x and y 2 = dx x + * 2 . 

Challenge 2 Investigate the case when the transformation formulas 
are y x = x x + c* 2 and y 2 = dx x + * 2 . 


16-8 N.B . and 5.5. are, respectively, the north and south banks of a 
river with a uniform width of one mile. (See Fig. 16-8.) Town A 
is 3 miles north of AT.5., town B is 5 miles south of 5.5. and 
15 miles east of A. If crossing at the river banks is only at right 
angles to the banks, find the length of the shortest path from 
A to 5. 



5 


B 


16-8 
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Challenge If the rate of land travel is uniformly 8 m.p.h., and the 

2 

rowing rate on the river is It m.p h. (in still water) with a 

1 J 

west to east current of 1- m.p.h., find the shortest time it 
takes to go from A to B. 

16-9 Let the vertices of a triangle be (0, 0), (x, 0), and (hx 9 mx\ m a 
positive constant and 0 < h < oo. Let a curve C be such that 
the y -coordinates of its points are numerically equal to the areas 
of the triangles for the values of h designated. Write the equation 
of curve C. 

Challenge Let the vertices of a triangle be (0, 0) and (x, 0), and 

, mx) , m a positive constant. Let a curve C be such 

that the y -coordinates of its points are numerically equal 
to the perimeters of the triangles thus formed. Write the 
equation of curve C. 

16-10 Each member of the family of parabolas y — ax 2 + 2x + 3 has 
a maximum or a minimum point dependent upon the value of a . 
Find an equation of the locus of the maxima and minima for all 
possible values of a, 

16-11 Let A 9 B 9 and C be three distinct points in a plane such that 
AB = X > 0, AC = 2 AB, and AB + BC = AC + 2. Find the 
values of X for which the three points may be the vertices of a 
triangle. 

Challenge Find the value(s) of x for which the triangle is a right 
triangle. 

16-12 The area of a given rectangle is 450 square inches. If the area 
remains the same when h inches are added to the width and h 
inches are subtracted from the length, find the new dimensions. 

Challenge 1 Solve the problem when 12 inches are added to the width, 
and 10 inches subtracted from the length. 

Challenge 2 Let the original width, W 9 be increased by h inches, and 

let the original length, L, be decreased by |/r inches. 

Express the new dimensions in terms of the original 
dimensions. 
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16-13 Show that if the lengths of the sides of a triangle are represented 
by a , b, and c, a necessary and sufficient condition for the triangle 
to be equilateral is the equality a 2 + b 2 + c 2 = ab + be + ca. 
That is, if the triangle is equilateral, then a 2 + b 2 + c 2 = 
ab + be + ca, and if a 2 + b 2 + c 2 = ab + be + ca, then 
the triangle is equilateral. 

16-14 Select point P in side AB of triangle ABC so that P is between A 
and the midpoint of AB . Draw the polygon (not convex) 
«WWV\» such that PP X || AC, PJ^ || AB, P^F Z || CB, 
P£a II AC, P 4 P^\\ AB, PsPq || CB, with P u P 4 in CB, P 2 , P 5 in 
AC, P 3 , P Q in AB. Show that point P Q coincides with point P. 

Challenge 1 Investigate the case when P is the midpoint of AB. 

Challenge 2 Investigate the case when P is exterior to AB and PA < 
AB . 

16-15 Let P x P 2 Pz . . . P n P\ be a regular /i-gon (that is, an n-sided 
polygon) inscribed in a circle with radius 1 and center at the 
origin such that the coordinates of P x are (1,0). Let S = 
( P X P 2 ) 2 + (P x Pz) 2 + • ■ • + ( P x P n ) 2 . Find the ratio S:n. 


17 Sequences and Series: 
Progression Procession 


The problems in this section cover the territory between the usual 
study of sequences and series in high school and the calculus. The 
journey begins with unfamiliar facets of the familiar arithmetic and 
geometric sequences and ends with infinite series, touching on such 
things «as recursive sequences, polynomial approximations, finite series, 
and limits along the way. 

17-1 Find the last two digits of# = ll 10 — 1. 

Challenge 1 Find the last two digits of N = 1 1 1 0 + 1 . 
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Challenge 2 Find the last two digits of N = 1 1 1 0 — 9. 

17-2 Give a recursive definition of the sequence , n a natural 
number. 

Challenge 1 Write a recursive definition of the sequence j^j * 
« = 1 , 2 , 

Challenge 2 Write a recursive definition of the sequence J > 

72 1 , .... 

17-3 A perfectly elastic ball is dropped from height h feet. It strikes 

a perfectly elastic surface seconds later. It rebounds to a 

height rh (feet), 0 < r < 1 , to begin a similar bounce a second 
time, then a third time, and so forth. Find (a) the total distance D 
(feet) traveled and (b) the total time T (seconds) to travel D feet. 

Challenge From a pin O, two elastic spheres A and B are suspended 
with strings 1 foot long. Sphere A is brought to a horizontal 
position 1 foot from O and released. It strikes B , imparting 
motion to it, at the same time losing its own motion. B then 
falls and strikes A , imparting motion to it, at the same 
time losing its own motion. If with each impact the distance 
traveled is r times the preceding falling motion, 0 < r < 1 , 
find the total distances, Da and Db, traveled by A and B, 
respectively. 

17-4 For the arithmetic sequence a u a 2 > . . . , it is known that 
+ a 9 = ai 6 . Find each subsequence of three terms that forms 
a geometric sequence. 

Challenge Find (a) each geometric subsequence of four terms, and 
(b) each geometric subsequence of five terms. 

17-5 The sum of n terms of an arithmetic series is 216. The value of 
the first term is n and the value of the n-th term is In. Find the 
common difference, d. 

Challenge 1 Change the value of the «-th term to 1 In and solve the 
problem. 

Challenge 2 There is one more case where d is an integer. Find n 
and d . 
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17-6 Find the sum of n terms of the arithmetic series whose first term 
is the sum of the first n natural numbers and whose common 
difference is n. 

Challenge Prove that the sum of n terms of the arithmetic series, whose 
first term is the sum of the first n odd natural numbers and 
whose common difference is n 9 is equal to the sum of n 
terms of the arithmetic series whose first term is the sum 
of the first n natural numbers and whose common differ- 
ence is 2n. 

17-7 In a given arithmetic sequence the r-th term is s and the s- th term 
is r, r t* s. Find the (/* + s)-th term. 

Challenge If S n = | (r + s)(r + s — 1), find n . 

17-8 Define the triangular number T n as T n — + 1), where 

n = 0, 1, 2, . . . , n, . . . and the square number S n as S n = n 2 , 

where n — 0, 1, 2, . . . , n, Prove (a) T n +\ = T n + n + 1 

(b) S n +i = S n + 2n + 1 (c) S n+ i — T n +i + T n (d) S n = 
2T n w. 

17-9 Beginning with the progression a 9 ar, ar 2 > ar z 9 . . . , ar n ~ l 

form a new progression by taking for its terms the differences of 
successive terms of the given progression, to wit, ar — a 9 ar 2 — 
ar 9 ... . Find the values of a and r for which the new progression 
is identical with the original. 

17-10 The interior angles of a convex non-equiangular polygon of 9 
sides are in arithmetic progression. Find the least positive integer 
that limits the upper value of the common difference between the 
measures of the angles. 

Challenge 1 Find the least integer when there are 12 sides instead of 9. 

Challenge 2 It is not much more difficult to solve the problem for the 
general case of n sides. Try it. 

17-11 The division of , , where r « s 9 that is, where r is very much 

smaller in magnitude than s 9 is not exact, and is unending. If, 
however, we agree to stop at a given point, the quotient is a 
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polynomial in - whose degree depends upon the stopping point. 

Find a second-degree polynomial in - best approximating the 

s 

function — ; — , r « s. 

17-12 When P n (x ) — 1 + x + x 2 + • • • + x n is used to approximate 
the function P(x) — 1 + x + * 2 + # • * + * n + * • • when x — 

| (see Problem 9-11), find the smallest integer n such that 

| P(x) - Pn(x)\ < . 001 . 

Challenge 1 Solve the problem for x — - and x = - • 

Challenge 2 Solve the problem for x — — ^ ,x= — ^ , and x = — | • 

Challenge 3 Show that the values of n are large for those values of x 
that are toward the middle of the interval (—1, +1). 

17-13 Find the numerical value of S such that S — a 0 + Q\ + a 2 + 
' * * + a n + * * * where a 0 = 1 ,a n = r n 9 and a n + 2 = <*n — a n + 1 - 

Challenge Solve the problem with a 0 = 2. 

17-14 A group of men working together at the same rate can finish a job 
in 45 hours. However, the men report to work singly at equal 
intervals over a period of time. Once on the job, however, each 
man stays until the job is finished. If the first man works five 
times as many hours as the last man, find the number of hours 
the first man works. 

Challenge What is the number of men? 


17-15 A sequence of positive terms A i, A 2 , . . . , A n , . . . satisfies the 
recursive relation A n+1 = 3 ? t * F° r what values of A x is 

J *T 

the sequence monotone decreasing (i.e., A x > A% > • • • > 
An > * * *)? 

Challenge 1 Write several terms of the sequence when A x = yfb. 
Challenge 2 Write several terms of the sequence when A x = 2. 


Challenge 3 


Verify that the sequence is not monotone decreasing when 
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17-16 If S = n z + (n + l) 3 + (« + 2) 3 + • • * + (2/i) 3 , n a positive 
integer, find S in closed form (that is, find a formula for S), 

given that l 3 + 2 3 + * * * + tj 3 = ^n 2 (n + l) 2 . 

Challenge Find S where S = l 3 + 3 3 + 5 3 + • • • + (2n - l) 3 . 

17-17 If S(k) = 1+2 + 3 + -- - + A:, express mn in terms of S(m) 9 
S(n), and S(m + «). 

Challenge Verify the formula for (a) m = n (b) m = 2n (c) m = kn. 

17-18 Each a, of the arithmetic sequence a 0 , a u 25, a 3 , a 4 is a positive 
integer. In the sequence there is a pair of consecutive terms whose 
squares differ by 399. Find the largest term of the sequence. 

17-19 Let S x — 1 + cos 2 x + cos 4 x + * * * ; let S 2 = 1 + sin 2 x + 
sin 4 x + * - * ; let S 3 = 1 + sin 2 x cos 2 x + sin 4 x cos 4 jc + * * • , 

with 0 < jc < ^ * Show that Si + S 2 = SiS 2 and that Si + 

$2 + £3 = S\S 2 S 2 , 


17-20 A square array of natural numbers is formed as shown. Find the 
sum of the elements in (a) the j - th column (b) the i-th row (c) the 
principal diagonal (upper left corner to lower right corner). 


1 2 3 

ti + 1 71 + 2 

2 n + 1 2n + 2 


n 
2 n 


(n -1)«+1 (71 - 1)71 + 2 


17-21 LetS = 2 jc + 2* 3 + 2x 5 + - - * + 2* 2 *" 1 + 

1 l 


,where|x| < 

1, be written as ^ ^ • Express P and Q as polynomials in x 

with integer coefficients. 


Challenge 1 Evaluate S when x = \ and when x — \ 


Challenge 2 


Find P and Q if S = 2 + 2x 2 + 2* 4 + • • • + 2x 2k 
+ • • * , where \x\ < 1, and S is written as ^ + ^ • 
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17-22 Let / = lim 

n — mo 


l 2 + 2 *+•••+«* 


, that is, the limiting value of the 


fraction as n increases without bound; find the value of L 


17-23 Let s = Yr 2 + + + „ ( „ \ t) • Find a simple 

formula for S. 

2 2 2 

Challenge Find the values of lim S; that is, + ^73 + 373 + * * * . 

17-24 An endless series of rectangles is constructed on the curve - , 

11 x 
each with width 1 and height - — n ^ , n — 1, 2, 3, ... . Find 

the total area of the rectangles. 

17-25 Let S n = + + + +••• + (3 „ - 2K3* + i) > where " = l > 
2 Find a simple formula for S n in terms of ti. 

Challenge 1 Find S n = yfj + 3T5 H h (2/1 _ ' )(2 n + l) * where 

n = 1, 2 

Challenge 2 Can you now predict the formula for 

S » = TT 2 + TT* + ■ ■ ■ + aar+T ) >' where » = 1 2. • • • ? 


17-26 Let S — a\ + + • * * + a n - 1 + a n be a geometric series with 

common ratio r, r 0, r 1. Let T = bi + b 2 + * * * + *n-i 
be the series such that bj is the arithmetic mean (average) of 
Qj and ci}+ 1, j ~ 1, 2, 3, . . . , n. Express T in terms of au ^n, 
and r. 


17-27 The sum of a number and its reciprocal is 1. Find the sum of the 
/2-th power of the number and the /2-th power of the reciprocal. 

17-28 Alpha travels uniformly 20 miles a day. Beta, starting from the 
same point three days later to overtake Alpha, travels at a uniform 
rate of 15 miles the first day, at a uniform rate of 19 miles the 
second day, and so forth in arithmetic progression. If n represents 
the number of days Alpha has traveled when Beta overtakes him, 
find n (not necessarily an integer). 

17-29 Find a closed-form expression for S n , where S n = 1*2 + 
2 * 2 2 + 3 * 2 3 + • • • + n * 2 n ; that is, find a simple formula 
for S'. 
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Challenge 1 Find S n where S„ = 1 • 3 + 2 • 3 2 + 3 • 3 3 + • • • 
+ 71-3". 

Challenge 2 Find S n where S" = l*4 + 2*4 2 + 3'4 8 + -*- 
+ n • 4 B . 

Challenge 3 By inspection, find S„ where S n = 1 • 5 + 2 ■ 5 2 + 
3 • 5 3 H h«'5 n . 

17-30 Show that Z i < 2 where Z ^ i H h A H • 

r=l r r=l r 1 z r 

17-31 Express S n in terms of n, where S n = 1 • 1! + 2 • 2! + 3 • 3! 
+ ••• +«•«!. 


18 Logarithms: A Power Play 


Logarithms were invented by John Napier in the early seventeenth 
century to simplify arithmetic computation. The advent of electronic 
computers in recent years has almost eliminated this practical need. 
But logarithms and logarithmic functions still have considerable 
theoretical importance. It’s the theory that counts in these problems. 

18-1 Find the real values of jc such that jc log 2 3 — log 10 3. 

Challenge Find the real values of y such that y logio 3 = log 2 3. 

18-2 Find the real values of jc for which (a) F is real (b) F is positive, 

2x -f 4 

where F — logo 3;c , a > 0, a 1. 

Challenge Change 2jt + 4 to 2jt — 4 and solve the problem. 

18-3 If / is a function of jc only and g is a function of y only, determine 
/ and g such that log f + log g = log (1 + z) where z — 
x + xy + y. 

Challenge Solve the problem when log / + logg = log (1 — z) 
where z — x — xy + y. 
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18-4 If (ax) logo = (fot) logb , a, b positive, a ^ b, a ^ 1, b ^ 1, and 
the logarithmic base is the same throughout, express x in terms 
of a and b. 


18-5 Find a simple formula for S n = 


l 


+ 


1 


1 


, N> 1. 


log 2 7V 1 logs AT 


+ ■•• + 


log 2 5 N 

Challenge Find a simple formula for T n = 


l 


l 


+ 


1 


1 


log 2 5 Af 


, N> 1. 


log 2 A r log 3 A r log 4 N 


19 Combinations and Probability: 
Choices and Chances 


Handshakes at a party, a Ping-pong match, and a secret scientific 
project are among the settings for these problems, which involve 
(surprise!) counting choices or figuring chances. 

19-1 Suppose that a boy remembers all but the last digit of his friend’s 
telephone number. He decides to choose the last digit at random 
in an attempt to reach him. If he has only two dimes in his pocket 
(the price of a call is 10£), find the probability that he dials the 
right number before running out of money. 

Challenge Suppose that the boy remembers all but the last two digits, 
but he does know that their sum is 15. Find the probability 
of dialing correctly if only two dimes are available. 

19-2 In a certain town there are 10,000 bicycles, each of which is 
assigned a license number from 1 to 10,000. No two bicycles have 
the same number. Find the probability that the number on the 
first bicycle one encounters will not have any 8’s among its digits. 

Challenge Find the probability that the number on the first bicycle 
one encounters will have neither an 8 nor a 7 among its 
digits. 
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19-3 Suppose Flash and Streak are equally strong Ping-pong players. 
Is it more probable that Flash will beat Streak in 3 games out of 4, 
or in 5 games out of 8? 

Challenge Suppose Flash is “twice as good” as Streak in the sense 
that, for many games, he wins twice as often as Streak. Is 
it more probable that Flash beats Streak in 3 games out of 5, 
or in 5 games out of 7? 

19-4 Show that in a group of seven people it is impossible for each 
person to know reciprocally only three other persons. 

Challenge In a group of nine people, is it possible for each person to 
know reciprocally only five other persons? 

19-5 At the conclusion of a party, a total of 28 handshakes was ex- 
changed. Assuming that each guest was equally polite toward all 
the others, that is, each guest shook hands with each of the others, 
find the number of guests, n , at the party. 

Challenge 1 Solve the problem for 36 handshakes. 

Challenge 2 Solve the problem for 32 handshakes. 

19-6 A section of a city is laid out in square blocks. In one direction 
the streets are El, E2, . . . , E7, and perpendicular to these are 
the streets Nl, N2, . . . , N6. Find the number of paths, each 
11 blocks long, in going from the corner of El and Nl to the 
corner of E7 and N6. 

19-7 A person, starting with 64 cents, makes 6 bets, winning three 
times and losing three times. The wins and losses come in random 
order, and each wager is for half the money remaining at the time 
the wager is made. If the chance for a win equals the chance for 
a loss, find the final result. 

19-8 A committee of r people, planning a meeting, devise a method of 
telephoning s people each and asking each of these to telephone 
t new people. The method devised is such that no person is called 
more than once. Find the number of people, N y who are aware 
of the meeting. 

19-9 Assume there are six line segments, three forming the sides of an 
equilateral triangle and the other three joining the vertices of the 
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triangle to the center of the inscribed circle. It is required that the 
six segments be colored so that any two with a common point 
must have different colors. You may use any or all of 4 colors 
available. Find the number of different ways to do this. 

19-10 A set of six points is such that each point is joined by either a 
blue string or a red string to each of the other five. Show that 
there exists at least one triangle completely blue or completely 
red. (See Fig. 19-10). 



19-11 Each face of a cube is to be painted a different color, and six 
colors of paint are available. If two colorings are considered the 
same when one can be obtained from the other by rotating the 
cube, find the number of different ways the cube can be painted. 
[If the center of the cube is at the origin (0, 0, 0) the rotations 
are about the x-axis, or the y-axis, or the z-axis through multiples 
of 90°.] 


19-12 An 8 X 8 checkerboard is placed with its corners at (0, 0), 
(8, 0), (0, 8), and (8, 8). Find the number of distinguishable non- 
square rectangles, with corners at points with integer coordinates, 
that can be counted on the checkerboard. 


19-13 A group of 11 scientists are working on a secret project, the 
materials of which are kept in a safe. In order to permit the 
opening of the safe only when a majority of the group is present, 
the safe is provided with a number of different locks, and each 
scientist is given the keys to certain locks. Find the number of 
locks, n u required, and the number of keys, n 2 , each scientist 
must have. 
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20 An Algebraic Potpourri 


Here is an assortment of problems containing a few new ideas and 

a continuation of ideas from earlier sections. 

20-1 If we define (2 n + 1)! to mean the product (1)(2)(3) . . . (2 « + 1) 
and (2 n + 1)!! to mean the product (1)(3)(5) . . . (2 n + 1), ex- 
press (2 n + 1)!! in terms of (2n + 1)!. 

20-2 If a, b , c are three consecutive odd integers such that a < b < c, 
find the value of a 2 — lb 2 + c 2 . 

Challenge 1 How is the result changed if c < b < al 

Challenge 2 How is the result changed if three consecutive even 
integers are used? 

20-3 At the endpoints A, B of a fixed segment of length L, lines are 
drawn meeting in C and making angles a, 2a , respectively, with 
the given segment. Let D be the foot of altitude CD and let x 
represent the length of AD. Find the limiting value of x as a 
decreases towards zero ; that is, find lim x . 

a— K) 

Challenge Note that, when the original angles are a , la, , the limiting 

2 

value of x is ^L. Can you predict the limiting value of 
x when the original angles are a , 3a? 

20-4 Find the set of integers n > 1 for which \/n — 1 + y/n + 1 is 
rational. 

Challenge 1 Solve the problem for y/n — k + y/n + k where k is 
an integer such that 2 < k < 8. 

Challenge 2 For what positive integer values of n is y/4n — 1 rational? 

20-5 The angles of a triangle ABC are such that sin B + sin C = 

B C 

2 sin A. Find the value of tan ^ tan - * 

Challenge Show that if sin B — sin C = 2 sin A for triangle 

B C 

then tan ^ cot 2 — — 3. 
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20-6 Decompose F — ^ into the sum of fractions with 

constant numerators. 

Challenge Change the factor x — 1 in the denominator to x + 1 and 
solve the problem. 

20-7 On a transcontinental airliner there are 9 boys, 5 American chil- 
dren, 9 men, 7 foreign boys, 14 Americans, 6 American males, and 
7 foreign females. Find the number of people on the airliner. 

20-8 If a and b are positive integers and b is not the square of an 
integer, find the relation between a and b so that the sum of 
a + \/b and its reciprocal is integral. 

Challenge Solve the problem so that the sum is rational but not 
integral. 

20-9 Find the simplest form for R = \/l + \/^3 + \/ 1 — \T-2>. 

Challenge I Simplify S — \/ 1 + \/^3 — \/T — 

Challenge 2 Simplify T = \/ a + y/^-b ± a — where a , 

b are positive integers. 

20-10 Observe that the set {1, 2, 3, 4} can be partitioned into subsets 
7"i{4, 1} and 7 2 {3, 2} so that the subsets have no element in 
common, and the sum of the elements in T\ equals the sum. of 
the elements in J 2 . This cannot be done for the set {1, 2, 3, 4, 5} 
or the set {1, 2, 3, 4, 5, 6}. For what values of n can a subset of 
the natural numbers S n = {1, 2, 3, ...,«} be so partitioned? 

20-11 Suppose it is known that the weight of a medallion, X ounces, is 
represented by one of the integers 1, 2, 3, . . . , N. You have 
available a balance and two different weights, each with an in- 
tegral number of ounces, represented by W x and W 2 . Let S = 
N + W x + W 2 . Find the value of S for the largest possible 
value of N that can be determined with the given conditions. 

(For this problem we are indebted to Professor M. I. Aissen, 
Fordham University.) 

20-12 If M is the midpoint of line segment AB , and point P is between 
M and B> and point Q is beyond B such that QP 2 — QA * QB , 
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show that, with the proper choice of units, the length of MP 
equals the smaller root of x 2 — IOjc + 4 = 0. 

note: A y M y B, P 9 and Q are collinear. 

20-13 In Fig. 20-13, consider the lattice where Ri is the i-th row and 
Cj is the y'-th column, z,y, = 1, 2, 3, . . . , in which all the entries 
are natural numbers. Find the row and column for the entry 
1036. 

Challenge Find the row and column for the entry 212. 



C 2 C 3 • • • 


1 


2 3 

R. 

4 5 6 

• 

• • • • 

• 

• 

• • • • • 

• • • • • • 


20-13 

20-14 Express jP(c) = c 6 + 10c 4 + 25c 2 as a polynomial of least 
positive degree when c is a root of x 3 + 3x 2 + 4 = 0. 

Challenge By inspection solve the problem when +25c 2 is changed 
to -25c 2 . 


20-15 Let S = + = r 0 + r x x + ■ * ■ + r n x n be an 

identity in x. Express r n in terms of the given b* s. 

Challenge Find the coefficient of x n when S(x) = 1 + 2x + 3x 2 + 
*** + («+ l)x n is divided by 1 — x. 

20-16 Find the numerical value of the infinite product P whose factors 

/j3 — J 

are of the form , . , where n — 2, 3, 4, 

n z 4- 1 * * » ? 


<n 


20-17 Express F = x + + with a rational denominator. 


<n 


Challenge Express F = t + ^ + ^4 a rational denominator. 
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20-18 Starting with the line segment from 0 to 1 (including both 

1 2 

endpoints), remove the open middle third; that is, points - and - 

of the middle third remain. Next remove the open middle thirds 

12 7 8 

of the two remaining segments (points * , 5 , ^ , 5 remain along 

12 y ^ y y 

with - and -). Then remove the open middle thirds of the four 

segments remaining, and so on endlessly. Show that one of the 

remaining points is ^ • 

20-19 Write a formula that can be used to calculate the n-th digit a n 
of N = .01001000100001 . . . , where all the digits are either 0 
or 1 , and where each succeeding block has one more zero than 
the previous block. 

Challenge Find a„, the «-th digit, of M = .101001000100001 .... 



SOLUTIONS 


1. Posers: Innocent and Sophisticated 


1-1 Suppose there are 6 pairs of blue socks all alike , and 6 pairs of 
black socks all alike , scrambled in a drawer . How many socks 
must be drawn out , all at once (in the dark), to be certain of getting 
a matching pair? 

Imagine two bins, the first marked “blue,” the second marked 
“black.” If the first sock drawn is blue, assign it to the first bin; 
if black, assign it to the second bin. Do the same with the second 
sock drawn. If one of the bins has two socks, you have a matching 
pair. If not, there is one sock in each bin. When a third sock is 
drawn, it must go in one or the other bin, thus giving a matching 
pair. Therefore, at most, 3 socks must be drawn out. 

Challenge 1 Suppose the drawer contains 3 black pairs of socks, 7 green 
pairs, and 4 blue pairs, scrambled . How many socks must 
be drawn out, all at once (in the dark), to be certain of 
getting a matching pair? 

Follow the pattern of reasoning in Problem 1-1. The 
answer is 4. 

Challenge 2 Suppose there are 6 different pairs of cuff links scrambled 
in a box . How many links must be drawn out, all at once 
(in the dark), to be certain of getting a matching pair? 

Follow the pattern of reasoning above. The answer is 7. 


1-2 Find five positive whole numbers a, b, c, d, e such that there is no 
subset with a sum divisible by 5. 
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Difficult as this problem seems, it yields to an easy solution if 
you ask yourself the right questions! 

What are the possible non-zero remainders when a positive 
integer is divided by 5? They are 1, 2, 3, 4, which you may think 
of as associated with bin 1, bin 2, bin 3, and bin 4, respectively. 
(See solution 1-1.) 

Consider the five subsets {a}, {a, fc}, {a, b 9 c}, {a 9 b 9 c, d} 9 
{ a , b , c, d 9 e } , and the respective sums of the elements in these 
subsets. When these sums are divided by 5, there are at most 
four different non-zero remainders. (Why are we not concerned 
with a zero remainder?) Therefore, at least two of these five sums, 
say s 2 and s 5 , have the same remainder r, where r is 1 or 2 or 3 
or 4, so that we may write s 2 = 5m + r and s 5 = 5n + r, 
where /w, ware integers. It follows that s 5 — s 2 — 5m — 5n — 5 p 9 
where p = m — n; that is, s 5 — s 2 is exactly divisible by 5. If 
s& = a + b + c + d+e 9 and s 2 = a + b> then c + d + e is 
exactly divisible by 5. Hence, the sum of the elements in at least 
one subset of any five positive numbers is divisible by 5. 

The method used for solving Problems 1-1, 1-2, 1-3, and 1-4 
is aptly named the Pigeon-Hole Principle. 

1-3 A multiple dwelling has 50 letter boxes . If 101 pieces of mail are 
correctly delivered and boxed , show that there is at least one letter 
box with 3 or more pieces of mail . 

If 100 letters are distributed evenly among the 50 letter boxes, 
each box will contain 2 letters. When the 101st letter is put into 
a box, that box will contain 3 letters. 

Challenge What conclusion follows if there are 

(a) 102 pieces of mail 

(b) 1 50 pieces of mail 

(c) 151 pieces of mail? 

(a) At least one box contains 3 or more letters. 

(b) At least one box contains 3 or more letters. 

(c) At least one box contains 4 or more letters. 

1-4 Assume that at least one of aj and bi has property P, and at least 
one of a 2 and b 2 has property P, and at least one of a 3 and b 3 has 
property P. Prove that at least two of ai, a 2 , a 3 , or at least two 
of bi, b 2 , b 3 have property P. 
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proof i: (Pigeon-Hole Principle) Use two pigeon holes or boxes 
labeled P and ~P, where ~p means “not-P.” The possibilities are 
as follows: Box P contains fli or 61 or both, while box ~P 
contains a± or b\ or neither. Similarly, box P contains a 2 or b 2 or 
both, and a 3 or b 3 or both. Box P, therefore, contains one of the 
following combinations: 


Ou #2* a 3 l a it a 2 > b 3 \ ai, a 2j a 3 , b 3 \ a i, b 2 , a 3 ; a i, a 29 b 2 , b 3 ; 

and so forth. Since P must contain at least three elements, at 
least two must be from the a’s or at least two must be from the b s. 

proof ii : (Partitions) Assume that at most one of a u <* 2 , a 3 , and 
at most one of b u b 2 , b 3 have property P. Then, by simple addi- 
tion, at most 2 of the 6 items have property P. This contradicts 
the given information which implies that at least 3 of the 6 items 
have property P. Hence, more than one of a u (* 2 > ct 3 , or more 
than one of b u b 2 > b 3 , have property P. 

This reasoning is equivalent to the reasoning based on 
partitioning the numeral 3. Since 3 = 3 + 0= 2+ l = l + 

2 = 0 + 3, we must have either 3 of the a’s , or 2 of the a ' s and 
1 of the b s, or 1 of the a's and 2 of the b s, or 3 of the bs with 
property P. 

proof hi: (Binomial Theorem) Let a : , / = 1, 2, 3, represent one 
of the three given a’s, and similarly for b{. Since (a* + £> t ) 3 = 
a i 3 + 3 ai 2 bi + 3 Qibi 2 + b* (see Appendix VI), then either the 

3 a’s or the 3 bs have property P, or 2 a’s and 1 b, or 1 a and 2 
bs have property P. 


1-5 An airplane flies round trip a distance of L miles each way . The 
velocity with head wind is 160 m.p.h ., while the velocity with tail 
wind is 240 m.p.h. What is the average speed for the round trip ? 

The temptation is to say that the average speed is ^ (160 + 240) = 

200 m.p.h. This is incorrect because the flying times are not the 
same for each leg of the trip. 

Start with the basic formula R X T = Z>, where R is the 
average speed (m.p.h.), T is the total time (hours), and D is the 
total distance (miles). Letting T i and T 2 be the times for the legs 

of the trip, we have T x = ~ and T 2 = . 
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Therefore, T=T 1 + T 2 = j^ ) + ^ = L . Since the 


total distance is 2 L, R = 


2 L 


ik) 


— 192 m.p.h. The result is the 


Harmonic Mean between the two velocities. (See Appendix IV.) 

2(160)(240) 


(i.e., here H.M. = 


160 + 240 


= 192 m.p.h.) 


1-6 Assume that the trains between New York and Washington leave 
each city every hour on the hour . On its run from Washington to 
New York , a train will meet n trains going in the opposite direction . 
If the one-way trip in either direction requires four hours exactly , 
what is the value of n? 

At the moment the train leaves Washington, say 2 p.m., the train 
that left New York at 10 a.m. is pulling into the station. When it 
reaches New York at 6 p.m., a train is leaving New York for 
Washington. In all, it meets 9 trains coming from New York; to 
wit, those that left New York at 10, 11, 12, 1, 2, 3, 4, 5, and 6. 


1-7 A freight train one mile long is traveling at a steady speed of 
20 miles per hour . It enters a tunnel one mile long at 1 p.m. At 
what time does the rear of the train emerge from the tunnel? 

To clear the tunnel, the train must travel a distance of 2 miles, 
the length of the tunnel plus the length of the train. At 20 m.p.h., 
the train travels 1 mile in 3 minutes, and 2 miles in 6 minutes. 
The rear of the train emerges at 1 :06 p.m. 

1-8 A watch is stopped for 15 minutes every hour on the hour . How 
many actual hours elapse during the interval the watch shows 12 
noon to 12 midnight? 

The total elapsed time is 12 plus the number of hours lost; that is, 
12 + 11 Q = 14^ (hours). 

Challenge 2 Between 12 noon and 12 midnight , a watch is stopped for 
1 minute at the end of the first full hour , for 2 minutes at 
the end of the second full hour , for 3 minutes at the end 
of the third full hour , and so forth for the remaining full 
hours . What is the true time when this watch shows 12 
midnight ? 
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The total elapsed time, in hours, is 12 + ^ * 1 1 • 12^ = 

13^. (See Appendix VII.) Therefore, the true time is 
1 :06 a.m. 


1-9 The last three digits of a number N are x25. For how many values 
of x can N be the square of an integer? 

Let M be such that M 2 = N. Since the last two digits of N are 
25, M terminates in 5. If M = 5, x = 0. 

If x 7 ^ 0, then M has at least two digits. When the tens’ digit 
of M is 1, 3, 6 , or 8 , then x = 2. When the tens’ digit of M is 2 
or 7, then x = 6 . When the tens’ digit of M is 4, 5, or 9, then 
x = 0. In all, there are three possible values for x , namely 0, 
2 , or 6 . 

1-10 A man born in the eighteenth century was x years old in the yearx 2 . 
How old was he in 1776? ( Make no correction for calendric 
changes .) 

In the interval 1700-1800, the only square of an integer is 1764 = 
42 2 . Therefore, the year of his birth was 1764 — 42 = 1722. 
Hence, in 1776, he was 1776 — 1722 = 54 years old. 

1-11 To conserve the contents of a 16 oz. bottle of tonic , a castaway 
adopts the following procedure . On the first day he drinks 1 oz. 
of tonic , and then refills the bottle with water; on the second day 
he drinks 2 oz . of the mixture , and then refills the bottle with water; 
on the third day he drinks 3 oz. of the mixture , and again refills 
the bottle with water . The procedure is continued for succeeding 
days until the bottle is empty . How many ounces of water does he 
thus drink ? 

It is very easy to get bogged down in a problem like this. You 
must resist the urge to find the daily ratios of tonic to water, or 
of water to mixture. These are difficult to find, and unnecessary! 

The essential clue is in the total number of ounces of water 
added during the drinking period. 

On the first day, 1 oz. of water is added, on the fifteenth day, 
15 oz. of water are added. (Explain why none was added on the 
sixteenth day.) The total is, therefore, 1 + 2 + ’ * * + 15 = 

|(15)(16) = 120 oz. (See Appendix VII.) 
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1-12 Which yields a larger amount with the same starting salary: 

Plan I, with four annual increases of $100 each , or 
Plan II, with two biennial increases of $200 each ? 

Let A (dollars) be the starting salary. Under Plan I the earnings 
by the end of the fifth year are 

A + (A + 100) + (A + 200) + (A + 300) -f- (A + 400) 

= 5 A+ 1000. 

Under Plan II the earnings for the same period are 
A + A + (A + 200) + (A + 200) + (A + 400) = 5 A + 800. 
Plan I yields $200 more. 

1-13 Assuming that in a group of n people any acquaintances are mutual , 
prove that there are two persons with the same number of ac- 
quaintances. 

proof: For every person in the group, the number of acquaint- 
ances is either 0, or 1, or 2, or . . . , or n — 1. Let us first assume 
that no two persons have the same number of acquaintances, so 
that each of the n numbers, 0 to n — 1, is represented. But since 
the presence of 0 means that there is a person acquainted with 
no one, and the presence of n — 1 means that there is a person 
acquainted with everyone, then our assumption that no two 
persons have the same number of acquaintances leads to a con- 
tradiction. This assumption is untenable. We are forced to con- 
clude that there are two persons with the same number of 
acquaintances. 

1-14 The smallest of n consecutive integers is j. Represent in terms of j 
(a) the largest integer L (b) the middle integer M. 

^ I 

(a) L = j + n — 1 (b) Af = j H ^ — * if w is odd. If n is even, 

there is no unique middle integer. We can designate either 
j + j — 1 or y + as middle integers, if n is even. 

1-15 We define the symbol |x| to mean the value x if x > 0, and the 
value — x if x < 0. Express |x — y| in terms of max(x, y) and 
min{x, y) where max(x, y) means x if x > y, and y if x < y, and 
min(x, y) means x if x < y, and y if x > y. 
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If x > y, |x — y\ = x — y — max(x, y) — min(x, y). 

If x < y, |x — y\ = y — x = max(x, y) — min(x, y). 
Therefore, |x — y\ = max(x, y) — min(x, y) in all cases. 


Express: 

(a) x in terms of x + and x - (b) |x| in terms of x + and x” 

(c) x + in terms of |x| and x (d) x - in terms of |x| and x. 

(a) If x < 0, then x + = 0 and x~ = —x, \ x = x + — x“. 

If x > 0, then x + — x and x~ = 0, x = x + — x - . 

If x = 0, then x + = x and x” = — x, x + x = x = 

x + “ x — . 

(b) If x < 0, then x + = 0 and x _ = — x and |x| = — x, 

|x| = x + + x~. 

If x > 0, then x + = x and x” = 0 and |x| = x, |x| = 

X + + X” 

If x = 0, then x + = x and x“ = — x and |x| = x, |x| = 
x + + x“ 

(c) If x < 0, then x + = 0. Since ^ (|x| + x) = ^ (— x + x) = 0, 

* + = \ ( 1*1 + *)• 

* 11 
If x > 0, then x + = x. Since j (1*1 + x) = ^ (* + *) = x, 

* + - \ (|*| + *). 

j J 

If x = 0, then x + = x. Since ^ (M + x) = j ( x + *) = 

X + = l ( 1*1 + *)• 

(d) If * < 0, then x~ = —x. Since ^ (|*| — x) = ^ (— * — x) = 
-*.*“ = | (|*| - x). 

If * > 0, then x~ = 0. Since j (|x| — x) = ^ (x — x) = 0, 

x ~ = \ (1*1 - *)• 

— 1 1 
If x = 0, then x = — x. Since ^ (|x| — x) = ^ (~ x ~ x ) ~ 

-x, x~ = ^(|*| - x). 


1-17 We define the symbol [x] to mean the greatest integer which is not 
greater than x itself Find the value of[ y] + [1 — y]. 

(a) If y is an integer then [y] + [1 — y] = y + 1 — y = 1. 
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(b) If is not an integer, let y = a + A where 0 < h < 1, and a is 
an integer. Then [y] + [1 — y] = [a + h] + [1 — (a + h )] = 

a — a = 0. Note that [1 — (a + h)] = [— a + (1 — h )] = —a. 

illustrations: Fory = 6, [y] + [1 — y] = 6 + 1 — 6 = 1. 

For^ = 6.37, [y] + [1 - y] = [6.37] + [1 - 6.37] = 6-6 = 0. 

For y = -6, [y] + [1 - y] = [-6] + [7] = -6 + 7 = 1. 
For y = -6.37, [y] + [1 - y] = [-6.37] + [7.37] =-7 + 7 = 0. 

Challenge 5 Let (x) = x — [x]; express (x + y) in terms of (x) and (y). 

Let x = a + ei where 0 < ei < 1, and let y = b + e 2 
where 0 < e 2 < 1, where a and b are integers. Then 
(x) = a + €i — a = € i, and 0 ) = b + e 2 — b = e 2 . 

x + y — a + €i + b + e 2 . If 6 i + e 2 < 1, then 

(* + > 0 = a b e i + c 2 ci b — €j + € 2 . 

Therefore, (x + .y) = (x) + (y ) when + e 2 < 1. If 
€i + e 2 > 1 , then x + .y = a + 6 + l+e 3 , where 
€ 3+1 = € 2 + €1 and 0 ^ €3 < I, since Ci + e 2 <C 2 . 
Then (x + y) = a + 6 + 1 + €3 — a — b — 1 = e 3 . 

Therefore, (x + >>) = (x) + (y) — 1 when ei + e 2 > 1. 


1-18 At what time after 4:00 will the minute hand overtake the hour 
hand? 

We may deal with this problem as we would if asked to find the 
time it took a fast car to overtake a slower one. Let us speak of 
the rate (i.e., speed) of the hour hand as r. Then the rate of the 
minute hand is 12r. 

The distance that the hands travel will be measured by the 
minute markers of the clock. What we seek in this problem is the 
distance (in minutes) that the minute hand must travel to over- 
take the hour hand. Let this distance be x. Therefore, the distance 
that the hour hand must travel is x — 20, since it has a 20-minute 
head start over the minute hand. 

Since the time equals the distance divided by the rate, the 

time that the minute hand travels is rz- and the time that the 

x - 20 i2r 

hour hand travels is . Since both hands travel the same 

r 

amount of time: 


X 

1 2r 
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Therefore, at 4:21— the minute hand will overtake the hour hand. 

12 

note: In the relation, jc = — * 20, the quantity 20 is the number 

of minutes of head start that the hour hand has over the minute 
12 

hand. The ratio — , then, is the number of minutes required, per 

minute of head start, for the minute hand to overtake the hour 
hand. Therefore, we can substitute any known value for the 20, 


12 


and find the time required by multiplying by yy • 

For example, if the time at the start is 8:00, x = 


12 

11 


40 = 
7 


43yy . The minute hand will overtake the hour hand at 8:43^ 

Another way of looking at this relation is to say that the head 
start of 20 minutes (or whatever the amount) is the time it would 

take the minute hand to reach the hour hand if the hour hand 

12 

did not move. But because the hour hand does move, it takes yy 

as long. This idea can be applied to many variations of the clock 
problem. 

Challenge 1 At what time after 7:30 will the hands of a clock be 
perpendicular? 

Let us assume that the hour hand does not move after 
7:00. Then the minute hand would be perpendicular to 
the hour hand at 7:50. (This would happen at 7:20 also, 
but the problem asks for a time after 7:30.) The travel 

time for the minute hand, with a stationary hour hand, 

12 

is 50 minutes. With a moving hour hand, it must be tt as 

4 ^ V 1 A 


much: 


12 

11 


50 = 54 n 


The hands will be perpendicular at 7:54 


11 


Challenge 2 Between 3:00 and 4:00, Noreen looked at her watch and 
noticed that the minute hand was between 5 and 6. Later , 
Noreen looked again and noticed that the hour hand and 
the minute hand had exchanged places. What time was it 
in the second case? 

Let jc = position of minute hand between 3:00 and 4:00; 
then the position of the hour hand is (l5 + y^) . Let 
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y = position of minute hand between 5:00 and 6:00; 
then the position of the hour hand is ^25 + . Since 

the hands have changed places, 15 + ^ = y and 

25 + j 2 = x. Solve for y; y = 17^ . 

answer: 5:17-^ 

143 

Challenge 3 The hands of Ernie's clock overlap exactly every 65 
minutes . If according to Ernie's clock , he begins working 
at 9 a.m. and finishes at 5 p.m., how long does Ernie work 
according to an accurate clock ? 

Using the technique described in Problem 1-18, we find 

that the hands of an accurate clock overlap every 65yy 

minutes. Therefore, we may employ the following pro- 
portion: 


65 minutes 


65— minutes 


8 hours , _ 8 

h hours 9 143 ' 


2 Arithmetic: Mean and Otherwise 


2-1 The arithmetic mean {AM,), or ordinary average , of a set of 50 
numbers is 32. The AM . of a second set of 70 numbers is 53. Find 
the AM, of the numbers in the sets combined. 

One procedure is to add the 50 numbers of the first set, add the 
70 numbers of the second set, add these two sums, and then divide 
by 120. But, since the individual numbers are not known, we 
cannot use this method. 

Nevertheless, we can obtain the essential information needed 
for a solution without a knowledge of the individual numbers. 

Since A.M. of n numbers = - , where S is the sum of the n 

n 9 

numbers, S = n(A.M.). For the first set of numbers, Si = 50 X 
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32, and for the second set of numbers, S 2 = 70 X 53. Therefore, 
the required A.M. is (50)(3 g + ^ = 44.25. 

Challenge 1 Change the AM . of the second set to —53, and solve. 

= ( 50 )( 32 ) + 70 ( — 53 ) _ 2110 T_ 

AM * 50 + 70 120 Vl \2 


Challenge 2 


Change the number of elements in each set to 1, and solve. 
A.M. = (1)(32) , + ( 1 X 53) = = 42.5 


Would you conclude from this illustration that finding 
the average of two numbers in the usual manner is a 
special case of this method, known as the method of 
Weighted Means? 

A general representation of the method of Weighted 
Means may be given as 


A.M. 


(Pl)(Ml) + (P2XM2) + • • ■ + (Pn)(M n ) # 
7*1 + P 2 + * * * + Pn 


where Mi is the arithmetic mean of the set of numbers 
with Pi members in it, i being used for any one of the 
natural numbers 1, 2, 3, . . . , n. There are also other 
interpretations of the formula. 


Challenge 3 Find the point-average of a student with A in mathematics , 
A in physics, B in chemistry , B in English , and C in 
history — using the scale: A, 5 points; B , 4 points; C, 3 
points; D, 1 point — when (a) the credits for the courses 
are equal (b) the credits for the courses are mathematics , 
4; physics, 4; chemistry , 3; English, 3; and history, 3. 


A.M. = 


<2)(5) + (2)(4) + (1X3) 


2 + 2 + 1 
carry equal credit. 

A M (2X4X5) + (2X3X4) + (1X3X3) 
A * M * (2X4) + (2)(3) + (1)(3) 

credits are, respectively, 4, 4, 3, 3, 3. 


= 4.2, when the courses 


= 4.3, when the 


Challenge 7 Estimate the approximate AM. of the set {61, 62, 63, 65, 
68, 73,81,94}. 

When the numbers of a set are large, and addition be- 
comes cumbersome, we frequently use the method of 
Guessed Mean to find the A.M. of a set of numbers. 
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For example, find the A.M. of the set {61, 62, 63, 65, 
68, 73, 81, 94}. Obviously, the A.M. is between the ex- 
tremes 61 and 94. Let us guess 70 as the A.M. (Would 
80 be a good guess?) The differences between the given 
numbers and the guessed mean are —9, —8, —7, —5, 
— 2, +3, +11, +24. Their sum is +7. The true A.M. is, 

therefore, 70 + ^ = 70^ . 

In rare instances the guessed mean will be the correct 
A.M. What is the sum of the differences in this instance? 
answer: Zero 

2-2 Express the difference of the squares of two consecutive even 
integers in terms of their arithmetic mean . 

1(2 n + 2) 2 - (2/i) 2 1 = | (4 m + 2)(2)| = |4(2m + 1)| = 4|A.M.| 
where |jt| means +x if jc > 0, and — x if x < 0. 

2-3 It is a fundamental theorem in arithmetic that a natural number can 
be factored into prime factors in only one way — if the order in 
which the factors are written is ignored . This is known as the 
Unique Factorization Theorem. For example , 12 is uniquely 
factored into the primes 2, 2, 3. 

Consider the set Si = {4, 7, 10, . . . , 3k + 1, . . .}, in which 
k = 1, 2, . . . , n, . . . . Does Si have unique factorization? 

First, it is important to identify some of the prime members of Si ; 
that is, those members divisible by themselves but no other 
members of S x . These are (with some surprises) 4, 7, 10, 13, 19, 
22, 25, ... , since each of these numbers is (exactly) divisible only 
by itself. 

After a few trials you find that 4 X 25 = 10 X 10 = 100, 
so that 100 has two different factorizations in S\. Another 
instance is 484 = 22 X 22 = 4X 121. Hence, Si does not have 
the property of unique factorization. 

Challenge Is factorization unique in S 2 = {3, 4, 5, . . . , k, . . .} ? 

Of course, 3, 5, 7, 1 1, ... are primes in S 2 , but so are 4, 6, 
8, 10, ... . Factorization in S 2 is not unique since 24 = 
4 X 6 = 3 X 8. Can you find another instance? 
answer: 36 = 6X6 = 3X3X4 
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2-4 What is the smallest positive value of n for which n 2 + n + 41 is 
not a prime number ? 

It may seem strange, but the expression n 2 + n + 41 does 
generate prime numbers for every natural number n from 1 to 39. 
However, since n 2 + n = n(n + 1), it cannot be the case that 
n 2 + n + 41 is prime when n + 1 = 41 ; that is, when n = 40 
because, then, we have 40(41) + 41 = 41 2 , divisible by 41. 
comment: n 2 + n + 41 generates the same set of primes for the 
negative integers — 1 to —40, but for n = —41, the expression is 
composite, not prime. 

SI c 

2-5 Given the positive integers a, b, c, d with ^ ^ < 1 ; arrange in 

order of increasing magnitude the five quantities: ^ ^ * 1. 

Since < 1, - > 1. Since \ - > - . Hence, 1 < - < - * 

Since each of - and ^ is greater than 1, then ~ is greater than 

*.u u 1 ^ d ^ b ^ M 

either. Hence, 1 < - < - < — 

C Q Q.C ^ 1 ^ 

We now show that the fraction — — , obtained by adding 

a t c b d 

separately the numerators and the denominators of - and - , is 

greater than the smaller fraction ~ c , and less than the larger 

fraction - * 
a 

Since ~ c < ^ , ad < be; therefore, cd + ad < cd + be, and 
d{a + c) < c(d + b). ^ • Also, since be > ad , ab + 

be > ab + ad y b(a + c) > a(b + d), and “ ’ 

The required order is, therefore, 1, - » b d » - » — * 

2-6 It can be proved (see Appendix /) that , for any natural number n, 
the terminal digit of n 5 is the same as that of n itself ; that is, 
n 5 TDn, where the symbol td means “ has the same terminal digit” 
For example , 4 5 td 4. 

Find the terminal digit of( a) 2 12 (b) 2 30 (c) 7 7 (d) 8 10 (e) 8 10 • 7" 

(a) Since 12 = 5 + 5 + 2, 2 12 = 2 5 • 2 5 • 2 2 TD 2 * 2 * 2 2 = 
16 td 6. (See Appendix 1.) (b) 2 30 = (2 5 ) 6 td 2 6 = 2 5 *2td 
2 • 2 = 4. (c) 7 7 = 7 5 * 7 2 td 7 * 7 2 = 343 td 3. 
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Challenge Find the terminating digit of (a) 5 

/5\5 56 5 5 

METHOD 1: (a) (jj ) = TD g . But g = .625, so that the 
terminating digit is 5. 

METHOD II : (a) = (.625) 5 = (625 X 10 -3 ) 5 = 

625 5 X 10 -15 . But 625 5 td5, so that the terminating 

digit of is 5. (b) = (.571428) 5 ; that is, the fifth 

power of an endless repeating decimal with period 571428. 
Since (57 1428) 5 td 8, the terminating digit is 8, provided 
the complete block of digits 571428 is used. 



2-7 If N = 1 * 2 * 3 • • * 100 (more conveniently written 100!), find the 
number of terminating zeros when the multiplications are carried 
out . 


For each factor 10 in N there will be a terminating zero; that 
is, for every pair of factors 5 and 2, there will be a terminating 
zero. We must, therefore, find the number of factors 5 and the 
number of factors 2 in 100! 

The factor 5 is present once in each of 5, 10, 15, 20, 30, . . . , 95 
(16 factors), and twice in each of 25, 50, 75, and 100 (8 factors); 
a total of 24 factors. The factor 2 is present once in each of 2, 6, 
10, 14, ... , 98, twice in each of 4, 12, 20, 28, ... , 100, three times 
in each of 8, 24, ... , 88, and so forth. (Show that there is a total 
of 97 factors 2.) Of these, only 24 are needed to pair with the 24 
factors 5. The number of terminating zeros in 100! is, 24. 

More elegantly, we find the number of factors 5 as follows: 
100 -T- 5 = 20; 20 -r 5 = 4; 20 + 4 = 24. Similarly, for the 
factor 2, we find 97 factors. (The remainders in the divisions are 
disregarded; explain why.) 


2-8 Find the maximum value of x such that 2 X divides 21! 

method i: List all the even factors in 21!, namely, 2, 4, ... , 20, 
and the highest power of 2 in each, to obtain 1 + 2 + 1 + 3 + 
l + 2+ l + 4+ l + 2= 18. . x(max) — 18. 

method ii : Divide 2 into 21 and into the successive quotients 
until a quotient less than 2 is obtained. Then add the quotients. 
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21 -T- 2 gives q\ = 10; 10 -s- 2 gives q 2 - 5; 5 2 gives 
^3 = 2 ; 2 -i- 2 gives #4 = 1. q\ + #2 + ?3 + £4 — 10+5 + 
2 + 1 = 18. 

Challenge 2 F/wrf the highest power of 2 in 21! excluding factors also 
divisible by 3. 

Factors divisible by 2 and 3 are 6 = 2 * 3, 12 = 2 2 * 3, 
18 = 2- 3 2 . Therefore, the highest power is 18 — 4 = 14. 


2-9 The number 1234 is not divisible by 11, but the number 1243, 
obtained by rearranging the digits , is divisible by 11. Find all the 
rearrangements that are divisible by 11 . 

For an integer to be divisible by 1 1, the sum of the odd-numbered 
digits minus the sum of the even-numbered digits, must equal a 
multiple of 11 . (See Appendix V.) 

Since 2 + 3 = 1 + 4 , all rearrangements in which the odd- 
numbered digits are 2 and 3, or in which the even-numbered 
digits are 2 and 3, are acceptable. 

In all, there are 8 rearrangements: 2134, 2431, 3124, 3421, 
1243, 4213, 1342, 4312. 

Challenge Solve the problem for 12034. 

All rearrangements in which the odd-numbered digits are 
1, 0, 4, or in which the odd-numbered digits are 2, 0, 3; 
eight rearrangements in all. 


2-10 Let k be the number of positive integers that leave a remainder of 
24 when divided into 4049. Find k. 

By definition, Dividend = Quotient X Divisor + Remainder; 
or, stated in symbols, D = qd + r, where 0 < r < d. Therefore, 
qd = D - r = 4049 - 24 - 4025 = 5 • 5 • 7 * 23. 

There are, therefore, one divisor using all four prime factors 
(5 * 5 * 7 * 23), three divisors using three of the prime factors at a 
time (5 • 5 * 7, 5 • 5 • 23, 5 • 7 • 23), four divisors using two of the 
prime factors at a time (5 • 5, 5 * 7, 5 * 23, 7 • 23), but no divisors 
using one of the prime factors at a time. (Why?) Hence, k — 8 . 

Challenge 1 Find the largest integer that divides 364, 414, and 539 
with the same remainder in each case . 
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Let D be the largest integer dividing the given numbers 
with the same remainder. Then 364 = D X Qi + R, 
414 = D X Q 2 + R , 539 = D X Q 3 + R. 50 = 
D(Q 2 - fix), 125 = D(Q 3 - Q 2 \ 175 = D(Q 3 - 0 j). 
Since Z> is an exact (largest) divisor of 50, 125, and 175, 
D = 25. 

Check to see that the remainders are equal. 

Challenge 2 A somewhat harder problem is this: find the largest integer 
that divides 364, 414, and 541 with remainders Rj, R 2 , 
and R 3 , respectively , such that R 2 = Ri + 1 , and 
R 3 = R 2 + 1 * 

Using a similar procedure, we have 364 — DQ X + R u 
414 = DQ 2 + Ri + 1, 541 = DQ 3 + + 1 + 1. 

.‘•50 = D(Q 2 - Q l ) + 1, 127 = D(Q 3 - Q 2 ) + 1, 
177 = D(Q 3 - Q0 + 2. .*.49 = D(Q 2 - Q x \ 126 = 
D(Q 3 - Q 2 \ 175 = D(Q 3 - £ 1 ). .*./>= 7 

Challenge 3 ^ committee of three students , A, B, C, meete 

agrees that A reporf iac/c 10 days, B, every 12 rfays, 
and C, euery 15 Find the least number of days 

before C again meets both A and B. 

We must find the smallest integer exactly divisible by 10, 
12, and 15; that is, the least common multiple M of 10, 
12, and 15. 

Since 10 = 2 • 5, 12 = 2-2-3, and 15 = 3*5, 
M = 2 • 5 * 2 • 3 = 60. That is, A, B , and C will be to- 
gether again in 60 days. Put another way, C will find 
both A and B on the fourth time that he reports back. 


2-11 List all the possible remainders when an even integer square is 
divided by 8. 

First we observe that if N 2 is even, then N is even. (Justify this 
statement.) Therefore, N = 2k where k is an even or an odd 
integer. 

When k is odd, say 2m + 1, then N 2 = 4 k 2 = 4(4m 2 + 
Am + 1) = 16m(m + 1) + 4, and the remainder, upon division 
by 8, is 4. 

When k is even, say 2m , then N 2 = Ak 2 = 4(4m 2 ) = 16 m 2 . 
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and the remainder, upon division by 8, is 0. Therefore, the possi- 
ble remainders are either 0 or 4. 

2-12 Which is larger : the number of partitions of the integer N = k • 10 2 
into 2k + 1 positive even integers , or the number of partitions of 
N into 2k + 1 positive odd integers , where k = 1, 2, 3, . . .? To 
partition a positive integer is to represent the integer as a sum of 
positive integers . 

Since N = k * 10 2 is even, it cannot be partitioned into 2k + 1 
positive odd integers since 2k + 1 is odd. Therefore, the parti- 
tioning into even integers is larger. 

2-13 Given the three-digit number N = aia 2 a 3 , written in base 10 ,find 
the least absolute values of mi, m 2 , m 3 such that N is divisible 
by 1 if mjai + m 2 a 2 + m 3 a 3 is divisible by 7. 

N = a\* 10 2 + a 2 • 10 + a 3 = ai(7 + 3) 2 + a 2 (7 + 3) + a 3 
= 7(14aj + a 2 ) + 2ai + 3a 2 + a 3 . 

When N is divided by 7, the remainder is 2ai + 3a 2 + a 3 . It 
follows that N is exactly divisible by 7 if 2ai + 3 a 2 + a 3 is 
exactly divisible by 7. 

Therefore, mi — 2, m 2 — 3, m 3 = 1. 


Challenge 1 Solve the problem for the six-digit number 

N = aia 2 a3a 4 a 5 a 6 . 

note: Only |#ni|, \m 2 \, and \m 3 \ are needed. 

W = a 6 + a 5 (l + 3) + a 4 (7 + 3) 2 + a 3 ( 7 + 3) 3 
+ 02(7 + 3) 4 + Oi(7 + 3) 5 

Therefore, 

N — Ip 1 + flg + 3a 5 + 9a 4 + 27a 3 + 81a 2 + 243ai 

= 1p2 + + 3 a 5 + 2a4 + 6a 3 + 4a 2 + 5a i 

= + 3a 5 + 2a4 — a 3 — 3a 2 — 2ai. 

Therefore, N is exactly divisible by 7 if 

— 2ai — 3a 2 — a 3 + 2a 4 + 3a 5 + a 6 



82 SOLUTIONS 


is exactly divisible by 7. Hence, the least absolute values 
of mu M 2 , w 3 are 2, 3, and 1 respectively. 

2-14 When X 3 + a is divided by x + 2, the remainder is known to be 
— 15. Find the numerical value of a. 

method i: Using the Remainder Theorem (see Appendix II), 
we have (— 2) 3 + a = —15, a — —7. 

method ii : By long division, (x 3 + a) -s- (x + 2) yields the re- 
mainder a — 8. \ a — 8 = — 15, a = — 1 

2-15 7/x - a is a factor of x 2 + 2ax — 3, find the numerical valuers) 
of a. 

method i: Let the second factor be jt + b. Then 

x 2 + lax — 3 = (x — a)(x + b) = x 2 + x(—a + b) — ab . 

. .3 = ab y and 2a = — a + 6, .\a = +lor — l,and6 = +3 or 
— 3, respectively. Check jc 2 + lx — 3 = (jc — 1)(jc + 3), and 
x 2 — lx — 3 = (x + l)(x — 3). 

method ii : With the use of the Remainder Theorem and the 
Factor Theorem (see Appendix II), we have P(x) = x 2 + lax — 
3 = 0 when x = a. Since x — a is a factor, a 2 + la 2 — 3 = 0, 
3a 2 = 3, a = +1 or —1. 

Challenge 1 Find the remainder when P(x) = x 3 — 2x 2 + 2x — 2 
is divided by x + 1 . 

One way to find out is to perform a long division to ob- 
tain the remainder. The quicker way is to use the Re- 
mainder Theorem (see Appendix II): 

/>(- 1) = (-1) 3 - 2( — l) 2 + 2(-l) - 2 = -7. 

2-16 Let N be the product of five different odd prime numbers . If N is 
the five-digit number abcab, 4 < a < 8, find N. 

To obtain some idea of the size of the primes involved, note that 
since 1 1 5 is a six-digit number, some of the primes are less than 
11, and at least one is more than 11. We could guess at the first 
five odd primes, but 3*5-7-11-13= 15,015, which is un- 
acceptable since it is required that a be greater than 4. Our second 
trial could very well be 5*7*11*13*17 = 85,085, which is 
unacceptable since it is required that a < 8. 
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Close examination reveals that abcab must be a multiple of 
100 =7-11*13. Since the only numbers between 51 and 79 which 
have exactly two odd prime factors different from 7, 1 l,and 13 are 
51, 57, and 69, the values of N are: 51051 = 3*7*11*13*17; 
57057 = 3 • 7 * 1 1 * 13 • 19; and 69069 = 3 * 7 * 1 1 * 13 * 23. 

2-17 If a five-digit number N is such that the sum of the digits is 29, can 
N be the square of an integer ? 

Assume that N — (h • 10 2 + t • 10 + w) 2 . Since the remainder 
obtained when dividing an integer by 9 is equal to the remainder 
obtained when dividing the sum of its digits by 9 (reduced by 
multiples of 9, if necessary), the remainder for N is equal to the 
remainder for (h + / + u) 2 , mod 9. However, while the given 
sum 29 yields a remainder of 2 when divided by 9, the only 
remainders possible with squares of integers are 0, 1, 4, and 7. 
(To verify this last remark, designate all integers as n t n + 1, 
n + 2, . . . n + 8, with n divisible by 9. Square these expressions 
and examine the result.) Consequently, N cannot be the square of 
an integer. 

illustration 1: N = 24,689 is not the square of an integer; the 
sum of its digits is 29. 

illustration 2: N - 24,649 = 1 57 2 ; the sum of its digits is 25, 
which, divided by 9, yields a remainder of 7. 

Note that the converse of this theorem is not true. 
illustration 3: N — 24,694 is not the square of an integer. Yet 
the sum of the digits is 25 with a remainder of 7 when divided 
by 9. 

2-18 Each of the digits 2, 3, 4, 5 is used once and once only in writing 
a four-digit number . Find the number of such numbers and their 
sum. 

For the thousands’ position, we may choose any one of the given 
four digits; for the hundreds’ position, any one of the remaining 
three; for the tens’ position, either one of the remaining two. 
The units’ digit is assigned the fourth of the given digits. In all, 
there are 4 X 3 X 2 X 1 = 24 possibilities. 

Each digit, then, appears 6 times in each position. Therefore, 
the sum is 


6(5555) + 6(4444) + 6(3333) + 6(2222) = 6(15,554) = 93,324. 



84 SOLUTIONS 


2-19 Find all positive integral values of k for which 8k + 1 expressed in 
base 10 exactly divides 231 expressed in base 8. 

231 8 = 2* 8 2 + 3- 8+1= 153 10 = 9 - 17 = 1 • 153. Notice 
that 9 — 1-8+1, 17 — 2- 8+1, 1 — 0-8+1, and 153 — 
19 • 8 + 1. Restricted to positive values, k = 1, 2, 19. 

2-20 Express in terms of n the positive geometric mean of the positive 
divisors of the natural number n. Definition: the positive geometric 
mean of the k positive numbers ai, a 2 , . . . , at is v / aia 2 ... a*. 

Let the divisors of n , arranged in increasing order, be du d 2y . . . , 
d r . Then n — d\d r = d 2 d r — i = d^d r — 2 = * • * = d%d r —%. |_i. 
d\drd 2 d r ^\ . . . d r d\ = d\ 2 d % 2 • • • d r 2 = n r 

\fdi 2 d 2 2 . . . d r 2 — ffn T — n , and y/d\d 2 ♦ . d r = yfn. 

illustration 1: The divisors of 16 are 1, 2, 4, 8, 16, five in all. 

</\ -2-4*8* 16 = = 4 = V\6 

illustration 2: The divisors of 24 are 1, 2, 3, 4, 6, 8, 12, 24, eight 
in all. 

v^l • 2 • 3 • 4 * 6 8 • 12 * 24 • = </W = \/24 


3 Relations: Familiar and Surprising 

x 4* 1 

3-1 Let yi = — — r . Let y 2 be the simplified expression obtained by 

^ X 1 

replacing x in y\ by _ . Let y 3 be the simplified expression ob- 

^ x -j- l 

tained by replacing x in y 2 by — — r , and so forth . F/m/ y 6 , y ioo> 

x 1 

ysoi- 

This looks frighteningly difficult, but it isn’t! 

*±* + i 

* - 1 JC + 1 -h JC — 1 2x 

yz ~ x + 1 + + 2 ~ X 

X — 1 

x + 1 

• * y 3 = y 4 = 

and so forth. For all even subscripts, the value of y 2 * = x, for 

X “1“ 1 

all odd subscripts the value ^ 2 it + 1 = _ ; • ' ■ yc, = x,y 100 = 

X + 1 x 

y * 01 - 7=1 ' 
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3-2 Let us designate a lattice point in the rectangular Cartesian plane 
as one with integral coordinates . Consider a rectangle with sides 
parallel to the axes such that there are Si lattice points in the base 
and s 2 lattice points in the altitude , and that the vertices are lattice 
points . 

(a) Find the number of interior lattice points , N(I). 

(b) Find the number of boundary lattice points , N(B). 

(c) Find the total number of lattice points , N. 

(a) N(f) = (si — 2)(s 2 — 2) = sis 2 — 2s x — 2s 2 + 4 

(b) N(B) = 2s i + 2(5 2 — 2) = 25 1 + 25 2 — 4. An alternative 
form for N(B) is 2[(s x - 1) + (s 2 - 1)]. 

(c) N = N(I) + N(B) = 5 i5 2 

3-3 An approximate formula for a barometric reading , p (millimeters), 
for altitudes h(meters) above sea level , is p = 760 — .09h, where 
h < 500. Find the change in p corresponding to a change in h 
from 100 to 250. 

Since p x = 760 — .09/?! and p 2 = 760 — .09/? 2 , then p x — 
p 2 = — .09(/?i — h 2 ) t or A p = — .09 Ah where A p is the change 
in p and Ah is the change in h. * A p— —.09(150)= —13.5mm.; 
that is, a decrease of 13.5 mm. in barometric pressure. 

Check by finding p x for h = 100, and p 2 for h = 250. 

3-4 A student wishing to give 25 cents to each of several charities finds 
that he is 10 cents short . If instead , he gives 20 cents to each of 
the charities , then he is left with 25 cents . Find the amount of 
money with which the student starts . 

Let n represent the number of charities, and A, in cents, the 
amount of money with which the student starts. 

The first condition, translated, becomes A — 25n = —10. 
The second condition, translated, becomes A — 20 n — 25. 
Therefore, 5n = 35, n = 7. A - 20 • 7 = 25, A = 165. The 
amount started with is $1.65. 

Challenge 3 How does the answer change if the original shortage is 
25 cents? 

In a certain sense this is an unfair question. He could 
simply reduce the number of charities (if unspecified) by 
one. In this case, the amount A is undetermined, except 
to say that it is a multiple of 25. If, however, the number 
of charities is fixed, then the amount A is $2.25. 
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3-5 Find two numbers x and y such that xy, - , and x — y are equal 

X 

xy = - j = I or -I. Also x — >> = xj>. For >> — 1, x — 

y 1 

1 = x, a contradiction. For y = — 1, x + 1 = — x, x = — - > 

1 . 

• * = ~ 2’ y = ~ L 

3-6 A merchant on his way to the market with n bags of flour passes 
through three tollgates. At the first gate , the toll is j of his holdings , 
but 3 bags are returned. At the second gate , the toll is - of his 
(new) holdings , 2 6ags are returned . f/*e third gate, the toll 

is ^ a/ /as (new) holdings , 6u/ 1 bag is returned . The merchant 
arrives at the market with exactly ^ tags. If all transactions in- 
volve whole bags , find the value of n. 

The number of bags remaining after the first toll is + 3, after 

the second toll, ^ + 4, and after the third toll, ^ + 3. .* ^ + 3 = 

n n 

2 > n = 12 * 


3-7 The number N 2 is 25% more than the number Nj, the number N 3 
is 20% more than N 2 , and the number N 4 is x% less than N 3 . 
For what value of x is N 4 = Nj? 

jv. - (' - is) - (1 - ra) (1 + S) ^ 

- (' - m) 0 + ra) (' + 1) 

For N 4 to equal N u (l - (l + (l + must equal 1. 

There, (l - j^j) (|) Q - 1 i 1 - 4 - ! • - - 4 ' 

3-8 Let R = px represent the revenue , R (dollars), obtained from the 
sale of x articles , each at selling price p (dollars). Let C = mx + b 
represent the total cost , C, in dollars , of producing and selling these 
x articles . How many articles must be sold to break even ? 

At the break-even point, R = C; that is, px = mx + b , so that 

x = — For this value of x, R = C = pb * 

p — m p — m 
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3-9 In a certain examination it is noted that the average mark of those 
passing is 65, while the average mark of those failing is 35. If 
the average mark of all participants is 53, what percentage of the 
participants passed? 

We represent the number of participants passing by P , and the 
number failing by F The total score of those passing is 65F, 
the total score of those failing is 35F, and the total score of all 
is 53(F + F). 

65 P + 35 F = 53 (P + F), 12 P = 18 F, F =\p. Since the 

p 

ratio of those passing to all the participants is ^ , we have 

P p 3 3 

p , F — = ■= . The percentage passing is -= (100) = 60. 

F + ^F 3 D 


3-10 Under plan /, a merchant sells n i articles , priced 1 for 20, with 
a profit of 2 # on each article , and n 2 articles , priced 2 for 30, 
with a profit of g 0 on each article . Under Plan If he mixes the 


articles and sells them at 3 for 50. If ni + n 2 articles are sold 


under each plan , for what ratio ^ is the profit the same ? 

Under Plan I, the selling price is 2n t + ~n 2 , the profit is 

11 3 3 ^ 

4«i + g«2> and the cost is l^ni + 1 g« 2 . Under Plan II, the 

selling price is - (n x + n 2 ), the cost is the same as in Plan I, 
J 1 7 

and the profit is “ J2 «i + 24 n 2- 


Therefore, ^ + y = 


n 1 , 7/i 2 n 1 /i 2 /it 1 

-12+24’ 7= 6’ S = 2’ We 


could just as well have set the Plan I selling price equal to the 
Plan II selling price to obtain the required ratio since, if the 
profit is the same and the number of each article sold is the same, 
the selling price must be the same under both plans. Work out 
the details. 


Challenge Change It to p i and 3 i to q i and solve the problem . 

Under Plan I, the selling price is /wi + and under 
Plan II, the selling price is ** ^ q (ji x + n 2 ). Since the costs 
are the same, and the profits are the same under both plans, 
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it follows that pn\ + —■ = - + q («i + n 2 ). 


• ^ f 2p “ ^ „ ( 2p -q\ 1 

/ - W2 V“6“/» 2 


3-11 The sum of two numbers x and y, w/r/t x > y, is 36. x is 

divided by 4 and y is divided by 5, the sum of the quotients is 8. 
Find the numbers x and y. 

Working formally, we have x + y = 36, ^ ^ = 8. From this 

pair of equations we obtain x - 16, y = 20. But it is given that 
x > y. Consequently, there is no solution to the problem. 


3-12 Find the values of x satisfying the equation |x — a| = |x — b|, 
where a, b are distinct real numbers . 

The interpretation x — a = x — b contradicts the given in- 
formation that a b. 

Hence, x — a = —(x — 6), or — (x — a) — x — 6. In 
either case, 2x = a + i, x — ^ (a + 6); that is, x is the arith- 
metic mean between a and b . 

Here, again, a geometric interpretation is enlightening. If 
a < b 9 it follows that a < x < b; point a is to the left of point x 
which is to the left of point b. The distance x — a equals the 
distance b — x. If a > b, it follows that b < x < a; the order of 
points from left to right is 6, x , a. Again the distance x — b equals 
the distance a — x. A single expression for both cases is \x — a\ = 
\X - b\. 

Challenge 3 Find the values of x satisfying the equation |2x — 1| = 
|x - 2|. 

Here a new element requires our consideration. If we 

think of |2x — 1| as 2 x — 2 » we interpret the problem 

to mean that the distance of x from 2 is twice the distance 

of x from ^ . This allows for the two possibilities: 

2 (x — = x — 2, and 2 ^x — ^ = — (x — 2). In 

the former case x = —1, in the latter, x = 1. (See 
Figs. S3-12a, and S3-12b.) 
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* X 

1 1 1 ( — I ( 1 1 *- 

-1 0 1/2 2 0 Vz 1 2 

S3 12a S3-12b 

3-13 Two night watchmen , Smith and Jones, arrange for an evening 
together away from work . Smith is off duty every eighth evening 
starting today, while Jones is off duty every sixth evening starting 
tomorrow . in how many days from today can they get together? 

Smith is off the first day, the ninth day, the seventeenth day, and 
so forth; that is, on the days numbered 1 + 85, where 5 = 0,1, 
2, . . . . Similarly, Jones’ days off may be represented by 2 + 6 J, 
where J = 0, 1, 2, ... . 

We must, therefore, find a solution in positive integers to the 
equation 1 + 85 = 2 + 6J, or 85 = 1 + 6 J. Since, for integer 
values of 5 and J, the left side is always even while the right side 
is always odd, the equation is not solvable in integers. 

Smith and Jones cannot get together. 

3-14 A man buys 3-cent stamps and 6-cent stamps, 120 in all . He pays 
for them with a $5.00 bill and receives 75 cents in change . Does 
he receive the correct change ? 

Represent by x the number of 3-cent stamps. Then 120 — x 
represents the number of 6-cent stamps. The total cost of the 
stamps, in cents, is C = 3x + 6(120 — x) = 720 — 3x, so that 
C is divisible by 3. Hence, the payment P should be divisible by 3. 
But P = 500 — 75 = 425 is not divisible by 3. It follows that 
the 75 cents change is incorrect. 


3-15 In how many ways can a quarter be changed into dimes, nickels , 
and cents? 

As the problem is stated it is somewhat ambiguous. We want to 
know if we must use three coin-types, or if we are permitted to 
use two coin-types, or one coin-type. We consider each case. 

Representing the number of dimes, nickels, and cents re- 
spectively by d, n, and c, we have 25 = 10 d + 5n + c. 

The equation contains three unknown quantities, but we have 
only this one equation. Is there any other helpful information? 
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Yes, the knowledge that each of d , n, and c is a positive integer 
(or zero for the second and third cases). 

This is an instance of what mathematicians call a Diophantine 
equation. To a large extent it is solved by trial. Obviously, if 
d — 0, n = 0, then c = 25. The table below shows all possible 
combinations. 


d 

0 

0 

0 

0 

0 

0 

1 

1 

1 

1 

2 

2 

n 

0 

1 

2 

3 

4 

5 

0 

1 

2 

3 

0 

1 

c 

25 

20 

15 

10 

5 

0 

15 

10 

5 

0 

5 

0 


Satisfy yourself that no permissible combination has been 
omitted. Therefore, if at least one of each coin must be used, 
there are just two possibilities. If only two coin-types are used, 
there are eight possibilities. If a single coin-type is acceptable, 
there are, again, just two possibilities. The total for the three 
cases is 12 possibilities. 

Challenge Is the answer unique if it is stipulated that there are five 
times as many coins of one kind as of the other two kinds 
together? 

Of course if a list of all possibilities (as shown above) is 
available, we merely read off the answer. How do we 
proceed if no such list is available, and we do not care to 
prepare one? 

We immediately rule out the possibility of 5 dimes or 
5 nickels. That leaves only the possibility that the number 
of cents is five times the combined number of dimes and 
nickels. 

. 25 = 10d + 5w + 5 (d + n\ 

25 = 15 d + lOw, 5 = 3d + In. 

Obviously, d — 1, n = 1. The combination of 1 dime, 1 
nickel, 10 cents is unique. 

3-16 Find the number of ways in which 20 U.S. coins , consisting of 
quarters , dimes , and nickels , can have a value of $3.10. 

Letting q, d, and n, respectively, represent the number of quarters, 
dimes, and nickels, we translate one condition of the problem 
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into 25 q + 1 Od +5 n = 310. Since there are 20 coins in all, 
n — 20 — q — d. 

Substituting for n in the first equation and simplifying, we 
have the relatively simple equation 4q + d = 42. The equation 
4q + d — 42 could be solved by trial and error, but it will 
probably save time to proceed as follows. 

Solving for q we have q — 42 4 d — 10 — • To insure 

an integral value for q , the quantity d — 2 must be a multiple of 
4. Set d — 2 = 4 k. Then q — 10 — k where k = 0, 1, 2, ... . 
Taking, in turn, k = 0, 1, 2, ... we have the following. 


k d q 


0 2 10 

1 6 9 

2 10 8 

3 14 7 


n total 


8 20 

5 20 

2 20 

— 1 (Reject) 


Note the result of taking k > 3. There are, therefore, three 
acceptable ways, as shown in rows 1, 2, 3. 

An alternate method for solving the Diophantine equation 
4q + d = 42 is as follows. Since the greatest common factor of 
4 and 1 exactly divides 42 there exist integer solutions to the 
equation. 

By observation, one such solution is q = 10, d = 2. As a 
result of subtracting 4(10) + (2) = 42 from 4q + d — 42, we 

get 4(^ — 10) + d — 2 = 0. Hence q 1 10 = d + 2 = t , where 

t is an integer. Therefore, q = t + 10, and d = 2 — At. Taking 
integral values of t we have the following. 


t d q n total 


1 

-2 

11 

0 

(Reject) 

0 

2 

10 

8 

20 

-1 

6 

9 

5 

20 

-2 

10 

8 

2 

20 

-3 

14 

7 

-1 

(Reject) 

Note the result of taking / > 1, 

or t < 

—3 yields an absurd 

answer; thus there are only three possible answers. 
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4 Bases: Binary and Beyond 

4-1 Can you explain mathematically the basis for the following correct 
method of multiplying two numbers , sometimes referred to as the 
Russian Peasant Method of multiplication ? 

Let us say that we are to find the product 19 X 23. In successive 
rows, we halve the entries in the first column , rejecting the remain- 
ders of 1 where they occur . In the second column , we double each 
successive entry . This process continues until a 1 appears in column I. 


I 

II 

19 

23 

9 

46 

4 

92 

2 

184 

1 

368 


437 


We then add the entries in column II, omitting those that are 
associated with the even entries in column /. 

(19)(23) = (9*2 + 1)(23) = 9 • 46 + 1 • 23 

(9)(46) = (4*2 + 1)(46) = 4-92 + 1-46 

(4)(92) = (2-2 + 0)(92) = 2-184 + 0-92 

(2)(184) = (1 • 2 + 0)(1 84) = 1 * 368 + 0 * 184 

(1)(368) = (0*2 + 1)(368) = 1 *368 

437 

The binary nature of this multiplication is shown in the following. 

(19)(23) = (1 * 2 4 + 0 * 2 3 + 0 * 2 2 + 1 * 2 + 1)(23) 

= 1 * 23 + 2 • 23 + 0 * 23 + 0 * 23 + 2 4 * 23 
= 23 + 46 + 0 + 0 + 368 = 437 

4-2 If x = {0, 1, 2, . . . , n, . . .}, find the possible terminating digits 
of x 2 + x in base 2. 

Whether x is odd or even, x 2 + x = x(x + 1) is even since, if x 
is odd, x + 1 is even, and if x + 1 is odd, x is even. Therefore, 
in every instance, the terminating digit is 0. 
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4-3 Find the base b such that 72b = 2(27 b ). 72b means 12 written in 
base b. 

lb + 2 = 2(2 b + 7) = 4b + 14 . 3b = 12, b = 4. This value 
is unacceptable since there is no digit 7 in base 4. 

Challenge 1 Try the problem for 73 b = 2(37 b ). 

lb+ 3 = 2(3 b + 1) .6=11 

4-4 In what base b is 441b the square of an integer? 

44U = 4b 2 + 4b + 1 = (2b + l) 2 . Therefore, 441 b is the 
square of an integer in all bases b >4, as 4 must be a member of 
the set of digits to be used in base b. 

ILLUSTRATION 1 : 441 5 = (21 5 ) 2 
ILLUSTRATION 2: 441 10 = (21 1 0 ) 2 
ILLUSTRATION 3: 441 12 = (21 12 ) 2 

Challenge 1 If N is the base 4 equivalent of 441 written in base 10, 
find the square root o/N in base 4. 

441 10 = 12321 4 = 1 -4 4 + 2*4 3 + 3 • 4 2 + 2- 4 + 1 
= (1 • 4 2 + 1 * 4 + l) 2 = N 
. VN = 111 4 

Challenge 2 Find the smallest base b for which 294b is the square of 
an integer. 

294b = 2b 2 + 9b + 4 = (2b + l)(fc + 4) 

Since 294*, is even and 2b + 1 is odd, then b + 4 is even 
so that b is even, and b > 10. (Why?) It follows that 
each factor is the square of an integer. 

If b = 10, then 2b + 1 = 21, not the square of an 
integer. 

If b = 12, then 2b + 1 = 25 = 5 2 and b + 4 - 16 = 4 2 . 

verification: 294 12 = 2 * 12 2 + 9 • 12 + 4 = 

(1 • 12 + 8) 2 = (18 12 ) 2 

comment: The next larger base is 60. Verify. 
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4-5 Let N be the three-digit number aia 2 a 3 written in base b, b > 2, 
andlet S = ai + a 2 + zl 3 . Prove thatN — S /s divisible by b — 1. 

proof: 

JV = fli * b 2 + a 2 * 6 + 

= — 1 + l) 2 + a 2 (b — 1 + 1) + fl 3 

= fli(& — l) 2 + 2ai(b — 1) + a\ + a 2 (b — 1) + a 2 + #3 

• TV - S = a x (b - l ) 2 + 2ai(fr - 1) + a 2 (b - 1) 

Since the right side of this last equality is divisible by b — 1 , 
so is the left side. 

4-6 Let N be the four-digit number a 0 aia 2 a 3 (in base 10), and let N' 
be the four-digit number which is any of the 24 rearrangements of 
the digits. Let D = |N — N'|. Find the largest digit that exactly 
divides D. 

Since N = a 0 * 10 3 + a\ * 10 2 + a 2 * 10 + a 3 = a 0 (9 + l ) 3 + 
fli(9 + l ) 2 + a 2 (9 + 1) + a 3i we can express N as 9K + a 0 + 
a\ + a 2 + 03 . Similarly, N' = 9 K 9 + a 0 + a x + a 2 + a 3 . 

Therefore, Z> = |9AT — 9*'! = 9\K - K% so that D is exactly 

divisible by 9. 

4-7 Express in binary notation (base 2) the decimal number 6.75. 

This one is easy enough to do without a formal procedure. The 

3 11 

fractional part .75 = ^ and can be expressed as ^ + 22 • The 

integral part 6 is equivalent to 1 * 2 2 + 1*2 + 0 . 

Therefore, 6.75 = 1 • 2 2 + l- 2 + 0 + J + ^ 

= 1 • 2 2 + 1 • 2 + 0 • 2° + 1 • 2 _1 + 1 • 2 -2 , 
so that 6.75 (base 10) = 110.11 (base 2). 

Challenge 1 Convert the decimal number N = 19.65625 into a binary 
number. 

For less simple cases we may need a formal procedure, 
(a) For the integral part of N , 19, we obtain the non- 
negative integral powers of two as follows. 

19 = a k + 2 (**_!) + 2 2 (a*_ 2 ) + • ■ • + 2 k ~\a{) (I) 
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Divide equation (I) by 2; the remainder 1 of the left 
side equals the remainder a k of the right side. Removing 
these remainders we now have 


9 = + 2 + 2 2 (a t _ 3 ) + • • • . (II) 

Divide equation (II) by 2; again the remainder 1 of 
the left side equals the remainder a k _i of the right side. 
Removing these remainders we now have 


4 = a k _ 2 + 2 (fl*_ 3 ) + 2 2 (o*_ 4 ) + • • • . (Ill) 

Divide equation (III) by 2; the left side remainder 0 
equals the right side remainder ojt_ 2 . Continuing in this 
manner we find that the process ends in two more steps 
with = 0 and a k _ 4 = 1. 

Reassembling these partial results we have 

19 = 1 • 2 4 + 0 • 2 3 + 0 • 2 2 + 1 • 2 + 1 
= 10011 (base 2). 

(b) For the fractional part of N, .65625, we obtain the 
negative integral powers of 2 as follows. Let 0.65625 = 

y + ^2 + ^ + • * * . For convenience, however, we 

reduce 100000 t0 32 80 that 

21 _ , 62 , 63 , . . . 

32 — 2 2 2 ' 2 3 ' 

42 

Multiplying the equation above by 2, we obtain ^ = 1 + 
= 1 + — , so that bi = 1. Multiplying ^ by 2, we 
have ^ “ 0 + ^ » so that b 2 = 0. Multiplying ^ by 2, 

we have ~ ~ 1 + ^ , so that fe 3 = 1. Multiplying ^ by 

2, we have 0 + ^ , so that b 4 = 0. Finally, - X 2 = 1, 

so that b 5 = 1, and the process ends. 

Reassembling these partial results we find 0.65625 = 

l + § + *3 + £ + ^= .10101 (base 2). 

Therefore, 19.65625 (base 10) = 10011.10101 (base 2). 
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Challenge 2 Does the {base 10) non-terminating expansion 5.333 . . . 
terminate when converted into base 2? 

As a first consideration we ask ourselves, which 
reduced proper fractions have decimal expansions that 
terminate? Answer: Those whose denominators contain 
only the factors 2 and 5, exact divisors of 10. It would 
seem reasonable to conclude that reduced fractions whose 
denominators contain only the factors 2 will have 
terminating expansions in the base 2. 

This was illustrated above with the decimal 0.65625, 
which became .10101 in the base 2. Additional illustra- 
tions follow. 

illustration 1: We return to the problem above and 
convert the decimal 5.333 . . . into a “binimal" [the word 
binimal is an ad hoc invention]. 

5 = 1 * 2 2 + 0 • 2 + 1 ..5 (base 10) = 101 (base 2) 
.333 ... = ^>ix2 = 0 + |>^X2 = 1 + | 

From this point on the digits 0 and 1 repeat endlessly. 
Therefore, 5.333 . . . (base 10) = 101.010101 . . . (base 2). 
This establishes that 5.333 . . . (base 10) does not termi- 
nate when converted to base 2. 

illustration 2: Even a terminating expansion in base 10 
may become non-terminating in base 2. For example, 
8.60 (base 10) = 1000.10011001 . . . (base 2). 

illustration 3: Convert the decimal 8.60 into a quinimal 
(base 5). 

answer: 8.60 (base 10) = 13.3 (base 5) 

illustration 4: Convert the decimal 8.60 into a senimal 
(base 6). 

answer: 8.60 (base 10) = 12.333 . . . (base 6) 

illustration 5: Convert the decimal 5.333 . . . into a 

senimal. 

answer: 5.2 

illustration 6: Convert the binimal 111.001 into a 

senimal. 

answer: 11.043 
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4-8 Assume r = {6, 7, 8, 9, 10} and 1 < a < r. If there is exactly one 
integer value of a for which - , expressed in the base r, is a termi - 

cl 

noting r-mal,find r. 

Try, in turn, each member of the set r. For r = 6, there are 2 

13 1 2 * 

terminating r-mals, to wit, 2 “ g and 3 ~ g * 

For r = 7, there are no terminating r-mals. 

1 4 

For r — 8, there are 2 terminating r-mals, to wit, - = s and 
1 2 28 

^ 8 13 

For r = 9, there is just 1 terminating r-mal, to wit, 3 = 9* 

For r = 10, there are 2 terminating r-mals, to wit, \ — — and 

1 _ _2 1 1U 

5 ” 10* 

The answer is, therefore, r = 9. 

4-9 From the unit segment OA extending from the origin O to A(l, 0), 
remove the middle third . Label the remaining segments OB and CA, 
and remove the middle third from segment OB. Label the first two 
remaining segments OD and EB. Express the coordinates of D, 
E, and B in base 3. 

OB = ^ , so that the coordinates of B in base 3 are (.1, 0). 

OD = ^ ^ ^ , so that the coordinates of D in base 3 are 

(. 01 , 0 ). 

202 

OE - y ~ 3 + 32 > so ^at the coordinates of E in base 3 are 

(. 02 , 0 ). 

These points are elements of the Cantor Set which is the set of 
points formed from the closed interval [0, 1] by removing first 
the middle third of the interval, then the middle third of each 
remaining interval, and so on indefinitely. 

4-10 Assume that there are n stacks of tokens with n tokens in each 
stack. One and only one stack consists entirely of counterfeit 
tokens , each token weighing 0.9 ounce . If each true token weighs 
1.0 ounce , explain how to identify the counterfeit stack in one 
weighing , using a scale that gives a reading . You may remove 
tokens from any stack . 
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If all were true tokens, the total weight would be n 2 ounces. 
Since the counterfeits are lighter, there is an overall deficiency of 

— n ounces. However, thinking in terms of the overall deficiency 

is not helpful since the situation is unchanged whether the counter- 
feit stack is the first, the second, the third, . . . , or the «-th. 

We must find a way to vary the deficiency in a controllable 
way! 

Label the stacks 1, 2, 3, . . . , n. From the first stack take one 
token, from the second stack, two tokens, . . . , from the /- th 
stack, i tokens, 1 < / < n. Weigh the collection so obtained. 

If all the tokens were true, the weight would be - n(n + 1) 

ounces. (See Appendix VII.) The weight actually obtained will be 

k 

less than this amount by, say, — ounces. This is the key to the 

fc 

solution since a deficiency of — ounces implies k counterfeit 

tokens. Since k tokens came from the k-th stack, it is the counter- 
feit stack. 

For example, if the number of stacks is 10, we weigh 1 + 
2 + * * + 10 = - (10)(1 1) = 55 tokens. If they were all true, the 
weight would be 55 ounces. Let us say that the deficiency is 
^ ounce. There are, therefore, 5 counterfeit tokens since k • ~ ^ 

implies that k — 5. The counterfeit stack is the one numbered 5. 

Challenge 3 Solve the generalized problem of n stacks with n tokens 
each , if each true token weighs t ounces and each counter - 
feit weighs s ounces . Then apply the result to Problem 4-10 
and its challenges. 

For a deficiency of r ounces, t > s , the counterfeit stack 
is — — . For an excess of r ounces, t < s, the counter- 
feit stack is . A single answer for both cases is -r : • 

How do you interpret a non-integral value of ^ r _ ^ ? 
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5 Equations, Inequations, and Pitfalls 

2x 4 

5-1 Find the solution set of the equation _ = __ * 

A formal procedure yields 2x = 4, x = 2. But x = 2 is an 
unusable result since it leads to division by zero. 
explanation: To obtain a root of an equation the steps in the 
solution must be reversible. Put another way, each succeeding 
equation in the solution must be equivalent to the preceding one; 
that is, the manipulations must produce logically equivalent sen- 
tences since logically equivalent sentences define the same set. 

From x — 2 it is permissible to go to 2x = 4, but to go from 
2x 4 

2x = 4 to ~ _2 — x - 2 not P ermiss *bl e since it involves 
division by zero. Therefore, the solution set is the null set. 

x — 3 

5-2 Find the pairs of numbers x, y such that = x — 3. 

For 2y - 7 ^ 0, x - 3 = (x - 3)(2 y - 7) (x - 3) X 
(2y — 7 — 1) = 0. For any real value of y , except 3^ , x = 3, 
and for any real value of x, y = 4. 

5-3 Find all the real values of x such that \\/x — \/2\ < 1. 

Since — 1 < y/x — y/2 < 1, y/2 — 1 < \/ x < \/2 + 1, we 
have, upon squaring the inequalities, 3 — 2\/2 < x < 3 + 2y/2. 

Therefore, x can have any value between 0.172 (approx.) and 
5.828 (approx.). 

Challenge Let the set of all values of x satisfying the inequalities 
|x — 8| < 6 and |x — 3| > 5 be written as a < x < b. 
Find b — a. 

Since |x — 8| < 6, x — 8 < 6, and x — 8 > — 6 x < 14, 
and x > 2. 


-4 -2 0 2 4 6 8 10 12 14 16 

S5 3 


Similarly, from |x — 3| > 5 we find x < —2, or x > 8. 
The overlap of these intervals is 8 <x<14 , : .b — a — 6. 
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In Fig. S5-3, the values of x satisfying the inequalities 
\x — 8| < 6 are shown by the solid line; those satisfying 
the inequalities |x — 3| > 5, by the two arrows. The 
overlap consists of x-values greater than 8 and less than 14. 

5-4 Find all values of x satisfying the equation 2x = |x| + 1. 

Since the right side of the equation is positive for all values of x , 
the left side must also be positive, so that x > 0. *. 2x = x + 1, 
x — 1. 
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It is instructive to look at a geometric interpretation of this 
equation, as shown in Fig. S5-4. The graph of y = 2x is (1), a 
line through 0. The graph of y = |x| + 1 is (2), the V-shaped 
broken line. The graphs intersect at point P where x = 1 . 

5-5 Find values of a and b so that ax -f 2 < 3x + b for all x < 0. 

method i: Rearranging, we have x(a — 3) < b — 2. Comparing 
this inequality with mx < 0, which holds for all x < 0 and all 
m > 0, we conclude that a — 3 > 0 and b — 2 = 0, so that 
a > 3 and b = 2. 

method ii : Let x f = —x when x < 0, x' > 0 . . ax' > 3x' for 
a > 3. .*. ax' + 2 > 3x' + 2, a > 3. Comparing this in- 
equality with the given inequality, we see that b = 2, a > 3. 

5-6 Find all positive integers that leave a remainder of 1 when divided 
by 5, and leave a remainder of 2 when divided by 7. 

N~ 5b + \ = la + 2 so that b = ■ and a = 5b 1 1 • 

For b to be an integer a must leave a remainder of 2 when divided 
by 5; that is, a = 5k + 2. Similar reasoning leads to the result 
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b = 1L + 3. Therefore, N = l{5k + 2) + 2 = 35A: + 16, 
where k = 0, 1, 2, . . . , or TV = 5(7L + 3) + 1 = 35L + 16, 
where L — 0, 1, 2, ... . 

Challenge 2 So/ue /Ac problem with the first remainder 1 < n < 4, 
the second remainder 1 < r 2 < 6. 

TV = 56 + r x = la + r 2 so that b = la + — — and 

a = 5b + ^ 1 — r 2 obtain integral b , + r 2 — ri 

must be divisible by 5, so that a — 5k + lr 2 — 2r x . 
Similar reasoning leads to the result b = 1L + 3 r 2 — 3ri. 
Therefore, 

N = 7(5fc + 2r 2 — 2/- a ) + r 2 = 35fc + 15r 2 — I4r u 
or N = 5(1L + 3r 2 — 3r x ) + r x = 35 L + 15r 2 — \4r\. 
Verify the solution to the original problem by using this 
result. 


5-7 On a fence are sparrows and pigeons. When five sparrows leave , 
there remain two pigeons for every sparrow . Then twenty-five 
pigeons leave , and there are now three sparrows for every pigeon. 
Find the original number of sparrows. 

p s — 5 

— — i = 2; _ = 3. Solve simultaneously to get s — 20 

S J P iaJ 

(sparrows) and p — 30 (pigeons). 

Challenge 1 Replace “five” by a and “ twenty-five ” by b, and find s and 
p {the number of sparrows and the number of pigeons , 
respectively). 

answer: p — y , s — a + y . Note that, for this 
problem to be meaningful, b must be a multiple of 5. 

Challenge 2 Solve the problem generally using ri and r 2 , respectively , 
for the two ratios , and a and b as in Challenge 1. 


s — a 


= r i; 


s — a 
p - b 


= r 2 


P A r \T2 /f v 

— = n/- 2 , and/, = — — (b). 


_ _ P_ _ f2 

~ r i ” rir 2 


(*)> and * = « + 777^1 (&)■ 


Check the first answers by these formulas. 
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5-8 A swimmer at A, on one side of a straight-banked canal 250 feet 
wide, swims to a point B on the other bank, directly opposite to A. 
His steady rate of swimming is 3 ft ./ sec., and the canal flow is a 
steady 2 ft,/ sec. Find the shortest time to swim from A to B. 
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Since the swimmer must counteract the effects of the current, he 
plans his route in terms of vectors, as shown in Fig. S5-8. Since 
the vector AC plus the vector CB equals the vector AB, the 
swimmer sets his course in the direction of C. But {AB) 2 = 
(AC) 2 — (CB) 2 = (3m) 2 — (2m) 2 = 5m 2 (Pythagorean Theorem). 

Hence AB = uy/5. ^ = ^5 ’ * = ^ (feet) ' 


The shortest time is -s- 3 = ^ seconds. 

V 5 V 5 


5-9 Miss Jones buys x flowers for y dollars, where x and y are integers. 
As she is about to leave the clerk says, “If you buy 18 flowers more, 
I can let you have them all for six dollars . In this way you save 60 
cents per dozen” Find a set of values for x and y satisfying these 
conditions. 

10 0y _ 600 _ 60 y _ 6 

x x + 18 12 ’ x x + 18 

1113 6 

20 “ 4 5 - 12 12 + 18 ' X 


_ J_ 

“ 20 

= 12, y= 3 


5-10 Find the set of real values of x satisfying the equation 

x + 5 _ x + 6 = x + 7 _ x + 8 ^ 
x+4 x + 5 x + 6 x + 7* 

We note that the equation is in the form 

x + a + 1 _ x + a + 2 _ x + a + 3 _ x + a + 4 
x + a + \~x + a+ 2 x + a + 3 


x + a 
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We can, therefore, solve the problem for an arbitrary value of a 
with no more difficulty than for the particular value 4. 

Combining the two fractions on the left, we obtain 

(x + a)(x + a + 1) » com bi n i n g the two on the right, we obtain 

(jt + o -f 2)(x + a + 3) • Therefore, (x + «)(* + a + l) = 
(x + a + 2)(x + a + 3), and so x ^ — * 

For the particular value a = 4, x = — y • 

comment: In unsimplified form 

= _ (a + 2 )(a + 3) - a(a + 1) 

X [(a + 2) + a + 3] - [a + (a + 1)] ' 

5-11 The contents of a purse are not revealed to us , but we are told that 
there are exactly 6 pennies and at least one nickel and one dime. 
We are further told that if the number of dimes were changed to 
the number of nickels , the number of nickels were changed to the 
number of pennies , and the number of pennies were changed to the 
number of dimes , the sum would remain unchanged . Find the 
least possible and the largest possible number of coins the purse 
contains. 

An obvious solution is 6 dimes, 6 nickels, and 6 pennies. But are 
18 coins the least possible? Or the largest possible? 

If d and n , respectively, represent the number of dimes and the 
number of nickels, the condition of constant sums is translated 
into lOtf + 5n + 6 = 5d + n + 60, with n > 1, d > 1. More 
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4/i — 4 

simply, we write 5 d — 54 — 4n and d — 10 ^ — . For d to 

be a positive integer, — ^ — must be an integer less than 10. 

Since n < 13, the only acceptable values for n are 11, 6, and 1. 
The corresponding ^-values are 2, 6, and 10. (See Fig. S5-lla.) 

The three possibilities are, therefore, 2 dimes, 11 nickels, 6 
pennies; 6 dimes, 6 nickels, 6 pennies; 10 dimes, 1 nickel, 6 
pennies. The first combination has 19 coins, the largest possible 
number, and the third combination has 17 coins, the least possible 
number. 

In this instance, the largest combination of coins yields the 
smallest amount, while the smallest combinations of coins yields 
the largest amount. We will return to this reversal shortly. 

Challenge 1 How does the situation change if the number of nickels is 
6, and the number of dimes and the number of pennies are 
unspecified , except that there must be at least one of each? 

Here, again, an obvious solution is 6 dimes, 6 nickels, 
and 6 pennies. But, again, we ask whether 18 coins is the 
maximum, the minimum, or neither. 

lOd + 30 + c = 5d + 6 + 10c, 

..5d= 9c- 24, d= 

9c — 24 

For — z — to be a positive integer, c must have the 
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form 5k + 1, where k = 1,2,.... Acceptable values of 
c are 6, 11, 16, ... , with 6, 15, 24, . . . as the corre- 
sponding ^/-values, as shown in Fig. S5-llb. There are, 
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therefore, an endless number of coin combinations, the 
first three of which are 6 dimes, 6 nickels, 6 pennies; 
15 dimes, 6 nickels, 11 pennies; 24 dimes, 6 nickels, 16 
pennies. Here there is no largest combination of coins, 
and the smallest is the 6 - 6-6 combination. 

Challenge 2 What solution is obtained if the number of dimes is 6, but 
the nickels and pennies are unspecified? 

The number of possibilities is endless. The first three are 
6 dimes, 6 nickels, 6 cents (the smallest combination); 
6 dimes, 15 nickels, 10 cents; and 6 dimes, 24 nickels, 14 
cents. There is no largest combination. (See Fig. S5-1 lc.) 
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Challenge 3 Explain why , in the original problem , the least number of 
coins yields the greatest value , whereas in Challenges 1 
and 2 the least number of coins yields the smallest value . 

Consider the original simplified equation d — 10 — 
4 n — 4 

— - — . By adding n + 6 to both sides we have d + n + 

6 = 84 5 ^ ” • The left side of this equation represents the 

total number of coins, N\ the relation shows that as n 
increases on the right, N , too, increases. 

4 ti — 4 

By multiplying the equation d = 10 — by 10, 

and adding to both sides 5 n + 6 , we obtain lQrf + 5n + 
6 = 114 — 3w. The left side of this equation represents 
the total value of the coins, V; the relation shows that as 
n increases on the right, V decreases. 
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On the other hand, in Challenge 1 we have 

d = 5 24 . Therefore, N— d+6 + c — 9c g 24 + 

6 + c. As c increases, N increases also. V — 1 Od + 
30 + c — 19 c — 18, and, as c increases, V increases. 

Challenge 4 Investigate the problem if there are exactly 6 pennies , and 
at least one nickel , one dime , and one quarter . 

There are many possibilities, one of which is 8 quarters, 
4 dimes, 1 nickel, and 6 pennies. 

note: The method used in Solution 3-16 may be used in 
Solution 5-11. 

5-12 A shopper budgets twenty cents for twenty hardware items . Item A 
is priced at 4 cents each , item B, at 4 for 1 cent, and item C, at 2 
for 1 cent. Find all the possible combinations of 20 items made up 
of items A, B, and C that are purchasable . 

Representing the quantities of items A , B , and C, respectively, by 
x, >>, and z, we translate the given statements into x + y + z = 20 

and 4x + ^j> + ^z = 20. These equations imply that = 

14x — 40 and z = 60 — \5x. 

To avoid fractions of a cent, z must be even and y must be a 
multiple of 4. But, since z < 20 and >> > 0, jc must be 4. However, 
this value of x makes z = 0, and the system of equations is 
inconsistent. 

To obtain a mathematical solution we must allow z to be odd. 
It follows, then, that x = 3, y = 2, and z = 15. These values 
satisfy the quantity equation and also the cost equation. From a 
commercial point of view, however, this may be an unsatisfactory 
answer. 

5-13 Partition 75 into four positive integers a, b, c, d such that the 
results are the same when 4 is added to a, subtracted from b, 
multiplied by c, and divided into d. To partition a positive integer 
is to represent the integer as a sum of positive integers . 

The given information implies six equalities which have the 

compact form a + 4= 5 — 4 = 4c = ^ . Therefore, b = a + 8, 

c = ^ + 1, d = 4a + 16. Also, since a + b + c + d— 75, 

a + tf + 8 + ^+ l+ 4a+16 = 75. Therefore, a — 8, b — 

16, c = 3 ,d= 48. 
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Challenge 2 Partition 100 into five parts a, b, c, d, e so that the results 
are the same when 2 is added to a, 2 is subtracted from b, 
2 is multiplied by c, 2 is divided by d, and the positive 
square root is taken of e. 

a + 2 = b- 2 = 2c = ^=Ve 
,\a + a + 4 + ^ + 1 + 2a + 4 + a 2 + 4a + 4 = 100 
:.2a 2 + 17a - 174 = (2o + 29)(o - 6) = 0 
a = 6, b = 10, c = 4, d = 16, e = 64 

29 

Explain the rejection of the result a — — —• 

5-14 Two trains , each traveling uniformly at 50 m.p.h., start toward 
each other , at the same time , from stations A and B, 10 miles 
apart . Simultaneously , a from station A, flying parallel 

to the track at the uniform speed of 70 m.p.h ., toward the train 
from station B. Upon reaching the train , it comes to rest, and 
allows itself to be transported back to the point where the trains 
pass each other . Find the total distance traveled by the bee . 

We designate by X the point where the bee alights upon the train 
from B. (See Fig. S5-14.) If h designates the fractional part of one 

70 h 50 h 

, * * * . 

a. .e 

5 M X 5 

S5-14 

hour during which the bee flies, lOh + 50 h — 10, h = jz and 
AX — (miles). The distance it is transported back is XM — 

5 — 50 — || (miles). The total distance is, therefore, 

n + n = 6 j < miles) - 

note: M is the midpoint of AB. 

5-15 One hour out of the station, the locomotive of a freight train 

3 

develops trouble that slows its speed to - of its average speed up 

to the time of the failure . Continuing at this reduced speed it 
reaches its destination two hours late . Had the trouble occurred 
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50 miles beyond , the delay would have been reduced by 40 minutes . 
Find the distance from the station to the destination . 

Representing this distance by x (miles) and the normal speed by 

D x 

r (miles per hour), we have, since T — — , normal time = - 

a r 

and the actual time = - + 2. 

r 

Therefore, 1 + = - + 2, and 1 + - + - ■ ~ -■ ~ 50 = 

3 r r 9 r 3 r 

A i y 

x 4 

- + 3 . This pair of equations implies that x = 200 (miles). 
Verify. 

5-16 Two trains , one 350 feet long , /Ac o/Acr 450 feet long , on parallel 
tracks , aw eacA o/Aer completely in 8 seconds when mooing in 

opposite directions . H^Acm moving in the same direction , /Ac faster 
train completely passes the slower one in 16 seconds . F/W /Ac speed 
of the slower train. 

With the conditions given, is it possible for the trains to have 
the same speed? Obviously not. So the essential question is, 
how fast, relatively, are the ends of the trains being separated 
from each other? 

Letting / (feet per second) represent the speed of the faster 
train, and s (feet per second), the speed of the slower train, the 
relative speed, when the trains are going in opposite directions, 
is / + s, and the relative speed, when they are going in the same 
direction, is f — s. In either case, the distance traveled is 
350 + 450 - 800 (feet). 

Since (relative) rate X time = distance, we have (/ + s)8 = 
800 and (/ — 5)16 = 800. This pair of equations is easily solved, 
yielding the values / = 75 and s — 25 (feet per second). 

27 

5-17 The equation 5(x — 2) = — (x + 2) is written throughout in 
base 9. Solve for x, expressing its values in base 10. 

method i: We work throughout in base 9. Multiplying both sides 
of the equation by 7, we have 38(x — 2) = 27(x + 2), 38x — 
77 = 27x + 55, llx = 143, x = 13 (base 9) /. x = 12 (base 10). 

method ii : We translate into base 10. Multiplying both sides of 
the equation by 7, we have 35(x — 2) = 25(x + 2), 35x — 70 = 
25x + 50, lOx = 120, x = 12 (base 10). 
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5-18 Find the two prime factors of 25,199 if one factor is about twice 
the other . 

Let the factors be a and b with a « 2b. Then ab « 2 b 2 « 25,200, 
b 2 ~ 12,600, b « 110. Since 6 is prime, b j* 110 or 111 or 112. 
Try b = 113. Since 25,199 -s- 113 = 223, the factors are 113 
and 223. 

Challenge Find the three prime factors of 27,931 if the three factors 
are approximately in the ratio 1:2:3. 

Let the factors be a, 6, c with b ^ 2a and c « 3 a. Then 
6 a 3 « 27,931, a 3 « 4655. Since 16 3 = 4096 and 17 3 = 
4913, we may take a — 17. Since 27,931 -r 17 = 1643, 

then be ~ ^b 2 = 1643, and b 2 « 1095. Therefore, b « 

33, and since b ~ 2 a, the choice for fe is narrowed to 31 
or 37. Of these two, 31 is an exact divisor of 1643, with a 
quotient 53, while 37 is not. The factors are, therefore, 17, 
31, and 53. 


5-19 When asked the time of the day , a problem-posing professor 
answered , “If you add one-eighth of the time from noon until now 
to one-quarter the time from now until noon tomorrow , you get 
the time exactly ” What time was it? 

Let h (hours) represent the time interval from noon to now. 

\ ^ (24 — h) = /r, h = 5 ^ . The time was 5:20 P.M. 

In essence, this problem is equivalent to the following. If to \ 

1 8 

of a given quantity, you add 6 and then subtract ^ of the quantity, 
the result equals the original quantity, x. In symbols, 
l + \ (24 - x) = x. 

Challenge 1 On another occasion the professor said , “If from the 
present time you subtract one-sixth of the time from now 
until noon tomorrow , you get exactly one-third of the time 
from noon until now” Find the present time . 

- I (24 -*)-!*. 

Time: 4:48 p.m. 
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5-20 Solve - + - = - for integer values of x, y, and z. 
x y z 

z 2 

Expressing y in terms of x and z, we have y — z + _ . For y 

X ™ Z 

to be integral _ must be integral. Let w = _ so that 

z 2 

x = z + — , and >> = z + w. Hence, both x and y will be 

integers satisfying the given equation if z = kw t w an integer, 

k = dtl, db2, (Does this generate all solutions?) 

illustration 1: Let w — l, k — l. Then x — 2, y — 2, z = 1, 

and^ + i = 1. 

illustration 2: Let w = 3, * = 5. Then x = 90, y = 18, 
z = 15, and 95 + jg = 75 * 

illustration 3: Let w = —2, A: = 1. Then x = —4, jy = —4, 

. , 1 1 1 

z = -2, and - - - - = - - • 

illustration 4: Let w = — 5, /c = —2. Then x = —10, y = 5, 
z = 10, and To 5 “ To 

illustration 5: Investigate the case of w = —5 ,k — —1. 

5-21 Prove that , for the same set of integral values of x and y, both 
3x + y and 5x + 6y are divisible by 13. 

k — y 

Let k = 3x + y, k an integer, so that x — — z — . Since x is 

prescribed an integer, — must be an integer. Let u = — ^ y 

so that x — u and y — k — 3m. 

By substitution we have 5x + 6y — 5u + 6k — 18m = 
6k — 13 m. Since we are concerned with divisibility by 13, let 
k = 13 m. Therefore, 3x + y = 3m + k — 3m = 13m, and 
5x + 6y — 13(6 m — m), both divisible by 13 for the values 
x = m and y = 13 m — 3 m (m is an integer). 

Start with the second expression 5x + 6 y and proceed in an 
analogous manner to obtain 5x + 6y = 13/i and 3x + y — 
13( — 2/j + v ), both divisible by 13 for x = — 13/i + 6i> and 
y = 13/i — 5i?(i? is an integer) 

illustration: Let u — 3, m = 2. Then x=3, y=26 — 9 = 
17. Hence, 3x + >> = 9 + 17 = 2 • 13, and 5x + 6y = 15 + 
102 = 9 • 13. 
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6 Correspondence: Functionally 

Speaking 


6-1 Define the symbol f(a) to mean the value of a function f of a variable 
n when n = a .If f(l) = 1 and f(n) = n + f(n — 1) for all 
natural numbers n > 2, find the value of f(6). 


Rewrite the formula as/(n) — f(n — 1) = n. 
By “telescopic” addition the left side 
becomes /( 6) — /(l). The right side is 
2 + 3 + 4 + 5 + 6=20. Therefore, 

m =/(!)+ 20 = 21 . 


f{6) - /( 5) = 6 
/(5) - /(4) = 5 
m ~ fi 3) = 4 
/(3) - /( 2) = 3 
/( 2 ) -/(!)= 2 


Challenge 2 7/* f(l) = 1 and f(n) = n + f(n — 1) for all natural 
numbers n > 2, show that f(n) = ^ n (n + 1). 

Rewrite the equation f(n) = n + f(n — 1) as fin) — 
fin - 1) = 


/(»)-/(»- l) = n 
fin - 1) — rc» — 2) = « — 1 
/(» “ 2) -/(» - 3) = /i - 2 

/(3) - /( 2) = 3 

/(2) -/(l) = 2 

By “telescopic” addition of these n — 1 equations, the 
left side becomes fin) — /(l). The right side is 2 + 3 + 
*••+/!. Therefore, 

f{n) — /(l) + 2 + 3 + * * * + n 
= 1 + 2 + 3 + • • * + /! 

= ^/i in + 1) (See Appendix VII.) 

When a sequence is defined by giving the initial term (or 
initial terms) and a formula for finding the successor of 
any term, we say that the sequence is defined recursively. 
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6-2 Each of the following ( partial ) tables has a function rule associating 
a value of n with its corresponding value f(n). If f(n) = An + B, 
determine for each case the numerical values of A and B. 


(a)_n_ 

m 

(b)_n_ 

f(n) 

(c)_n_ 

m 

(d) n 

f(n) 

(e) n 

f(n) 

1 

1 

1 

3 

1 

0 

,3 




2 

2 

2 

2 

2 

2 4 

3 2 

2 4 

l 

1 

2 

1 

4 

1 

1 





3 

3 

3 

3 

3 

3 

2 4 

3 

2 4 

3 

2 

2 

7 

1 

1 

1 


1 

1 

5 

5 

5 

5 

4 

2 

4 


Some of this can be done by inspection. For example, in (a) we 
notice that \ + \= 1 , | + | = 1 , \ + !•'•« + /(«) = 1 

so that f(n) — 1 — n, A = — 1, B — 1. 


T -v *.31,41-72- 

In ( b ) we notice 2 ~ 2 = — 3 = 5 “ 5 = ^ 

f(n) — n = 1 so that f(n) = n + 1, A = 1,2?= 1. 

For more difficult cases, a formal procedure may be required. 
We illustrate for (c). Using values in the table, we determine that 

0 -\a + B, (I) 

\ = \a + b. (II) 


Subtract equation (II) from equation (I). 

— \ = \ A, therefore, A - — 2. 

0 = — 1 + B; so B = 1 and/(w) =1 — 2 n. 

Note that, in this formal procedure, only two sets of values 
need be used. The third is useful for checking the accuracy of the 
work. For example, if it appears that /(w) = 1 — 2 n, Then 

i = 1 — 2 >\~ \ con fi r nis the validity of the formula. 

Do tables (d) and (e), either by inspection or by a formal proce- 

3 3 

dure. The answer to (d) is f(n) - n + ^ , and to (e) f(n) = n — - • 


6-3 In a given right triangle, the perimeter is 30 and the sum of the 
squares of the sides is 338. Find the lengths of the three sides . 
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Letting the lengths of the hypotenuse and the legs be designated 
by c and a and 6 , respectively, we have (Pythagorean Theorem) 

c 2 = a 2 + 6 2 ; thus, c 2 + b 2 + a 2 = 2c 2 = 338 
c 2 = l69 c = 13? and a 2 + b 2 = 169 

Using the remaining given information we have 

a + b + c = 30, a + 6 + 13 = 30, a + b = 17, a = 17-6 
■ \ (17 - b) 2 + b 2 = 169, b 2 - 176 + 60 = 0, 

(6 - 12)(6 - 5) = 0. 

So 6 is either 12 or 5, and a , accordingly, is either 5 or 12, The 
sides are, therefore, 5, 12, and 13. 

Challenge Redo the problem using an area of 30 in place of the perimeter 
of 30. 

Repeating the first part of the solution above, we have 

c = 13 and a 2 + 6 2 = 169. Since \ ab — 30, lab = 120. 

By addition a 2 + lab + 6 2 = 289, and by subtraction 
a 2 — 2ab + b 2 = 49. 

So a + 6 = 17, a - 6 - 7 a = 12, 6=5. 

We could with equal right say, b + a — 17, 6 — a — 1 
: . 6 = 12, a = 5. It is immaterial which leg is identified 
by a. 

Why do we reject the values — 17 and —7 when taking 
the square roots of 289 and 49, respectively? 

6-4 A rectangular board is to be constructed to the following specifi- 
cations: 

(a) the perimeter is equal to or greater than 12 inches , but less 
than 20 inches 

(b) the ratio of adjacent sides is greater than 1 but less than 2. 
Find all sets of integral dimensions satisfying these specifications . 

method i: Represent the larger and smaller dimensions by x and 
y, respectively. In Fig. S6-4 are pictured the four inequalities: 
(1) 2x + 2y < 20 or x + y < 10 (2) 2x + 2y > 12 or x + y > 6 

(3) J > 1 (4) J < 2. 
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S6 4 


The common part of the four regions represented by these ine- 
qualities is the shaded quadrilateral. 

The required sets are the coordinates of the interior lattice 
points, namely, (4, 3), (5, 3), and (5, 4). Check these three sets of 
dimensions against the given information. 

method ii : 

Since x + y < 10, y < 10 

x 

Since - > 1, v < x 
y 

Since x + y > 6, y > 6 - 
Since ~ < 2, 2y > x 

Consequently, the possibilities for y are 3 and 4. Since y < x 
but 2 y > x , the possible values for x are 4 and 5. The acceptable 
combinations are, therefore, (4, 3), (5, 3), and (5, 4). 

x 2 

6-5 Find the range of values of F = - - - - -- for real values of x. 

I I x 

F is never negative. (Why?) 

The numerator is least when x = 0, and when x — 0, the 
value of the denominator is 1. Therefore, F(minimum) = 0. 

One way to find F(maximum) is as follows. By dividing 

X 2 

numerator and denominator by x , F = 1 4 becomes F = 

1 l ~r x j 

. F will be largest when the denominator x 2 + -j 

is least. 


J : .2y < 10and^ < 5. 
| . . 3y > 6 and y > 2. 
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Since x 2 - ~ = 1, the sum x 2 + \ is least when x 2 = \ ; 

X X X 

that is, when x = + 1 or — 1 . (See Appendix III.) For these values 
of x, x 2 + ^ = 2. Therefore, F(maximum) = j * 

The range of values of F is the interval [o, ^ j * 

2x 4- 3 

Challenge Find the largest and the least values of f = — —r for x > 0. 

X *t* “ 

Compare your results with the following: 

/- = 2 - When x = 0 ,/= \\, the least 

value. As x grows larger without bound, the fraction x + 2 

grows smaller. Therefore, / grows larger, approaching the 
limiting value 2. A maximum value for / is not achieved. 

The value 2 is designated a supremum, a least upper 
bound. 

The situation is pictured in Fig. S6-5. 
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6-6 Determine the largest possible value of the function x 4* 4y 
subject to the four conditions: (1) 5x + 6y < 30 (2) 3x + 2y < 12 
(3) x > 0 (4) y > 0. 

Constraints (1), (2), (3), (4), jointly, are represented as the shaded 
area in which we must find the maximum value of x + 4 y. See 
Fig. S6-6. The equation x + Ay = k represents a family of 
parallel lines, some of which intersect the area in question. 

From (1) we have y < 5 when x = 0, and from (2) we have 
y < 6 when x = 0. Hence, the largest permissible value of y 
is 5, occurring when x = 0. 
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It follows that the maximum value of x + 4 y, subject to the 
given constraints, is 20. 

6-7 Let us define the distance from the origin 0 to point A as the length 
of the path along the coordinate lines, as shown in Fig . 56-7, so 
that the distance from 0 to A is 3. 

Starting at 0, how many points can you reach if the distance , 
as here defined , is n, where n is a positive integer? 



S6-7 


When n = 1, there are obviously 4 points on the coordinate 
axes. When n — 2, there are 8 points (2 • 4), one in each quadrant 
and four on the axes. 

We can now guess that the answer is 4 n. Let us prove it. 
When n = 3, the 12 points (3 • 4) reached have coordinates 
(3,0), (2, 1), (1,2), (0,3), and their reflections in the x-axis, 
the .y-axis, and the origin, namely, (2, —1), (—2, 1), (—2, — 1), 
(1, -2), (-1, 2), (-1, —2), and (-3, 0) and (0, -3). 

We note that, with respect to integer addition, the number 3 
has four partitions: 3 + 0, 2 + 1, 1 + 2, 0 + 3. These give us 
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the four points (3, 0), (2, 1), (1, 2), (0, 3). Corresponding to (2, 1) 
are the three reflections (2, — 1), (—2, 1), (—2, — 1); correspond- 
ing to (1, 2) are the three reflections (1, —2), (— 1, 2), (— 1, —2); 
corresponding to (3, 0) is the single reflection (—3, 0); and cor- 
responding to (0, 3) is the single reflection (0, —3). The total 
number of points is 4 + 4 4* 2 + 2 = 12. 

Since 4 — 4*f*0— 3-(-l = 2-J-2 = 1 -(- 3 = 0 ~h 4, we 
may guess that the total number of paths is4 + 4 + 4 + 2 + 
2 = 16. Verify this. 

For the general case we have w = w + 0=(/i— 1)4*1 = 
(n — 2) + 2 = • • * = 1 + (n — 1) = 0 + «, a total of n + 1 
partitions. The n — 1 points, (n — 1, 1), (n — 2, 2), ... , 
(2, n — 2), (1, /j — 1), together with their reflections (3 each) 
account for An — 4 paths. Four additional paths are provided by 
(n, 0) and its reflection, and (0, n ) and its reflection. The total is 
4(n - 1) + 2 + 2 = An, 

You may prefer this alternative view. Since there are n + 1 
partitions, we are provided with n + 1 points of which n — 1 
points have three reflections each, and two of which have one 
reflection each. Hence, the total number of paths is A(n + 1) — 
2 — 2 = 4«, or 4(« — 1) + 2 + 2 = An, 


6-8 Given n straight lines in a plane such that each line is infinite in 
extent in both directions , no two lines are parallel ( fail to meet), 
and no three lines are concurrent (meet in one point), into how many 
regions do the n lines separate the plane ? 

method i: Let f(n) denote the number of regions into which n 
such lines separate the plane. By observation, /( 1) = 2, /( 2) = 4, 
/( 3) = 7. 



We note that a second line added to Fig. S6-8a splits each of 
the two regions in two; hence, the second line creates two addi- 
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tional regions. A third line added to Fig. S6-8b splits each of 
three regions in two and creates three additional regions. Similarly, 
a fourth line added to Fig. S6-8c splits each of four regions in 
two, thus adding four regions. Try it! 

Let us, therefore, assume that an n- th line added to the dia- 
gram with n — 1 lines creates n new regions, and proceed to 
derive, in terms of «, an explicit formula for /(«). By telescopic 
addition (see Problem 6-1), 

f(n ) = /( 1) + 2 + 3 + * * * + ft 
= 2 + 2 + 3 + ** * + n 
= l + (l+2 + 3 + *- * + w) 

= 1 + (n + 1) (See Appendix VII.) 

_ n 2 + n + 2 
” 2 

Checking, we find that this formula gives us the known values 
for n = 1,2, 3. 

If we now assume that the formula is correct for a natural 
number k > 3 (it could just as well be k > 1), we can show that 
it is correct for the successor of k, namely, k + 1. (See Appendix 
VII.) 

nk + 1 ) = nk) + k + 1 = * 2 + * + 2 + k + 1 

= k* + k + 2 + 2k + 2 = (k + l) 2 + (k + 1) + 2 
2 2 

Since k + 1 is the successor of k (where k > 1), the formula 
holds for all natural numbers. 

method ii : By observation we obtain /( 1) = 2, /( 2) = 4, 
/( 3) = 7,/(4) =11. 



n = 1 n = 2 n = 3 n = 4 

m 

2 4 7 11 

a m 

2 3 4 

a 2 m 

The line A f(n) 
f (i n ), and the li 
the line A/(n), < 

1 1 (Constant) 

shows the first differences derived from the line 
ne A 2 f(n) shows the first differences derived from 
or the second differences derived from the line / (n). 
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Since the second differences are constant we represent f{n) by 
a third-degree polynomial f{n) — An 3 + Bn 2 + Cn + A with 
the numerical values of A, 5, C , and D to be determined. 

When n = 1 we have 2 — A + 5 + C + A 

n = 2 we have 4 — 8/4 -|- 45 *4- 2C -|- Z), 

n = 3 we have 7 = 27^4 + 95 + 3C + A 

w = 4 we have 11 = 64^4 + 165 + 4C + D, 

The solution of this system yields A = 0, B = ~,C = D = 1. 

• './(«) = + \ n + 1 = ”* + " + 2 

Challenge 1 Let there be n = r + k lines in the plane ( infinite in both 
directions ) such that no three of the n lines are concurrent , 
but k lines are parallel {but no others ). Find the number of 
partitions of the plane . 

Let / (r, k) denote the number of separate regions. Since 
the &-th parallel crosses r lines, it creates r + 1 new 
regions, so that /(r, k) = /(r, k — 1) + r + 1. Using 
telescopic addition on the k equations, 

f(r 9 k)-f(r,k-\) = r+l 
f(r,k - l)-/(r,*-2)» r+ 1 
/(r, *- 2) -/(/•,*- 3) =r+l 

f(r , 2) — f(r , 1) = r + 1 
/(r,l)-/(r,0)= r+ 1. 

We obtain /(r, fc) — /(r, 0) = k(r + 1), so that 

f(r 9 k) - f(r 9 0) + k(r + 1). 

But f(r, 0) = /(r) = ? - ± . ' - ±Z ; 

therefore, /(r, fe) = r ' + ' + 2 + k(r + 1). 

Challenge 2 Let there be n straight lines in the plane {infinite in both 
directions) such that three {and only three) are concurrent 
and such that no two are parallel Find the number of plane 
separations . 
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Let f(n — 3, 3) denote the number of regions of separa- 
tion. Consider a typical region R bounded by three lines, 
illustrated in Fig. S6-8d. Let / 2 and / 3 meet in point P. 
Translate or rotate l\ so that it goes through P; the 
region R is eliminated. 

•••/(« - 3,3) = /,2 + ” + 2 - 1 = \n(n + 1) 



6-9 Define — as a proper fraction when ^ < 1 with N, D natural 

numbers . Let f(D) be the number of irreducible proper fractions 
with denominator D. Find f(D) for D = 51. 

First we note that, at most, there are 50 possible numerators 
beginning with 1 and ending with 50. 

Now we must remove the reducible cases. Since 51 = 3 * 17, 
then 3k < 51, k < 16, so that there are 16 reducible fractions 
with multiples of 3 in the numerator. Similarly, 17Z, < 51, L < 2, 
so that there are 2 reducible fractions with multiples of 17 in the 
numerator. 

.\/(Z>) = (51 - 1) - (16 + 2) = 32 

Challenge Find f(D) for D = 52. 

Since 52 = 2 2 • 13, therefore, 13 k < 52, k < 3, 2 L < 52, 
and L < 25. However, the case 26 = 2 * 13 is duplicated, 
.\/(Z>) = (52 - 1) + (25 + 3 - 1) = 24. 
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7 Equations and Inequations: 

Traveling in Groups 

7-1 Let the lines 15x + 20y = — 2 and x — y = —2 intersect in 
point P. Find all values of k which ensure that the line 2x + 3y = 
k 2 goes through point P. 

The solution set of the pair of equations \5x + 20 y — —2 
and x — y - — 2 is jx = — | , y — . Therefore, 2x + 3y = 

k 2 implies that 2 ^ + 3 = k 2 so that k 2 = 0 and, 

hence, k = 0. 

7-2 Let (x, y) be the coordinates of point P in the xy -plane, and let 
(X, Y) be the coordinates of point Q {the image of point P) in the 
XY -plane. IfX = x + y and Y = x — y ,find the simplest equa- 
tion for the set of points in the XY -plane which is the image of the 
set of points x 2 + y 2 = 1 in the xy -plane. 

Since X — x + y, X 2 = x 2 + 2 xy + y 2 ; and since Y = jc — y, 
Y 2 = x 2 - 2 xy + y 2 . Therefore, X 2 + Y 2 = 2{x 2 + y 2 ). Since 
x 2 + y 2 — 1, 2(jc 2 + y 2 ) = 2. Hence, x 2 + y 2 = 2. 

In geometric terms, the image set is a circle with center at 
(0, 0) and a radius of length \/2. 

7-3 The numerator and the denominator of a fraction are integers 
differing by 16. Find the fraction if its value is more than ^ but 
less than j * 

Let n represent the numerator of the fraction F. Since F < 1, 
the denominator is greater than the numerator, and so n + 16 

represents the denominator. 

5 ft 

Since 5 < — — 77 , 5/t + 80 < 9rt, 80 < An, and so 20 < n. 

9 n + 16 

ft A 1 

Since, also, — , , In < An + 64, 3/t < 64, and n < 21t * 

ft -J- 10 / J 

Since n is an integer and 20 < n < 2 \ X - , n — 21. 

It follows that F = ” • 
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7-4 // x + y + 2z = k, x + 2y + z = k, and 2x + y + z = k, 
k 7 * 0, express x 2 + y 2 + z 2 in terms of k. 

Addition of the three equations yields 4(x + y + z) = 3k. 
. x + y + z = ~ ; 

(x + y + z ) 2 = x 2 + y 2 + z 2 + 2 (xy + yz + zx) = 

Subtraction applied to the given equations in pairs yields y — 
z = 0, x — y = 0, x — z = 0. Therefore, y 2 + z 2 = 2 yz y 
x 2 + y 2 — 2 xy, x 2 + z 2 = 2zx, so that 2 (xy + yz + zx) — 

2(x 2 + y 2 + z 2 ). .\ 3(x 2 + y 2 + z 2 ) = , and x 2 + y 2 + 

7 2_3*!. 

Z " 16 

Challenge 1 Solve the problem if x + 2y + 3z = k, 3x + y + 2z = k, 
and 2x + 3y + z = k, k ^ 0. 

Addition of the three equations yields: 

6(x + y + z) = 3 fc, and x + + z = ^ * 

(* + y + z) 2 = x 2 + y 2 + z 2 + 2(xy + yz + xz) - j • 

Subtracting the first given equation from the second, we 
have 2x — y — z = 0 so that y + z - 2x. Subtracting 
the second given equation from the third, we have — x + 
2y — z = 0 so that z + x = 2y. Subtracting the third 
given equation from the first, we have — x — y + 2z = 0 
so that x + y = 2z. Hence, y 2 + 2 yz + z 2 = 4x 2 ,z 2 + 
2zx + x 2 = 4 y 2 , and x 2 + 2 xy + y 2 - 4 z 2 . 

Therefore, 2 (xy + yz + zx) = 2(x 2 + y 2 + z 2 ), 

3(x 2 + y 2 + z 2 ) = ~ so that x 2 + y 2 + z 2 = ^ * 

Challenge 2 SAow /Aa/ both the problem and Challenge 1 can be 
solved by inspection. 

fc 

problem: System satisfied for x = y = z = - 

• 2 i 2 i 2 

= fg- 

k 

challenge: System satisfied for x = y = z = ^ 
.-.* 2 +, 2 + z 2 = g. 
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7-5 Why are there no integer solutions of x 2 — 5y = 27? 

Rewrite the equation as x 2 — 5y + 21 — 5Q> + 5) + 2 = 
5 z + 2, where z = y + 5. The integer x can take one of the 
forms 5m, 5m + 1, 5m + 2, 5m — 1, 5m — 2. 

case i: jc 2 = 5z + 2 5 * 25m 2 since, upon division by 5, the left 
side yields the remainder 2 while the right side yields the re- 
mainder 0. 

cases n and iv : x 2 = 5z + 2 25 m 2 ± 10m + 1, since then 

the respective remainders are 2 and 1 . 

cases hi and v: jc 2 = 5z + 2 25m 2 ± 20m + 4, since then 

the respective remainders are 2 and 4. 


7-6 Civic Town has 500 voters , all of whom vote on two issues in a 
referendum . The first issue shows 375 in favor, and the second issue 
shows 215 in favor . If there are exactly 40 votes against both issues, 
find the number of votes in favor of both issues . 

method i: The number of votes against either issue is 125 + 
225 — 40 = 310. (Explain the subtraction of 40.) Therefore, 
500 — 310 = 190 votes were cast in favor of both issues. 

method ii : Let x be the number of voters in favor of both issues, 
let y be the number of voters in favor of the first issue but against 
the second, and let z be the number of voters in favor of the 
second issue but against the first. In Fig. S7-6 the information is 
shown in tabular form. 




275 

225 



For 

Against 

375 

For 

X 

y 

125 

Against 

z 

w = 40 


* + y - 375, x + z - 275, y + 40 = 225, z + 40 = 125 

Therefore, y = 185, z = 85, x = 190 (number in favor of both 
issues). 
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7-7 How do you find the true weight of an article on a balance scale 
in which the two arms ( distances from the pans to the point of 
support) are unequal? 


Let x(pounds) be the weight of the article, d\ (inches) the length 
of the right arm, and rf 2 (inches) the length of the left arm. 

Place the article in the right pan and let it be balanced by a 
weight wi(pounds) in the left pan. Then xd\ = w ^(Principle of 
Moments). Place the article in the left pan and let it be balanced 
by a weight w 2 (pounds) in the right pan. Then xd 2 — w 2 d\. 

Therefore, x 2 d\d 2 — W\w 2 d\d 2 > x 2 — w x w 2 , x = \/wiw 2 ; 
that is, the true weight of the article is the geometric mean of the 
two weights used. (See Appendix IV.) 

Challenge Suppose it is known that the arms of a balance scale are 
unequal; how do you determine the ratio r of the arm-lengths? 


Place in the right pan a known weight; for convenience, 
choose a 1-lb. weight. Find the weight ^(pounds) needed 
to produce balance. Therefore, \di = w x d 2 . Now, place 
the 1-lb. weight in the left pan, and let w 2 (pounds) produce 
balance. Therefore, 1 d 2 = w 2 d x . 

wt i_ d\ d% , d\ di 

We have wi = ^, w 2 = ^ , Wl + w 2 = - + - = 

r + y 

If Wi + w 2 is known, r (= is determined. 
illustration: If w x + w 2 = ^ (pounds), then r + ^ = 


61 
30 
r - 


r ! - + 1 = °> ( r - ( r - f) = °* r = l or 


7-8 Solve in base 1 the pair of equations 2x — 4y = 33 and 3x + y = 


31, where x, y, and the coefficients are in base 1. 


method i: (working in 

base 7) 


2x - Ay = 33 


(I) 

3x + y - 31 


(II) 

15 * + Ay = 154 

(4 times II) 

(III) 

20x = 220 

x = \\,y~ -2 

(I + III) 

(IV) 
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method ii : (working in base 10) 

2x - 4y = 24 (I) 

3x + y = 22 (II) 

12* + 4 y — 88 (4 times II) (III) 

14* =112 (I -h III) (IV) 

* = 8 (base 10) = 11 (base 7) 
y = —2 (base 10) = —2 (base 7) 

7-9 Given the pair of equations 2x — 3y = 13 and 3x + 2y = b, 
where b is an integer and 1 < b < 100, let n 2 = x + y, where x 


and y are integer solutions of the given equations associated in 
proper pairs . Find the positive values of n for which these conditions 
are met . 

Eliminate y from the given equations to obtain 13* = 26 + 3 b, 
or * = 2 + — . Eliminate * from the given equations to obtain 
13 y = —39 + 2b, or y — —3 + ^ . Therefore, * + y = 
y| — 1. When b — 13, n 2 = x + y — 4, and so n = 2. When 
b — 26, n 2 — x + y = 9, and so n = 3. 

For the remaining multiples of 13 between 1 and 100, we fail to 
obtain for x + y the square of an integer. There are, conse- 
quently, just two values of n, namely, n — 2 and n — 3. 

7-10 Find the set of integer pairs satisfying the system 

3x + 4y = 32 
y > x 
^ 3 

y < 

method i: (Algebraic) Since y > *, 4 y > 4*. 

Since 3* + 4 y - 32, 

— 3* > 4* — 32. 

Therefore, 7* < 32, * < ^ > an ^ * < 4. 

3 ' 

Since y < ^ *, Ay < 6*, and 

— 3* < 6* — 32, 

9x > 32, X > y > 3. 

3 < x < 4 so that x = 4 and, consequently, y 


(I) 

(II) 

(I) - (II) 


(HI) 

(HI) - (II) 
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Check y(=5)> *(=4), and >>(=5) < ~xr(=6). 

Also 3x + 4 y = 32, since 3 * 4 + 4 * 5 = 32. 

method ii : (Geometric) The required integral values are on the 
segment P 2 P\ of the line 3x + 4y = 32, as shown in Fig. S7-10. 
The only set of such integral values are x — 4 and y = 5. 



S7-10 


7-11 Compare the solution of system /, 

x + y + z = 1.5 (1) 

2x - y + z - 0.8 (2) 

x — 2y — z — —0.2, (3) 

with that of system //, 

x + y + z = 1.5 (1) 

2x - y + z = 0.9 (2) 

x — 2y — z = —0.2. (3) 

A small change in the conditions of a problem can make a big 
difference in the result! 

The systems may be solved by any one of a number of methods. 
By the Method of Elimination, we obtain, for System I, 

2x — y = 1.3, by adding equations (1) and (3), and 
3x — 3 y = 0.6, by adding equations (2) and (3). 

This new system yields x — 1.1, and y — 0.9. From either of 
the original equations we obtain z — —0.5. 
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32 25 

For System II, a similar procedure yields x - — , y = — , 


z = — ^ . Therefore, the change in x is ^ 

ju 27 25 2 ju — — 15 

change in y is ^ ^ ^ , and the change in z is — — — 


30 

32 

30 


30 


30 

the 


30 



30 ‘ 


7-12 The following information was obtained by measurement in a series 
of experiments: 

x + y = 1.9 
2x — y = 1.4 
x — 2y — -0.6 
x - y = 0.3. 

Find an approximate solution to this system of equations. 

From a mathematical viewpoint, the system is inconsistent. 
However, we cannot reasonably expect “exactness” in measure- 
ments, and so it is meaningful to seek an approximate solution 
to the system. 

We consider that each of the constants on the right side of 
the equations is “in error” by a certain amount, and it is our 
purpose to obtain a solution so that the errors are minimized. 
There is more than one way to do this; the method used here is 
known as the Method of the Mean. 

Starting with the assumption that the error in one equation 
is neither more nor less weighty than the error in any other 
equation, we group the equations, making as many groups as 
there are unknowns, in this case, two. Group I consists of the 
first and second equations, and Group II, of the third and fourth 
equations. By addition within each group, we obtain : 

3x = 3.3 

2x — 3 y — —0.3. 

The solution to this system isjc = 

These values satisfy none of the equations exactly, but the 
sum of the errors is minimized to the value zero, since: 

/IX , 58 r 58 57 . 1 

(!) * + y = 30 Wlth an err ° r ° f 30 - 30 = + 30 



128 SOLUTIONS 


(2) 2x-y = f 0 with an error of g - ~ ^ 

(3) x — 2y = - ^ with an error of ~ 55 + 55 = + 55 

w * - y = h with an error of h ~ I = - h ' 


7-13 Find the maximum and the minimum values of the function 3x — 
y + 5, subject to the restrictions y > 1, x < y, and 2x — 3y + 
6 > 0 . 

The conditions stated in the problem confine the values of 
the given function /: 3x — y + 5 to the values of jc and y deter- 
mined by the triangle V{V 2 V% obtained by the intersections of 
li(y = xr), l 2 (y = 1), and / 3 ( 2x — 3y + 6 ) = 0. See Fig. S7-13a. 



S7 13a 


At Vi (1, 1), the value of the function / is 3 — 1+5 = 7; 

at V 2 (— 1^ , 1), the value of /is —4^ — 1 + 5 = — ^ ; and at 

Vs ( 6 , 6 ), the value of/ is 18 — 6 + 5 = 17. At interior points 

of the triangle, the value of /is greater than — ^ and less than 17. 

(See proof below.) Therefore, subject to the conditions given, 
the maximum value of 3x — y + 5 is 17, and the minimum value 

of 3x — y + 5 is — ^ * 

The Linear Program Theorem states that the maximum and 
minimum values of the linear function /(x , y) — Ax + By + C 
occur at vertices of the polygon S where 


S = F l n F 2 n * * * n F n and F n = {P \ A n x + B n y + C n > 0} . 
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In Problem 7-13 the polygon is a triangle; in Problem 7-14 the 
polygon is a hexagon. 



S713b 


proof: Consider an interior point 7 0 (x 0 , >>o) (Fig- S7-13b). 
Then Fi(x 0 , yo) > 0, F 2 (x 0i y 0 ) > 0, . . . , F„(x 0 , yo) > 0. Let 
P\P 2 be a line through 7 0 , intersecting two sides of poly gon S 
in Pi and P 2 and not parallel to /(x, y) = 0. Since 7 0 € PiP 2 > 
then f{x\ y yi) 9*f(x 2 ,y 2 \ and either f(x u yi) <f(xo,yo) < 
f(x 2 , y 2 ), or f(x 2 ,y 2 ) < f(x 0 , y 0 ) < f{xuy x ). Therefore, 
/(x o, yo) is neither a maximum nor a minimum value of /(x, y). 

Now consider a point, Po(*o» ^o), interior to a side of S with 
vertices ^(x^yOand V 2 (x 2 ,y 2 ). Then, iff(x u yi) ** /(x 2 , y 2 )> 
either /(x 1# >^0 < /(x 0 , ^ 0 ) < f(x 2 , y 2 ), or /(x 2 , y 2 ) < 
f(x 0 ,y 0 ) </(xi,^i), and if f(x l9 y x ) = f(x 2 , y 2 ) t f(x u y^ = 
/(^o, yo) = /(^ 2 , ^ 2 ). 

Among the vertices, therefore, there is one such that the value 
of f(x 9 y) is at least as great as its value at any other point on 
the polygon and greater than the value at any interior point. 
Therefore, the maximum value of f(x,y ) occurs at one or more 
vertices. 

A similar argument holds for minimum value. 


7-14 A buyer wishes to order 100 articles of three types of merchandise 
identified as A, B, and C, each costing $5, $6, and $7, respectively . 
From past experience , he knows that the number of each article 
bought should not be less than 10 nor more than 60, and that the 
number of B articles should not exceed the number of A articles 
by more than 30. If the selling prices for the articles are $10 for 
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A, $15 for B, and $20 for C, and all the articles are sold, find the 
number of each article to be bought so that there is a maximum 
profit . 

The conditions of the problem lead to the following statements, 
illustrated by Fig. S7-14. 

(1) x + y + z — 100 so that z = 100 — x — y 

(2) Cost = 5x + 6y + 7z = 700 — 2x — y 

(3) 10 < x < 60, 10 < y < 60, 10 < z < 60 so that 10 < 
100 — x — y < 60 and, therefore, 40 < x + y < 90 

(4) y < x + 30 

(5) Sales = 10x + 15^ + 20z = 2000 — 10* — 5y 

(6) Gain = Sales — Cost = 1300 — Sx — 4^, the function to 
be maximized 



G = 1 300— 8x— 4y /, x=10 

G(P|)=820 /, x=60 

G(P,) = 1060 l t y — 10 

G(P a ) = 1100 (maximum) l 4 y-60 


G(P 4 )= 1020 
G (Pi) =780 
G(P 4 ) = 700 


/, x+y=40 
l 4 x+y=90 
l 7 y=x+ 30 


$714 


For maximum profit, then, the distribution of the 100 items 
bought should be 10 item A , 30 item B , and 60 item C. (See 
the solution to Problem 7-13.) 
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8 Miscellaneous: Curiosity Cases 


8-1 Find all values of x satisfying the equation j— ^=== = — * 

method i: By multiplication obtain 5x — 5\/x + 1 = llx + 
11\/jc + 1. Therefore, —3x = %\/x + 1, 9x 2 = 64x + 64, 
9x 2 — 64x — 64 = 0. Since 9x 2 — 64x — 64 = (9x + 8) X 
(x — 8), either 9x + 8 = 0 or x — 8 = 0. Therefore, x = 

g 

— ^ (x = 8 is rejected). 

0 . x — V X +T 11 . x — \/x + \ 

method ii : Since — : — 7 - , , we may write — ; , ■ - = 

_ j j * 4- y/x -1-1 5 J x + V jc + 1 

, and so 

x — V* + 1 = — Ilk, and (I) 

x + \/x + l = —5k, (II) 

where k is a positive constant. By adding (I) and (II) we have 
2x = —16 k, and so x = —8 k. —8 k + \/l — 8 k = —5k; 
that is, VI — 8 k = 3k so that l — 8/c = 9k 2 , and 9 k 2 + 8 k — 
l = 0. But 9k 2 + 8/c — 1 = (9k - \)(k + 1). Therefore, 9k - 

1 8 
l = 0 and k = - (k = — l is rejected). Hence, x — — ^ * 

8-2 Find all real values of x satisfying the equations: 

(a) x 2 |x| = 8 

(b) x|x 2 | = 8, where the symbol |x| means +x when x > 0, and 
—x when x < 0. 

(a) When x > 0, (x 2 \x\ = 8) => (x z = 8) so that x = 2. (The 
symbol => is read “implies”.) When x < 0, (x 2 \x\ = 8) => 
(—x 3 = 8) or (x 3 = —8) so that x = — 2. 

(b) When x > 0, (x\x 2 \ = 8) => (x 3 = 8) so that x — 2. 
Since 8 > 0, x cannot be negative. 

Besides these real values of x, there are imaginary values of x. 

8-3 Let P(x, y) be a point on the graph of y = x + 5. Connect P with 
Q(7, 0). Let a perpendicular from P to the x-axis intersect it in R. 
Restricting the abscissa of P to values between 0 and 7, both 
included, find: 

(a) the maximum area of right triangle PRQ 

(b) two positions of P yielding equal areas . 
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(a) Designate the area of A PRQ by K (expressed in proper units). 

Then K — ^ (7 — x)(x + 5) = ^ [36 — (x — l) 2 ]. The expres- 
sion ^[36 — (x — l) 2 ] is a maximum when x = 1 forO < x < 7. 
AT(max) = - (6)(6) = 18. An alternative solution for (a): The 

area of A PRQ is determined by the measure of the segments RP 
and RQ . At all times, the length of RP is x + 5 and the length of 
RQ is 7 — x. Their sum is the constant 12. It is known (see 
Appendix III) that when the sum of two positive numbers is fixed, 
the maximum product of the two numbers occurs when each is 
one-half the fixed sum. Therefore, the maximum area is obtained 

when RP = RQ = 6, so that the maximum area is | (6)(6) = 18. 
The triangle with maximum area is isosceles. 

(b) K x = -(7 — *i)(xi + 5), K 2 = 2 0 — * 2)(*2 + 5), and 
= K 2 . 

Therefore, lx x + 35 — x x 2 — 5x x = lx 2 + 35 — x 2 2 — 5x 2 , 
and so, 2(x x - x 2 ) = x x 2 - x 2 2 = (x x + j> 2 )(*i - J^)- 

Since we are assuming that x x x 2s we have 2 — x x + x 2 
(dividing by x x — x 2 ). One possibility is = 0, x 2 = 2, so that 

Fi(0, 5) and P 2 (2 9 7). A second possibility is P\(\, 5^), 

( 3 1\ \ Z 

2 * ^2/ * T ^ ere are ot bcrs, of course. 


8-4 Find the smallest value of x satisfying the conditions: x 3 + 2x 2 = a, 
where x is an odd integer , and a is the square of an integer . 


x 3 + 2x 2 = x 2 (x + 2) = m 2 n 2 where m, n are integers, 
.'.x + 2 = w 2 or w 2 . The smallest odd value of x, such that 
x + 2 is the square of an integer, is x = 7, since x = 1 or 3 or 5 
are unacceptable. 

If we remove the restriction, “smallest value of x,” there are, 
of course, an endless number of x-values. 


For the case where x is odd and x 3 + 2x 2 = a, we have 
x = 2k + 1. Therefore, 2k + 3 = n 2 , k =* ” 2 3 . Taking, in 


turn, n = 3, 5, 7, . . . , we have k — 3, 11, 23, 
23, 47, ... . 


, and x = 7, 


* « « 
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Challenge 1 Change “ odd integer ” to u even integer greater than 2,” 
and solve the problem . 

Where x is even and x 3 + 2x 2 = a , we have x — 2k. 

Therefore, 2k + 2 = n 2 , k = — 2 — ■ Taking, in turn, 

n = 2, 4, 6 , . . . , we have A: = 1, 7, 17, . . . and x = 2, 
14, 34, . . . 

Challenge 2 Change x 3 + 2x 2 to x 3 — 2x 2 , and then solve the problem. 

Where x is odd and x 3 — 2x 2 = a , we have x = 2k + 1. 

Therefore, 2k — 1 — n 2 , k = — ^ — • Taking, in turn, 

n = 1, 3, 5, . . . , we have k = 1, 5, 13, . . . and x — 3, 
11,27,.... 

Challenge 3 7n Challenge 1 change x 3 + 2x 2 to x 3 — 2x 2 and solve 
the problem . 

Where x is even and jc 3 — 2jc 2 = a, we have x = 2k. 

Therefore, 2k — 2 = n 2 , k = — 2 — * Taking, in turn, 

n = 2, 4, 6, . . . , we have k = 3, 9, 19, . . . , and x — 6 , 
18, 38, ... . 

^ g 

8-5 If 2 _ * = _ . + ——7 is true for all permissible values of x, 

find the numerical value of A + B. 

Multiply the equation by x 2 — 1. Then, 

3x - 5 = A(x + 1) 4- B(x - 1) = x(A + B) + (A - B). 

: A + B - 3 

Is there a detectable connection between the sum of the numera- 
tors A and B and the original numerator? Let’s find out! 

%nrf = + 777 ,Kx + L = x(A + B)+ (A - B) 

:.A + B = K 

Verify this conclusion for ^ ? — A . . -\ ■ 

What modification in the conclusion that A + B = K y if any, 

must be made if the problem reads ^ + 5 = A H ? 

answer: None 
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2jc + 5 

What modification follows if 


A +_5_7 


K 


4x 2 — 1 2jc + 1 ‘ 2jc — 1 ' 


answer: A + B = 1 = ^ 


Generalizing further, try 


2* + 5 


' + * 


a*x 2 - 1 ax + 1 1 ax - 1 

. * „ 2 * 
answer: + B = - = - 


A * , i + 5 >4 . 5 . C 

A harder one! ~ + — [ 

answer: 2x “h 5 — x 2 (A ~j- .5 ~h C) -f — A 

.'.A-\~B-\~C~0 


A . . x 2 — 2x — 5 >4 . 5 . C 

An easier one! ^ _ , } =- + — + — 

answer: /4 + B + C = 1 

ci- U .1 L. j i * 2 — 2* + 5 ^ , B . C 

Slightly harder! W _ 1} = 7 + 7^7 + 7+i 
answer: + B + C = ^ 


Study the last 3 cases for a pattern. Compare the degrees of 
the polynomials in the numerator and the denominator. 


8-6 For what integral values of x and p is (x 2 — x + 3)(2p + 1) an 
odd number? 

Since each of the factors is odd for all integers x and p, the 
product is always an odd number. 


8-7 Express the simplest relation between a, b, and c, not all equal , if 
a 2 — be = b 2 — ca = c 2 — ab. 

Since a 2 — be = b 2 — ca, ca — be = b 2 — a 2 . Therefore, 
c(a — b) = (b + a)(b — a). If a ^ b then c = — (b + a), that 
is, a + b + c = 0. What change in procedure do you suggest if 
a = bl 


8-8 Find the two linear factors with integral coefficients of P(x, y) = 
x 2 — 2y 2 — xy — x — y, or show that there are no such factors . 

method i: We have P(x, y) = x 2 — 2 y 2 — xy — x — y. If 
there are linear factors we may write them as x + A\y + B\, 
and x + A 2 y + B 2 , with the numerical values of A U A 2 , B u B 2 
to be determined. 



Miscellaneous: Curiosity Cases 135 


Equating the two representations of P(x , y ), we have 

x 2 - 2 y 2 - xy - x - y = (x + A x y + 5i)(x + A 2 y + B 2 ) 
= x 2 + A\A 2 y 2 + (A\ + A 2 )xy + (B\ + B 2 )x 

+ (A\B 2 + A 2 B\)y + B\B 2 

— 2 = A jA 2 , —1 — A i + A 2 , —1 = B i + B 2 y — 1 = 

A \B 2 + A 2 B\, 0 = B\B 2 . Therefore, either B\ = 0 or B 2 = 0. 
(Why not both?) Choose B\ = 0, then B 2 = —1, A\ = 1, 
A 2 = -2. 

Check to see if —2 = A X A 2 ~ (1)(— 2). 

Therefore, one set of factors is jc + y and x — 2y — 1. If we 
choose B 2 — 0, we obtain the same set of factors. It follows that 
this set is unique. 

method n : You may be clever enough (or lucky enough) to see that 
P(x , y) can be written as 

* 2 - y* - y 2 - xy - X - y = (x + y)(x - y) - y(y + x) - 

(x + y)‘ 

P(x, y) = (X + y)(x - y- y-\)=(x + y)(x -2 y - 1). 

8-9 Find the sum of the digits of (100,000 + 10,000 + 1000 + 100 + 

10 + l) 2 . 

This problem offers a good opportunity to show the advantage of 
“generalizing” a problem to arrive at a solution. Consider any 
/i-digit number a x a 2 . . . a n , n < 9. Then {a x + a 2 + • * * + a n ) 2 

= a\ 2 + a 2 2 + * * * + a n 2 + 2a\a 2 + 2a\az + ■ ■ * 

+ 2a 2 a$ + * * • + 2 a n —ia n 
= 2(a\ 2 + a 2 2 + * * * + cin 2 + ^ 1^2 + ^ 1^3 + * * * 

+ a n -ia n ) — ( a\ 2 + a 2 2 + * * * + a n 2 ) 

= 2S l - S 2 . 

The number of digits in Si is 2 • ^ (n + 1), and the number of 

digits in S 2 is n . There are, therefore, 2 • ^ (n + 1) — n = n 2 

digits in (a x + a 2 + • • • + a n ) 2 . Applied to this problem with 
n = 6 and a x = a 2 = a 3 = a 4 = a 5 = a 6 = 1, the formula 
yields 6 2 = 36 as the sum of the digits. 
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8-10 How do you invert a fraction , using the operation of addition ? 


Let the given fraction be ^ , and let x be such that 

Therefore, a 2 + ax = b 2 + bx 9 x(a — b) = b 2 — 
(b + a)(b — a), x = — (a + 6), a ^ b . 


A 


a 


a 


2 


a — (a + 6 ) £ 

VERIFICATION: t 7 — r-rr = - — = ~ 

0 — (a + 0) — a a 


a 

b 


illustration: Let a = 3 and 6=8; then x - —11, and 


3-11 -8 8 1 

8 - 11 “ -3 ~ 3 “ 3 * 

8 


8-11 How do you generate the squares of integers from pairs of con- 
secutive integers? 

Possibly the first trial would be the operation of multiplication, 
but this trial proves disappointing since the product of two 
consecutive integers n(n + 1 ) = n 2 + n 7 * m 2 . Why? 

Let us try the operation of addition. 

method 1 : We note that 0 + 1 = 1, 4 + 5 = 9, 12 + 13 = 25, 
and so forth. The form 4 + 5 = 3 2 , 12 + 13 = 5 2 , 24 + 25 = 
7 2 , and so forth, suggests the generating function 2 mn + 
(m 2 + n 2 ) = (m 2 — n 2 ) 2 , where m — n = 1 and, hence, 
(m — n) 2 — 1. For example, for m = 4, n — 3, 2 mn — 24, 
m 2 + n 2 = 25, and (m 2 — n 2 ) 2 = 49. For m = 5, w = 4, 
2/wi = 40, m 2 + n 2 = 41, and (m 2 — n 2 ) 2 = 81. 

What is the relation between this generating function and 
Pythagorean triplets? 

method ii: We note that 4=4*1, 12 = 4*3, 24 = 4 * 6, 
40 = 4 • 10, and that the second factors 1, 3, 6, 10 are the tri- 
angular numbers 7* , with k = 1, 2, 3, ... . (See Appendix VII.) 
This suggests the generating function 47* + (47* + 1) = 

4 • \ k(k + 1) + 4 • \ k(k + 1) + 1 = (2k + l) 2 . 

For k = 3, we have 24 + 25 = 7 2 = 49, 
for k — 4, we have 40 + 41 = 9 2 = 81, 
for k = 5, we have 60 + 61 = ll 2 = 121. 
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8-12 Is there an integer N such that N 3 = 9k + 2, where k is an 
integer? 

With respect to the divisor 3, N can be expressed as 3m, 3m + 1, 
or 3m — 1 (alternatively, 3 n + 2) so that N 3 is, respectively, 
27m 3 , 27m 3 + 27m 2 + 9m + 1, or 27m 3 - 27m 2 + 9m - 1 
where m is an integer. 

case i: JV 3 = 9k + 2 27m 3 since, upon dividing both sides of 

the inequality by 9, the remainder on the left is 2 while the re- 
mainder on the right is 0. 

case ii : N z = 9k + 2 7* 27m 3 + 27m 2 + 9m + 1 since the 
respective remainders, upon division by 9, are 2 and 1. 

case hi: tf 3 = 9k + 2 ^ 27m 3 - 27m 2 + 9m - 1. Why? 
Therefore, the cube of an integer cannot be expressed in the form 
9k + 2, where k is an integer. 

Challenge Is there an integer N such that N 3 = 9k + 8? 

N 3 = 9k + 8 = 9(k + 1) - 1. Hence, if N = 3m - 1, 
N z is of the form 9r — 1 where r = 3m 3 — 3m 2 + m, 
and, of the form 9k + 8 where r — k + I. 

illustration: N = 5 N 3 = 5 3 = 9 * 13 + 8 = 125. 
Here iV = 3 • 2 — 1 so that m — 2. If N = —4, then 
AT 3 = (— 4) 3 = 9(— 8) + 8 = -64. Here N = 3(— 1) - 
1 so that m = — 1 . 

8-13 Let S n = l n + 2 n + 3 n + 4 n , and let Si = 1 + 2 + 3 + 4 = 
10. Show that S n is a multiple of Si for all natural numbers n, 
except n = 4k where k = 0, 1, 2, . . . . 

We verify directly that Si = 10, S 2 = 30 = 3Si, S 3 = 100 = 
lOSj, and S 4 = 354, which is not a multiple of Si. Note also that 
S 0 = 4 is not a multiple of Si. 

We know (Appendix I) that, when a is a positive integer, 
a , a 5 , a 9 , . . . ,a 4k+1 all have the same units digit. Therefore, 

a 4fc+2 TDa 2^ a 4*+3 TD fl3^ an( j fl4*+4 XDa 4 

It follows that S 4 *+r = l 4 * +r + 2 4fc+r + 3 4 * +r + 4 4fc+r TD 
l r + 2 r + 3 r + 4 r = S ri where r — 1, 2, 3, 4 (or zero). Since 
we showed by direct verification that S r is a multiple of 10 for 
r = 1,2, and 3, but not for r — 4 (or zero), the conclusion is 
valid. 
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8-14 A positive integer N is squared to yield N j, and Nj is squared to 
yield N 2 . When N 2 is multiplied by N the result is a seven-digit 
number ending in 7. Find N. 

This problem seems difficult, but it is really quite easy. From the 
given conditions, the seven-digit number is N 5 . We know (see 
Appendix I) that the units’ digit of N 5 is the same as that of N, 
so that N ends in 7. 

Since 7 5 < 10 5 = 100,000, we conclude that N ^ 7. There- 
fore, N has two digits. (Why not three digits, or more?) We must 
decide between 17, 27, 37, and so forth. 

Since 30 5 = 24, 300,000, N is less than 30. The choice is now 
narrowed to 17 or 27. The selection of 17 is based on the fact that 
the difference between 30 5 and 9,999,999 is very much greater 
than the difference between 9,999,999 and 20 5 . 

The answer 17 is unique; it can be verified by actual com- 
putation. 


8-15 Let f = mx + ny, where m, n are fixed positive integers , and 
x, y are positive numbers such that xy is a fixed constant . Find the 
minimum value of f. 

Since m , n are fixed and xy is fixed, ( mx)(ny ) = (mn)(xy) is a 
fixed quantity. We now use the theorem that, if the product of 
two numbers is constant, the minimum sum occurs when the 
numbers are equal. (See Appendix III.) Therefore, minimum / 

occurs when mx = ny: that is, when - = — * 

* y m 

illustration 1: Let m = 5, n = 3, xy = 60. Therefore, x:y = 

*2 = 36> x = 6, y = 10 .-./(min) = 5 - 6 + 3 - 10 = 60 
illustration 2. Let m = 5, n = 3, xy = 100. 

/(min) = 5V60 + 3 (^) = 10\/66 



Diophantine Equations: The Whole Answer 139 


9 Diophantine Equations: 
The Whole Answer 

9-1 A shopkeeper orders 19 large and 3 small packets of marbles , all 
alike . When they arrive at the shop , he finds the packets broken 
open with all the marbles loose in the container . Can you help the 
shopkeeper make new packets with the proper number of marbles 
in each , if the total number of marbles is 224? 

Represent the number of marbles in a large packet by L and the 

number in a small packet by 5. Then 19Z, + 35 = 224, 5 = 74 — 

2 — L 2 — L 

6 L + — r — . Since 5 and L are positive integers, — r — must be 

J 2 — L * 

an integer. If L = 2, not a likely value, — r — = 0; otherwise 

2 — L 2 — L * 

— j — is negative. Let us put — ^ — = — k so that L = 2 + 3 A;. 

Since 74 — 6L + - -g — >0, 74 > 6(2 + 3*) + * so that 

k < 3. Also, 5 = 74 - 6(2 + 3k) — k = 62 - 19*. Since 

L > 5, 2 + 3k > 62 — 19* so that k > 2. Since 2 < k < 3, 

k = 3. Therefore, 1 = 2 + 3*= 11 and 5 = 62 — 19* = 5. 

The values L = 11, 5=5 satisfy the conditions of the 

problem uniquely. 

9-2 Find the integral solutions of 6x + 15y = 23. 

method i: The left side of the equation is divisible by 3, but the 
right side is not. Hence, no solutions in integers. 

method ii : Suppose you overlooked the quick method. A formal 

5 _ 3 y 

procedure yields x = 3 — 2y + — - — . To insure the integral 

5 — 3 y 0 5 — 3 y 

nature of x, — ^ — must be an integer. Letting / = — ^ — > 

we obtain y — | — 2t. Since t is an integer, y cannot possibly 
be integral. 



140 SOLUTIONS 


Challenge 1 Solve in positive integers 13x + 21y = 261. 

x = 20 — y — 8> \. 1 . Let t = . - - - so that y — 

, 5/ + 1 ¥ . 13 Sr + 1 J 3 . , 3.-1 

t H * — . Let u = — * — so that / = u H < — 

_ 8 3« - 1 - 8 . 2 d + 1 _ 5 

Let v - — - — so that u = v H - — . Let w = 

2t? -|- 1 , w - 1 

— - — so that v — w H - — 

Since x and y are integers, each of t, w, v , and w is an 
integer. When w — 1, we have in succession v = 1, 
u = 2, t = 3, y = 5 f and x = 12, obtained by sub- 
stituting back into the equations given. 

The pair x = 12, y = 5 satisfies the given equation. 
We now show that the solution is unique. Obviously 

21y < 261 so that y < 12. But y = — -, so 

llu; — » ^ 

— - — < 12, 13w <27, w < 2. But w must be odd. 

Therefore, the only permissible value is w = 1 and, 
consequently, there is only one value for y. 

9-3 A picnic group transported in n buses ( where n > 1 and not prime) 
to a railroad station , together with 1 persons already waiting at the 
station , distribute themselves equally in 14 railroad cars . Each bus , 
nearly filled to its capacity of 52 persons , carried the same number 
of persons . Assuming that the number of picnickers is the smallest 
possible for the given conditions , find the number of persons in each 
railraod car . 

Represent by x the number of persons carried by each bus, and 
by y the number of persons in each car. Then nx + 7 = 14 y. 
Neither x nor n can be an even integer. Since n 7, we can try 
x — 49, which is a multiple of 7 and close to 52. With this value 

1 7/? 

for x we have y = -z + -r . Since n must be odd and n > 1 

^ ^ 1 63 

and n is neither 3 nor 5 nor 7, we try n = 9. Then y = r + y = 

32. Check 14 X 32 = (49 X 9) + 7. 

9-4 Find the number of ways that change can be made of $1.00 with 
50 coins ( U.S . ). 
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Let xi represent the number of 5W pieces, 
x 2 represent the number of 25<S pieces, 
x z represent the number of l(Hf pieces, 

*4 represent the number of 5 i pieces, 
x 5 represent the number of H pieces. 

First we show that x 1 — 0, for if = 1, then the remaining 
50i of the $1.00 must be the value of 49 coins, an impossibility. 
And certainly xi cannot exceed 1. The number of pennies jc 5 = 
50 — (x 2 + x z + x 4 ). 

equation 1 : 25*2 + 10*3 + 5x 4 + 50 — (jc 2 + jc 3 + jc 4 ) = 100 

EQUATION 2: 5x 2 + 2*3 + *4 — ^ (x 2 + *3 + x 4 ) = 10 

We now make three observations. In every case the value of 
any coin used must be a multiple of 5. (See Equation 1.) The value 
of 25 x 2 + 10*3 + 5x 4 exceeds 50 so that the value of 50 — 
(x 2 + jc 3 + x 4 ) is less than 50. (See Equation 1.) x 2 + x 3 + x 4 
is a multiple of 5. (See Equation 2.) 

In tabular form the possibilities are shown below. 


Kind 

Number 

Value 

Kind 

Number 

Value 

x& (K) 

45 

45 

x& (10 

40 

40 

*4 (5 i) 

2 

10 

*4 (50 

8 

40 

x 3 (100 

2 

20 

x 3 (100 

2 

20 

* 2 (250 

1 

25 


50 

100 


50 

100 





9-5 Let x be a member of the set {1, 2, 3, 4, 5, 6, 7}; y, a member of 
the set {8, 9, 10, 11, 12, 13, 14}; and z, a member of the set 
{15, 16, 17, 18, 19, 20, 21}. If a solution of x + y + z = 33 is 
defined as a triplet of integers , one each for x, y, and z taken from 
their respective sets , find the number of solutions . 

When z — 21, x + y — 12; that is, 1 + 11, 2 + 10, 3 + 9, 
or 4 + 8, four combinations. Similarly, when z = 20, the number 
of combinations for x + y is 5 ; when z = 19, the number of 

combinations for x + y is 6; when z = 18, the number of 

combinations for x + y is 7; when z = 17, the number of 

combinations for x + y is 6; when z = 16, the number of 

combinations for x + y is 5; and when z = 15; the number of 
combinations for x + y is 4. In all, there are 37 possibilities. 
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9-6 Rx, R 2 , and R 3 are three rectangles of equal area . The length of R x 
is 12 inches more than its width , the length of R 2 is 32 inches more 
than its width , a/iz/ /Ae length of R 3 w 44 mcAes more fAa/z wzV//A. 

If all dimensions are integers , find them . 

Let o = Ait* and let w = k 2 u> where w, v, w represent, in inches, 
the widths of R u /* 2 > and R 3 , respectively. Then 

u(u + 12) = kiu(kiu + 32) = k 2 u(k 2 u + 44), 

.\ki 2 u 2 + 32kiu = k 2 2 u 2 + 44k 2 u. 

(ki 2 - k 2 2 )u 2 = (44* 2 - 32*x)w, u^Q 
Ukt - 32 ki 6 38 

* * U ” *i 2 - *2 2 “ An - *2 *i + k* 

Let *i = ^ and let k 2 = *i + * 2 = ^ » *i — *2 = 

ad iJ* • We choose ad + Ac = 38 and ad — be = 2. (Why 

not 6?) a*/ = 20 = 10 - 2 = 5 • 4 and Ac = 18 = 9*2 = 6*3 = 
18* 1. 

Since 0 < *1 < 1, 0 < k 2 < 1, we have 


a 

d 

b 

c 

ki 

k 2 

W 

V 

w 

5 

4 

6 

3 

5 

6 

3 

4 

48 

40 

36, accept, 

5 

4 

18 

1 

5 

18 

1 

4 

72 

20 

18, reject, 

10 

2 

18 

1 

10 

18 

1 

2 

144 

80 

72, reject. 


Therefore, the dimensions are 48 and 60, 40 and 72, 36 and 80. 

9-7 Given x 2 = y + a and y 2 = x + a where a is a positive integer , 
find expressions for a that yield integer solutions for x and y. 

x 2 — y + a, y 2 — x + a 9 so x 2 — y 2 = 3 ? — x. Therefore, 
(x - >>)(x + y) + (x - y) = 0, (x - >>)(x + y + 1) = 0. Thus, 
x — y or x = — 1 — y. Therefore, either y 2 — y — a = 0 

giving ^ , ory+j>+I— a = 0 giving y = 

-1 ± V4a - 3 < 

2 

For y to be integral, y/\ + 4 a = In + \ and y/4 a — 3 = 
2m — 1. Thus, a — n 2 + n = /i(n +1), /z = 0, 1, 2, . . . , or 
a — m 2 — m + 1= m(m — 1) + 1, m = 1, 2, 3, ... . 
query: Do these values of a give independent solutions? 
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9-8 A merchant has six barrels with capacities of 15, 16, 18, 19, 20, and 
3 1 gallons. One barrel contains liquid B, which he keeps for himself 
the other five contain liquid A, which he sells to two men so that the 
quantities sold are in the ratio 1 : 2. If none of the barrels is opened , 
find the capacity of the barrel containing liquid B. 

The key to the solution of this problem is to think in terms of the 
excesses over 15 gallons. Thus, the capacities are 15 + 0, 15 + 1, 
15 + 3, 15 + 4, 15 + 5, 15 + 16 (= 30 + 1). He cannot keep 
any barrel with an even excess over 15. (Why?) This leaves only 
the three possibilities 15+1, 15 + 3, 15 + 5, which we try 
in turn. 

We find that the liquid B barrel has capacity 20 gallons, and 
that the merchant sells 33 gallons (15 + 18) to one man and 
66 gallons (16 + 19 + 31) to the other man. 


9-9 Find the number of ordered pairs of integer solutions (x, y) of the 
equation - + - = - , p a positive integer. 

I + \ = \ , py + px = xy, xy - py - px + p 2 - p 2 = 0, 
(x - p)(y - />) = p\ 

Let d i, d 2 , . • . , d n be the n positive divisors of p 2 . 

p 2 

Then x - p = d u i = 1,2, . . . ,n, y - p = , 

p 2 

and x — p = —di, y — p = — ~r , yielding In solutions from 

“* 

which we must exclude the case x — p = —p, y — p = —p, 
since these imply x = 0, y = 0. Therefore, there are In — 1 
solutions where n is the number of positive divisors of p 2 . 

illustration: ” + “ = \ where 6 2 = 36 has the nine positive 

divisors 1, 2, 3, 4, 6, 9, 12, 18, 36. The number of pairs of integral 
solutions is 2 * 9 — 1 = 17. To find the solutions, solve the 

4- n2 

18 pairs of equations x — p = y — p = — — • The set 

x — 6 = —6, y — 6 = —6 yields the unacceptable solution 
x = 0, y = 0. The solution pairs are (7,42), (8,24), (9, 18), 
(10, 15), (12, 12), (2, -3), (3, -6), (4, -12), (5, -30), and the 
inverse pairs. The pair (12, 12) is self-inverse so that the total 
number of solutions is 17. 
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9-10 Express in terms of A the number of solutions in positive integers 
of x + y + z = A where A is a positive integer greater than 3. 

Consider the following triples (x, y, z): when* = 1,(1, 1,^4 — 2), 
(1, 2, A — 3), . . . , (1, A — 2, 1), are the A — 2 possible solu- 
tions. When x = 2, (2, 1, A — 3), (2, 2, A — 4), . . . , (2, A — 3, 

1), are the A — 3 possible solutions. When x — 3, (3, 1, A — 4), 

(3, 2, A — 5), . . . , (3, A — 4, 1), are the A — 4 possible solu- 

tions. . . . When x = A — 2, (A — 2, 1, 1), is the only possible 
solution. Therefore the total number of solutions is 1 + 2 + 

h (A - 2) = \ (A - 2)(A - 1). [See Appendix VII.] 

illustration: For A = 6, the solution triplets are (1,1,4); 
(1, 4, 1); (4, 1, 1); (1, 2, 3); (1, 3, 2); (2, 1, 3); (2, 3, 1); (3, 1, 2); 
(3,2,1); (2,2,2); ten triplets. Here we have used only 1, 1, 
2k — 2 and 1, 2, 2k — 3. The triplets 1, 3, 2k — 4 and 1, 4, 
2k — 5 yield no new solutions. 

9-11 Solve in integers ax + by = c where a, b, and c are integers , 
a < b, and 1 < c < b, with a and b relatively prime. 

We solve the problem for selected values of c, a, and b . 

First we show that if x = x 0 and y — y Q is a solution of 
ax + by = c where a and b are relatively prime, then the equa- 
tions x — x 0 — bt and y = y 0 + at (where t — 0, ±1, ±2, . . .) 
give all the solutions. 

proof: (1) We have ax + by = c and ax 0 + by 0 = c . 

(2) Therefore, ax — ax 0 + by — by 0 = 0, and so y — y 0 = 

l (*0 - *)• 

(3) Since y — y 0 is an integer, and since (a, b) = 1 (that is, the 
greatest common divisor of a and b is 1), then b must divide 
xq — x; that is, x 0 — x = bt where t is an integer. 

(4) Therefore, x = x 0 — bt and y — y 0 = - • bt = at, and so 
y = yo + at. 

The proof is completed by showing that if t = t u then xi = 
x 0 — bt i and yi = yo + at x are solutions. 

(5) Substitute xi and y x into the left side of the equation ax + 
by = c. We have ax x + by x = a(x 0 — bt\) + b(y 0 + at x ) = 
ax o + byo — abt x + abt x = ax 0 + Since ax 0 + by 0 — c 
(from step 1), ax x + by x = c, and so the pair (*i,yi) is a 
solution. 
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case i: 5x — 11 y = 1 (Euclidean Algorithm) 

Since 11 — 5*2+1 and 5 = 1 * 4 + 1, we have 1 = 5 — 4*1 
(from the second equation) and 1 = 5 — 4(11 — 5 - 2), (replac- 
ing 1 by 11—5*2 from the first equation). Therefore, 1 = 
5*9— 11*4. Comparing this equation with the given equation 
1 = 5x — 1 ly, we have x = 9 and y = 4 as a solution. 

Hence, x = 9 + lit and y = 4 + 5/, t = 0, ±1, ±2, . . . , 

comprise all the integer solutions of the given equation. 

case i : 5x — 11 y = 1 (Permutations) 

Rearrange the sequence of integers 1 through 1 1 so that integer n 
is associated with n + 5 when n + 5 < 11, and with n + 5—11 
when n + 5 > 11, as shown in the two rows below. 

Upper Row (natural order) 1234 5 6 789 10 11 

Lower Row (permutation) 6789 10 11 123 4 5 

Start with 5 (since a — 5) in the upper row, go to 10 in the 
lower row, then to 10 in the upper row, to 4 in the lower row, and 
so forth, until you reach 1. You will obtain the sequence 5, 10, 
4, 9, 3, 8, 2, 7, 1, nine terms in all. Therefore, x = 9, and, from 
the given equation, we find y = 4. The general solution is x = 
9+11/ and y = 4 + 5/, / = 0, ±1, ±2, .... 

case ii : 5x — 1 ly = 3 

= 1. Let x = 3 A" and.y = 3 7,so that 5*- 117 = 1. 

From Case I we have AT = 9 + 11/ and 7=4+5/. Therefore, 
x = 27 + 33/ and y — 12 + 15/, / = 0, ± 1, ±2, .... 

case iii: 5x — lly = 25 

Rewrite the equation as 5x — ll(j> + 2) = 3 and let x = 3X 
and y + 2 = 3 7. Thus, 5 X — 117= 1. From Case I we have 
X = 9 + 11/ and 7=4 + 5/. Therefore, jc = 27 + 33/ and 
y = 37- 2 = 10 + 15/, / = 0, ±1, ±2, . . . . 

case iv: 13* — 9y = 1 

Rewrite the equation as 4x — 9 (y — x) = 1. 

Let x = X and let y — x = 7 so that 4X —97=1. 

Since 9 = 4 • 2 + 1 and 4 = 1*4, then 1 = 4(-2) - 9(- 1). 
Therefore, X = — 2 and 7 = —1 is a solution. Therefore, the 
general solution is X — —2 + 9/ and 7 = — 1 + 4/. Therefore, 
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the general solution to the given equation is x — —2 + 9 1 and 
y — — 3 + 13/, t = 0, ± 1, ±2, . . . . 

case iv : I3x — 9y = 1 (alternative solution) 

Upper Row 123456789 
Lower Row 567891234 

The sequence is 4, 8, 3, 7, 2, 6, 1. Using the method shown in the 
second solution of Case I, associate n with n + 4 when n + 4 < 
9, and with n + 4 — 9 when n + 4 > 9. Since there are seven 
terms in the sequence, x = 7 + 9k, y = 10 + 13 k 9 k = 0, 
±1, ±2, .... 

Reconcile the answers given here with those given under 
the first solution for Case IV. 


10 Functions: A Correspondence 
Course 

10-1 Let f be defined as f(3n) = n + f(3n — 3) when n is a positive 
integer greater than 1, and f(3n) = 1 when n — 1. Find the value 

of my 

Rewrite / as /(3«) — /(3« — 3) = n and use “telescopic” 
addition. 

/(3«) - f(3n - 3) = n 

f (3a? — 3) — f(3n — 6) — /j — 1 

m - /(3> * i 

We thus obtain f(3n) — /(3) = 2 + 3 + • • • + «, so that 
f(3n) = 1+2 + 3 + *** + /j = | n(n + 1) since /(3) = 1. 
(See Appendix VII.) 

/(1 2) = /(3 • 4) = ^ (4)(5) = 10 
comment: Note that / is a triangular number. (See Appendix VII.) 
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Challenge Define f to be such that f(3n) = n 2 + f(3n — 3). Find 

Using the method shown in the solution above, obtain 

/(3n) = | n(n + 1)(2 n + 1). 

Therefore, /(15) = | (5)(6)(11) = 55. 

comment: Note that / is the sum of the first n square 
integers. (See Appendix VII.) 

10-2 If f is such that f(x) = 1 — f(x — 1), express f(x + 1) in terms 
of f(x - 1 ). 

Since f{x) = 1 ~f{x- 1), fix + 1) = 1 - fix). 

Therefore, /(* + 1) = 1 — [1 — fix - 1)] = fix - 1). 

10-3 Let f = ax + b, g = cx + d, x a real number , a, b, c, d real 
constants . (a) Find relations between the coefficients so that f(g) is 
identically equal to x; that is, f(g) = x, and (b) show that , when 
f(g) = x, f(g) implies g(f). 

(a) fig) - aicx + d) + b = acx + ad + b = x. 

.\ac = 1 , ad + b = 0, or b = — ad. 

(b) gif) = ciax + b) + d = acx + be + d. 

Since ac = 1 and b — —ad, 

acx + be + d = x + ci—ad) + d = x — d + d = x. 
Therefore, [fig) = x] => gif). (The symbol => is read “implies.”) 

10-4 If fix) = — x n (x — l) n , find f(x 2 ) + f(x)f(x + 1). 

fix 2 ) = -x 2n ix 2 - 1)”, and fix + 1) = -(x + l) n (jc)". 
Therefore, f(x 2 ) + f(x)f(x + 1) = 

-x 2n (x 2 - 1)" - x”(x - l)"[-(x + l)"x n ] = 0 

10-5 The density & of a fly population varies directly as the population N, 
and inversely as the volume V of usable free space. It is also de- 
termined experimentally that the density for a maximum population 
varies directly as V. Express N ( maximum ) in terms ofW. 

d = = k z p where k u k 2 , k z are positive constants. There- 

fore, N — — . Since cf(max) = k A V, Mmax) = -ir— = kV 2 

K 3 K 3 

where k = 7 ^ • 
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10-6 Given the four elementary symmetric functions fi = Xi + x 2 + 

X3 + X 4 , f 2 = X t x 2 + X2X3 + X3X4 + X4X1, f 3 = XjX 2 X 3 + 

x 2 x 3 x 4 + X 3 X 4 X! + X 4 X!X 2 , f 4 = X X X 2 X 3 X4, express S = + 

ill Xl 

“ + - + terms of( u f 2> f 3 , f 4 . 

5 _ xtXzXj + *3*4*1 + X4X1X2 + *1x2*3 _ h 
X 1 2*3*4 / 4 


10-7 Let f(n) = n(n + 1) where n is a natural number . Find the values 
of m and n such that 4f(n) = f(m) where m is a natural number . 

Assume 4 f(n) = f(m ), or 4 n(n + 1) = m(m + 1). Then 
4n 2 + 4n = m 2 + m, 4 n 2 + 4n + 1 = m 2 + m + 1, (In + l) 2 = 
m 2 + m + 1. But m 2 + m + 1 cannot be the square of an inte- 
ger. Therefore, there are no natural numbers m and n such that 
4/(«) = f{m). 

interpretation i: We may say that the product of two successive 
natural numbers cannot be equal to four times the product of 
some other pair of successive natural numbers. 
interpretation 11 : Since 

(4/00 = /("!» => (4 • ^ /(«) = \ f(m)j 

=> (4 • i n(n + 1) = | m(m + 1>) , 

and since ^ k(k + 1) represents the sum of the first k natural 

numbers (see Appendix VII), we may say that the sum of a 
given number of natural numbers starting with 1 can never equal 
four times the sum of some other number of natural numbers 
starting with 1. Try it! 


10-8 Find the positive real values of x such that x ixT) = (x x ) z . 

Taking logarithms of both sides of the equality to some suitable 
base, we have x* log x = x log x* = x 2 log x. Therefore, 
(x* — x 2 )logx = 0. When logx = 0, x = 1, and when 
x* — x 2 = 0, x = 2. 

comment: The equation x x — x 2 = 0 is also satisfied by x = 1, 
a value we already have. 
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10-9 If x = 3 + — — r and y = 3 H — : — , find the value of 

3 + - 3+— 5-r 

x ,4.1 

|x — y|. + y 

1 x 

The equation x = 3 H j is equivalent to x = 3 + 5 

3 + ^ 

x^O, and this equation, in turn, is equivalent to 3x 2 + x — 
9x + 3 + x which, when simplified, becomes x 2 — 3x — 1 = 0. 
Similarly, the equation for y can be converted to the equivalent 
equation y 2 — 3y — 1 =0. We may represent either of these 
equations by t 2 — 3t — 1 = 0, using the neutral letter /. One 

root of this equation is 3 . Therefore, each of x and y is 

the fraction expansion of this root so that |x — y\ = 0. 

3 + vT 3 6 + \/l3 - 3 , ^ 

verification: x = z — = z (replacing 3 by 6 — 3) 


verification: x = — 

, 3+^-3 + 


y/13 - 3 


since fraction ^ ^ 


2 2 yn + 3 

J 2(yT3 + 3) \ s,nce yT3 - 3 yT3 - 3 ' y/B + 3 


2(yT3 + 3) 
4 


= 3 + \/TJ + 3 = 3 + 1 ( Si 


2(Vn + 3) ' 
4 


VT3 + 
2 


- I since x = 


3 + vn 


this manner, we obtain x = 3 + 


) . Continuing in 


In a similar manner, we 


develop^ = 3 + 


3+ ; 


Challenge Express 3 ~^~ 2 V '* 3 as an ( infinite ) continued fraction. See 
Problem 10-10. 


3 + vT5 


= 3 + 


This is obtained by operating in the manner shown in the veri- 
fication section above. 
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10-10 Assuming that the infinite continued fraction 


2 + 


2 + 


2 + 


represents a finite value x, find x. ( Technically , we say the infinite 
continued fraction converges to the value x.) 

2 

x = 2 x , x 2 + 2x — 2 = 0, x = \/3 — 1. We reject the value 
x = — \/3 — 1, since the original fraction is not negative. 

Challenge 1 Assuming convergence , find 

y = “2 + *-5 


-2 + 


-2 + 


-2 + 


2 

method i: y = —2 + - , y 2 + 2y — 2 = 0 , 
y = — -v /3 - 1 

. , 2 

METHOD II : = — 2 H = 


-2 + 


-2 + 


-2 + 


— 2 — x = —2 — \/3 + 1 = — \/3 - 1 
note: x has the value stated in Problem 10-10. 


10-11 Find lim F; that is , the limiting value of F as h becomes arbitrarily 

i 1 V3 h — a/3 « ^ 

c/ose to zero where F = , h ^ 0. 

p a/ 3 -f- h — \/? ^ \/3 + A + a/? _ h 

h \/3 -(- h -|- \/3 A[a/3 -|- h -h \/3] 

= V 3 + 1 + V3 • Therefore - F = viTvt = 2^r 

x a — 1 

10-12 Find the limiting value of F = _ ■ , x ^ 1, where a is a positive 

integer, as x assumes values arbitrarily close to 1; that is, find 
lim F. 

X — ► 1 

„ X° - 1 ( X - DC**- 1 + +••+*+ Q 

F X - 1 x - \ 

= x-- 1 + Jt°“ 2 + ••• + *+ 1, X ^ 1. 

Therefore, lim F=l + l + - - ' + l + l=<i. 

X— >1 
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illustration: Let F = 


** - 1 


* - l 


(x - \)(x 2 + X + 1) 

X - 1 


- * 2 + 


r+l,r^0. As x takes values arbitrarily close to 1, x 2 + x + 1 
approaches arbitrarily close to 3. 

We invoke the help of a geometric picture, Fig. S10-12. 

The graph of F is the parabola y — x 2 + x + 1 with the point 
common to x = 1 deleted. As we approach arbitrarily close to 
x — 1 along the x-axis, we come arbitrarily close to y = 3 along 
the y-axis. 



S10-12 


x“ — 2“ 

10-13 If n is a real number, find lim — -r- in terms of n; that is, the 

x—*2 x 1 

x tt _ 2 tt 

limiting value of _ 2 as x approaches arbitrarily close to 2. 


Let F — 


x n - 2" 
x -2 


1 


lim F — lim 

x—*2 h—*0 

= 2 n_1 lim 

h-tO 


(!)•- 

(1 - >)£ ' 

(1 + A )» - 1 2"" 1 
h ’ 1 

(l +nh + n( " 1 ~ 2 1 } h* + 


Let \ = 1 + h. Then 


•)- 


(See Appendix VI.) 


= 2 B_1 lim (n + ” ( ” , 1} A + •••)= n • 2 n_1 . 


10-14 ,4 function f is defined as 



1 when x = 1, 

2x — 1 + f(x — 1) when x > 2, x an integer . 
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Express f as the simplest possible polynomial. 

We have/(2) = 2 • 2 - 1 + 1 = 2 2 ,/(3) = 2 • 3 - 1 + 2 2 = 
3 2 . Let us guess / = jc 2 , and try to prove the result by mathe- 
matical induction. 

(1) We have/(l) = l 2 = 1. 

(2) Assume f(k) = 2k - 1 +f(k - 1) = k 2 . 

(2k+l) + 2k-l +f(k - 1) = (2* + 1 + k 2 ). 

• ■2 (* + 1) - 1 + [2k - 1 +f(k - 1)] = (k + l) 2 ; 
that is, 2(k + 1) - 1 +/(*) = (k + l) 2 - 
By definition, f(k + 1) = 2 (k + 1) — 1 + f(k). 

Therefore, f(k + 1) = (k + l) 2 , and so the guess is valid. 


11 Inequalities, More or Less 


11-1 Let P = — l)(j~ — l)Q — l) where a, b, c are positive 

numbers such that a + b + c = 1. Find the largest integer N 
such that P > N. 


'-G-0G-0G-0 

/> = i - (i + i + i) + G + J + ;) - 

Since — + j- + \ ™ and a + b + c 

ac ' be ' ab abc 


P = 


abc 


± + a + i + i)- L 

abc ' \a ' 6 ^ c) A * 



Therefore, / > = ~ + i + “ — 1. 

abc 

Since a + b + c = 1, (a + 6 + c)P = P = 
c „ + i , + c) (l + ! + !)-l. 

But (a + b + ^ > 3 2 - (See Appendix IV.) There- 


fore, P > 9 - 1 = 8. 
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11-2 Find the pair of least positive integers x and y such that 1 lx — 
13y — 1 and x + y > 50. 

The general solution to llx — \3y = 1 is x = 6 + 13r, y = 

5 + llr (see Problem 9-11) with t = 0, ±1, db2, 

To satisfy the second condition, we have x + y = 6 + 13/ + 
5 + llr = 11 + 24r. Since x+y> 50, 11 + 24r > 50, t > 2. 
Taking t = 2, the least permissible value, we have x = 6 + 
13*2 = 32 and y = 5 + 11 *2 = 27. 

11-3 Is the following set of inequalities consistent? ( Consider three 
inequalities at a time.) 

x + y < 3, —x — y > 0, x > — 1, — y < 2 

The set of inequalities x + y < 3, x > — 1, — y < 2 (the 
equivalent of y > — 2 ), determines the triangular region PxP 2 Pz- 
(See Fig. Sll-3.) The inequality — x — y > 0, or its equivalent, 
x + y < 0 , represents the set of points in the half-plane below 
the line x + y = 0 . 



The intersection of this half-plane and the triangular region 
P\P 2 Pz is the triangular region P 3 P 4 P 5 . 

Since the two triangular regions are not coincident, the set of 
inequalities is inconsistent. 

comment : The inequalities x + y < 3, x > — 1 , and — y < 2 
are consistent, and the set — x — y > 0, x > — 1 , and — y < 2 
is consistent. 

11-4 Find the set of values for x such that x 3 + 1 > x 2 + x. 
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method i: (Algebraic) 

(x 3 + 1 > x 2 + x) => [( x + \)(x 2 — x + 1) > x(x + 1)] 

Therefore, when x + 1 > 0, x 2 — x + 1 > x. 

But (x 2 — x + I > x) =* [(x — l) 2 > 0]. Therefore, x ^ 1. 
Since x + 1 > 0, x > —1. Therefore, x 3 + 1 > x 2 + x for 
x > — 1, except for x = 1. 

Stated otherwise, x 3 + 1 > x 2 + x when — 1 < x < 1, or 
when x > 1. 

method ii: (Geometric) In Fig. SI 1-4 are shown the cubic curve 
y - x 3 + 1 and the parabola y - x 2 + x for — 1 < x < 1. 

For x > 1, x 3 + 1 > x 2 + x; 
for x = 1, x 3 + 1 = x 2 + x; 
for — 1 < x < 1, x 3 + 1 > x 2 + x; 
for x < — 1, x 3 + 1 < x 2 + x. 



11-5 Consider a triangle whose sides a, b, c have integral lengths such 
that c < b and b < a. 7fa + b + c= 13 (inches), find all the 
possible distinct combinations of a, b, and c. 

Since a + b + c = 13, b + c = 13 — a. But b + c > a (the 
sum of two sides of a non-degenerate triangle is greater than the 
third side). 

Therefore, 13 — a > a so that a < 6. Since b < a, b < 6. 
Therefore, c > 1. 

Also, c < 3, for if c > 4, then a + b < 9; and when a = b 9 
a and b each equals, at most, 4. But since b > c, this is a con- 
tradiction. 

When c equals 3, a + b equals 10. Therefore, if a — b t 
each equals 5, and if a > b, then a = 6 and b = 4. 
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It follows that the possible combinations are 

a — 6, b — 6, c = 1; 
a — 6, b — 5, c — 2; 
a=6, 6 = 4, c = 3; 
a — 5, b = 5, c = 3. 

In summary, then, l<c<3, 4<6<6, 5<a<6. 


11-6 A teen-age boy is now n times as old as his sister , where n > 3^ . 

In 3 years he will be n — 1 times as old as she will be then . If the 
sister's age, in years, is integral, find the present age of the boy . 

Let s represent the sister’s age in years; then ns represents the 
boy’s age in years. 

(n — 1)(^ + 3) = ns + 3; ns — s + 3n — 3 = ns + 3; 

3n = 6 + s; n = 2 + ^ 

But n > 3^ , so 2 + | > 3^ ; that is, s > 4^ . 

Since the boy is a teen-ager, 13 < ns < 19. Substituting for n, 

13 < Is + y < 19, and 39 < s 2 + 6s < 57. 

By adding 9 to each side of the inequalities, we have 48 < 

(s + 3) 2 < 66. Therefore, 6 < s + 3 < 8, and 3 < s < 5. 

1 s 

Since s > 4- and s < 5, s = 5, and, since n = 2 + ^ » 

a 2 

n = 3~ • 

1 

Therefore, the present age of the boy, as, is 18^ years. 

11-7 Express the maximum value of A in terms of n so that the following 
inequality holds for any positive integer n. 

X" + x“- 2 + x“- 4 + + + + 

Since the sum of a positive number and its reciprocal is greater 
than or equal to 2, x + ^ > 2 and x 2 + ^ > 2. Therefore, 
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x 2 + 1 + ^ > 3. Similarly, x 3 + 75 > 2 and x 3 + x + 7 + 

75 > 4 . Similarly, x* + 7 ; > 2 and x A + x 2 + 1 + 7 ; + 7 ; > 
5. Assume that x* + x *“ 2 + • ■ ■ + ^ > k + 1, where 

fc is odd. Since x * +2 + > 2, then x * +2 + x* + x * -2 + 

' * ' + >fe+l + 2 = fc + 3. Therefore, 

A = n + 1. 

comment: The proof given makes use of Mathematical Induction. 
(See Appendix VII.) 

11-8 Find the set Ri — {x|x 2 + (x 2 — l ) 2 > |2x(x 2 — 1)|}, and the 
set R 2 = {x|x 2 + (x 2 — l ) 2 < | 2 x(x 2 — 1 )|}. 

Let / = x and g = x 2 — 1. Since (/ — g ) 2 > 0, f 2 + g 2 > 
2 fg* 

.*.x 2 + (x 2 — l ) 2 > 2 x(x 2 — 1 ) 

Since x 2 + (x 2 — l ) 2 > 0, x 2 + (x 2 — l ) 2 > |2x(x 2 — 1)|. 
Thus, Ri is the set of real numbers, and R 2 is the empty set. 


11-9 Show that F = 


13 5 
2*4*6 


T . ^ 2 4 6 

proof: Let C? = 3 " 5 * 7 ' 
Since \ < \ | < | , . . 


99 

100 < VToT 

100 

101 * 


< 


k + 1 


’ k + 1 A: + 2 * 


F < G. 

1 


. j-.o 1 2 3 99 100 1 , E- 

" F < FG ~ 2 * 3 ' 4 * * * 100 * 101 101 ’ and F < VM 


2 4 6 

Challenge Show that p = 3 ‘ 5 ’ 7 


100 yTOl 

101 > 100 


Since | | | | , ...,F<P. 

But FP = , • • p > ^ ^/ToT 


and P > 


yioi 

101 


11-10 Which is larger y/9\ or v^lO! ? Be careful ! 

method 1 : We prove that the positive geometric mean (see 
Appendix IV) G n+ i = n ty(n + 1)! is greater than G n - \^wf, 
and, hence, a^! 0 ! > ^9!. 
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Since n \/n + 1 > "y ^, 'tynljn + 1) > n tynbi (mul- 
tiplying by B v^); that is, nJ \/(n + 1)! > *v®, 

Since n n > n! for n > 1, n > v' / nf. 

.'.r&n > n!(«!)» = («!) n , and "v® > ■97?.. 

Thus *ty(n + 1)! > n \i7?n > 97?. 

method ii : Raise both expressions to the 90th power. 

(</'9!)»° £ (^1M) 90 

(9!) 10 < (10!)® 

(9!)®(9!) < (9!)®(10)® 

9! 10 9 

This is obviously true, so we proceed to conclude that 

^9! < -vOOT. 


11-11 If x is positive , how large must x be so that \/x 2 + x — x shall 
differ from ^ by less than 0.02? 


Vx 2 + x — x — \ 


< e, so we replace .02 by e and, hence. 


solve a more general problem. 

\ - e < y/x 2 + x — x < \ + €. 


But V* 2 + * - x = Vjc2+jc + jc - 




+ 1 




+ 1 


> \ - c = > and -Jl + \ + 1 < 


1 - 2« ’ 


1+ i<l±2!. 1+ i< 


1< 8 * 
x v (1 - 2<) 2 


.X > 


(1 - 2 e ) 2 


8« 


For e = .02, x > 5.76. 


11-12 Find a rational approximation — to \fl such that 

yfl — — < -- where n < 8. 
v n 8n — 


i< 
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Since — gj < y/2 — ^ < gj , — ^ < ny/ 2 — m < | . Since 
| = .125, we list below, for n < 8, the approximate values (three 
decimal places) of ny/2 — m such that ny/2 — m < 1. 


y/2 — 1 = .414 
ly/l - 2 = .828 
3\/2 - 4 = .242 
4y/2 - 5 = .656 


5\/2 - 7 = .070 
6y/2 - 8 = .484 
7\/2 - 9 = .898 
8\/2 - 11 = .312 


From the table we find — | < 5y/2 — 7 < g . Therefore, 

1 7 1 m 7 

— < \/2 — - < so that the required — is - • 

query: Can you show that the answer is unique? 


11-13 Find the least value of (ai + a 2 + a 3 + a 4 )(“- + ~ + ~ + t) 

\ai &2 as a*/ 

where each ai, i = 1, 2, 3, 4, is positive . 

We prove more generally that 

(fli + a 2 + • - • + + T t + • • • + £) ^ »* 


where each a*, i = 1,2,..., n, is positive so that the answer to 
the given problem is 4 2 = 16. 

By definition, the harmonic mean (H.M., see Appendix TV) 


of positive numbers is H.M. — 


^ ar l 


+ fl2 1 + * * * + 






1_ 
a 2 


_n 

+ ••• + 


1_ ’ 


Since the H.M. < A.M. (arithmetic mean; 


see Appendix IV), then : < 

- + - + •** + - 
a\ a* 


fll + fli + * * • + Qn 

• I ■ I ■ ■ ■ ■ ■■■' • 

n 


Therefore, (^i + a 2 + * * * + «n) + “ + '** + > w 2 . 
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12 Number Theory: Divide and Conquer 

12-1 Let Ni = .888 . . . , written in base 9, and let N 2 = .888 . . . , 
written in base 10. Find the value of N x — N 2 in base 9. 

8 8 8 8 8 
METHOD I : Nx = ^ p + • • • = 1 ,N 2 = 75 + H g ' 

. ' . Ni — N 2 = ^ which is . 1 in base 9. 

method ii : Since N 2 = .888... in base 10, then 10N 2 = 
8.888 .... 

g 

By subtraction, 9N 2 = 8 so that N 2 = ^ * 

Similarly, since N x = .888 ... in base 9, 9N X = 8.888 . . . , 
and, again by subtraction, SN X = 8 so that N x = 1 

.-.Nx-N, = 1- 

12-2 Solve x 2 - 2x + 2 = 0 (mod 5). 

Since x 2 — 2x + 2 = 0 (mod 5), x 2 — 2x + 1 = — 1 (mod 5). 
We may now replace —1 by 4 — 5 and, then, reduce the co- 
efficients by multiples of 5. We have x 2 — 2x + 1 =4—5 
(mod 5), x 2 — 2x + 1 = 4 — 0 (mod 5), and, so, x 2 — 2x + 

1 = 4 (mod 5). Therefore, x — 1 s 2 (mod 5) or x — 1 = —2 
(mod 5). 

From x — 1 = 2 (mod 5) we obtain x = 3 (mod 5); that is, 
jc = 3 + 5*. 

From x — 1^—2 (mod 5) we obtain x = — 1 (mod 5). This may 
be modified to x = 4 — 5 (mod 5) and, consequently, x = 4 
(mod 5); that is, x = 4 + 5k . 

In either expression for x , k may have the values 0, ±1, 
±2, 

12-3 Find the positive digit divisors , other than 1, of N = 664,512 
written in base 9. 

As a general principle, it can be said that = a 0 x n + a x x n ~ l + 

* * * + a n - X x + a n is divisible by x — 1 if a 0 + a x + • * • + a n 
is divisible by jc — 1, (see proof below), where x, a positive 
integer, represents the base designated. 
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Since 6 + 6 + 4 + 5+1+2 = 24 = 8-3, N is divisible by 
8 and, hence, also by 2 and by 4. 

proof: N = a Q [(x - 1) + l] n + a x [(x - 1) + l] n_1 + • • • 

+ tfn-l[(* — 1) + 1] + <*n 

We may write a 0 [(x - 1) + l] n = a 0 A 0 (x - 1) + a 0 
where A 0 is a polynomial in x of degree rt — 1. 

Similarly, a i[(x — 1) + l]” -1 = aiA\(x — 1) + a% 9 where A\ 
is a polynomial in x of degree n — 2. And so forth until we reach 

<*n-2[(x - 1) + l ] 2 = a n - 2 An-2(X ~ 1) + fln-2 

with A n 2 of degree 1. Finally, we have 

a n ~\[(x - 1) + 1] = a n - i(x - 1) + a B -i. 

N, therefore, is the sum of a multiple of (x — 1) 
and a Q + a x + • • * + a n -\ + a n . If, then, 
a 0 + + * * * + tfn-i + a n is divisible by x — 1, 

then so is N. 

note: There may be other digit divisors in special cases. For 
example, M = 664,422 in base 9 has an additional divisor of 5. 
Show that an additional divisor of 5 occurs whenever the base 9 
number is divisible by 1 1 in base 9. (See Appendix V.) 

12-4 Find all the positive integral values of n for which n 4 + 4 is a 
prime number . 

« 4 + 4 = /i 4 + 4« 2 + 4 — 4« 2 = (« 2 + 2« + 2)(rt 2 — 2rt + 2) 
For n — 1, rt 4 + 4 = 5 • 1, a prime. 

For rt > 1, « 2 + 4 is composite since it has the two factors 
« 2 + 2rt + 2 and « 2 — 2/i + 2, each greater than 1. 

Hence, rt 4 + 4 is prime only for n = 1. 

12-5 Let B a = x a — 1 and let Bb = x b — 1 with a, b positive integers . 
If By = X' - 1 is the binomial of highest degree dividing each of 
B a and Bb, how is y related to a and b ? 

Obviously, y divides both a and b because if a = ya\ and a x is 
an integer, then x® — 1 = x ya ' — 1 = (a*)* 1 — 1, which is 
divisible by x? — 1. A similar argument follows for b = yb i. 
Thus, the maximum value of y is the greatest common factor of 
a and b s or y = (a, b ). 
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illustration: Let a = 9 and b = 6. Then y = (9, 6) = 3. 
verification: B a = x 9 — 1 = (x 3 ) 3 — 1 

= (x 3 - l)(x 6 + x 3 + 1) 

B b = x 6 — 1 = (x 3 ) 2 - 1 
= (x 3 - l)(x 3 + 1) 

B a and B b are each divisible by B v = x 3 — 1. 

12-6 If f(x) = x 4 + 3x 3 + 9x 2 + 12x + 20, and g(x) = x 4 + 

3x 3 + 4x 2 — 3x — 5, find the Junctions a(x), b(x) of smallest 

degree such that a(x)f(x) + b(x)g(x) = 0. 

Since /(x) = x 4 + 3x 3 + 9x 2 + 12x + 20 

= x 4 + 3x 3 + 5x 2 + 4x 2 + 12x + 20 

= x 2 (x 2 + 3x + 5) + 4(x 2 + 3x + 5), 
and since g(x) = x 4 + 3x 3 + 4x 2 — 3x — 5 

= x 4 + 3x 3 + 5x 2 - (x 2 + 3x + 5) 

= x 2 (x 2 + 3x + 5) — (x 2 + 3x + 5), 
f{x) = (x 2 + 4)(x 2 + 3x + 5), 
and g(x) = (x 2 — l)(x 2 + 3x + 5). 

b(x) = x 2 + 4, and a(x) — — (x 2 — 1) = 1 — x 2 ; 
or b(x) = — (x 2 + 4), and a(x) = x 2 — 1, 

since (1 — x 2 )(x 2 + 4)(x 2 + 3x + 5) 

+ (x 2 + 4)(x 2 - l)(x 2 + 3x + 5) = 0, 

and (x 2 — l)(x 2 + 4)(x 2 + 3x + 5) 

- (x 2 + 4)(x 2 - l)(x 2 + 3x + 5) = 0. 

comment 1: Obviously, if fix) and g(x) are relatively prime, 
then a(x) = — g(x) and bix) = fix), or a(x) = g(x) and 
bix) = -fix). 

comment 2: In general, if fix) = Dfx)Qix) and g(x) = 
D 2 ix)Qix), then a(x) = D 2 (x) and bix) = —Dfx), or the 
respective negatives. 

12-7 Find the smallest positive integral value of k such that kt + 1 
is a triangular number when t is a triangular number. (See 
Appendix VII.) 

Since a triangular number t is of the form | n(n + 1) where n 
is a natural number, and since we require that kt\ + 1 = h. 
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we have Ajjr(r + 1)] + 1 = | + 1). Therefore, kr 2 + 

kr + 2 = s(s + 1) = (A + 1 )(A + 2) where s is replaced by 
A + 1. Therefore, kr 2 + kr + 2 = A 2 + 3A + 2 so that 

kr 2 — A 2 and kr = 3 A. Therefore, r = j = s 3 1 * 

Since the smallest value of k is required, choose r = 1. Then 
5=4 and k = 9. 

illustration: Let t = |(5)(6) = 15; then 9/ + 1 = 136 = 
\ (16)(17). 

^ 1 
verification: Since m = 3n + 1, we have &•-«(« + 1) = 

\ (3 n + 1)(3« + 2) = ^ (9n 2 + 9n + 2) = 9 • \n(n + 1) + 1. 

Thus, k = 9. 

12-8 Express the decimal .3 in base 7. 

We have ^ = y + y + !^ + -- - where a u a 2 , a 3 , . . . are to 
be determined. To find a u multiply through by 7, thus obtaining 
3*7 21 a a 1 i 2 i ^3 i . i , a 

“io” = Io = 2 + Io = ai + T + 7 I+ "'’ 0 that “ 2 ‘ 
To find a 2 » multiply through again by 7, thus obtaining 
1*7 7 ni7 ,**3 < a 

= Ib“® 4 ~Tb =a2 ^~7~^ ,S0 ^ at ° 2 = 

Continuing in this manner, we have 

ld“ = m ==4 + Tb = * 3 + 7 + ‘“ ,S0 that * 3 = 4 > 

= = b + — = a 4 + y + ***,so that = 6. 

Thereafter, the digits repeat in cycles of 2046. 

Therefore, .3 (base 10) = .20462046 . . . (base 7). 

12-9 The following excerpt comes from Lewis Carroll's Alice’s Ad- 
ventures in Wonderland. 

“ Let me see: four times five is twelve , and four times six is 
thirteen , and four times seven is — oh dear! I shall never get to 
twenty at that rate!" 

Do you agree or disagree with the author ? 
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Here is one interpretation of the excerpt: 

4X5 (base 10) = 12 (base 18), 4X6 (base 10) = 13 (base 21), 
4X7 (base 10) = 14 (base 24), . . . , 4 X 12 (base 10) = 19 
(base 39) 

where the successive bases are in arithmetic progression. The 
next term, if we continue in this vein, should be 4 X 13 (base 
10) = 20 (base 42). However, 20 (base 42) = 84, not 52. 

If we write 4 X 13 = lw (base 42), and allow u = 10, we 
can satisfy the requirement, but if u is limited to the set 
(0, 1, 2, . . . , 9}, we cannot satisfy the requirement. 

12-10 Show that , if a 2 + b 2 — c 2 , a, b, c integers , then P = abc is 
divisible by 60 = 3-4*5. 

Let a — m 2 — « 2 , b — 2mn, c — m 2 + n 2 . Then 

P = 2mn(m - n)(m + n)(m 2 + n 2 ). 

cash i: If either m or n is even, then 4 P, where 4 P means that 4 
divides P exactly. If both m , n are odd, then m — n is even and, 
therefore, 4|P. 

case ii : If either m or n is of the form 3A;, then 3| P. 

If m — 3k + 1 and n = 3Z, + 1, then m — n = 3r so that 3|i\ 

If m = 3A: + 1 and n = 3L — 1, then m + n = 3s so that 3|P. 

Similarly for other combinations. 

case iii: If either m or n is of the form 5 k, then 5|P. 

If m — 5k + 1 and n — 5L + 1, then m — n = 5r so that 5|P. 

If m = 5k + 1 and n = 5L + 2, then m 2 + n 2 — 5 1 so that 5|P. 
For other combinations, proceed in similar fashion. 

These cases are independent and, hence, the results may be 
superimposed so that P is divisible by 3, by 4, and by 5, and, 
hence, by 3 • 4 • 5 = 60. For primes beyond 5, the reasoning 
fails. Therefore, the largest integer divisor is 60. Alternatively, 
since the greatest common factor of 3 * 4 * 5 and 5*12*13 is 
60, the largest integer divisor is 60. 

12-11 Find the integer values of x between —10 and +15 such that 
P = 3x 3 + 7x 2 is the square of an integer . 
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Since P = 3x 3 + lx 1 2 = x 2 (3x + 7) = N 2 , either x = 0, or 
3x + 7 is the square of an integer. We therefore set 3x + 7 = 
K 2 — 3(jc + 2) + 1. Since the right side of this last equality 
leaves a remainder of 1 when divided by 3, the same holds for K 2 . 
Therefore, K 2 = 3m + 1 and, in consequence, K = 3m ± 1. 
Put another way, since 3x + 7 = 1 (mod 3), F 2 = 1 (mod 3). 
For m — 0, K = ±1 and x = —2. 

For m = 1, /£ = 2 or 4 and x = —1 or 3. 

For m = 2, K = 5 or 1 and x = 6 or 14. 

Therefore, the required set is {—2, —1,0, 3, 6, 14}. 

12-12 Fmrf the geometric mean of the positive divisors of the natural 
number n. (See Appendix IV.) 

Let the divisors of n be d 0 (= 1), du • • • > dk-u dk (= n) where 

dk ~ i — » dk -2 = ^ » and so forth. Therefore, when k is even, 

G.M. = d()di * ■ dk-idk = y^n-n- n(k/2 factors), since 

k - 1 

n = d 0 dk= d x dk-\ = • • * . When k is odd there will be — j— 

factors n and one factor y/n . In either case, we have k = 
n 2 = 

illustration 1 : Find the G.M. of the positive divisors of 72. 

G.M. = ^1 • 2 • 3 • 4 • 6 * 8 • 9 • 12 • 18 * 24 • 36 • 72 
= v / 726 « v72 

illustration 2: Find the G.M. of the positive divisors of 16. 
G.M. = -^1 *2* 4* 8 16 = V\6^4 = v'P = 4 = \Zl6 


12-13 SAow /to */ P = 1-2*3*. ..-n and S = 1 + 2 + 3 + * • * 
+ n, n a natural number , then S exactly divides P if n is odd . 

proof: If « is odd we may represent it as 2k + 1. Then 


p 

S 


1 - 2 < 3 - ... (2* + 1) 

1 + 2 + 3 + * • * + (2k + 1) 

(2k + 1)! 

(2k + IX* + 1) 


(2* + D! 

1 ( 2 * + 1)<2 * + 2 ) 

(See Appendix VII.) 


But both (2k + 1) and (k + 1) are factors of (2k + 1)!. There- 
fore, S divides P. 
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P {2k) } 

If n is even we may represent it as 2k. Then « = - - > 

~ (2k)(2k + 1) 

which may or may not be an integer since 2 k + 1 is not neces- 
sarily a factor of (2A:)!. 
illustration 1: Let n = 21. 

Then P = 21! and S = \ (21)(22) = 11-21. 

Since 21! contains each of the factors 11 and 21, S divides P. 
illustration 2: Let « = 8. Then P = 8! and 5 = ^ (8)(9) = 36, 
and 8! is divisible by 36. 

illustration 3: Let n = 6. Then P = 6! and S = 21, and 6! is 
not divisible by 21. 

12-14 By shifting the initial digit 6 of the positive integer N to the end, 
we obtain a number equal to ^ N. Find the smallest possible value 
of N that satisfies the conditions . 

Let the digit representation of N be 6a 2 a 3 . . . a n so that a 2 a 3 . . . 

a n 6 = ^ (6a 2 a 3 . . . a n ). When each side of this equation is 

multiplied by 4, the terminal digit on the right is a n while the 
terminal digit on the left is 4. Thus, a n = 4. Then, the digit 
preceding 6, on the left side, is 8 since 4X4 + 2= 18, so that 
the corresponding digit on the right <*„_ i = 8. Continuing in this 
manner, we have 4 X 8 + 1 = 33 so that a n _ 2 = 3, 4 X 3 + 
3 = 15 so that a n _ 3 = 5, 4 X 5 + 1 = 21 so that a„_ 4 = 1, 
and, finally, 4 X 1 + 2 = 6 so that a n - 5 = 6. Therefore, 
N = 615,384. 

verification: ^ (615,384) = 153,846 

Of course larger values of N are obtainable by repeating the basic 
block of integers which, in this case, are 6, 1,5, 3, 8, 4. Thus, for 
example, we have 

N 2 = 615,384,615,384 or = 615,384,615,384,615,384, 
and so forth, each satisfying the conditions of the problem, since, 
for example, \ (615,384) = 153,846 and \ (615,384,000,000) = 

153.846.000. 000, and, hence, J (615,384,000,000) + \ (615,384) = 

153.846.000. 000 + 153,846; that is, 

153,846,153,846 = J (615,384,615,384). 
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Show that the general form for N is 615,384(10 6m + io 6(m_1) 
+ * * * + 10 6 + 1), where m = 0, 1, 2, 3 ... . 

12-15 Find the two-digit number N {base 10) such that when it is divided 
by 4 the remainder is zero , and such that all of its positive integral 
powers end in the same two digits as the number. 

Set N = 10a + b. Since 10a + b = 4m , b is even. The only two 
even digits whose square has the same terminating digit as the 
digit itself are 0 and 6. Hence, b = 0 or 6. 

The case 6 = 0 leads to a = 0 so that TV = 00, a trivial case, 
for, if a 0, N will terminate in 0 while its square will terminate 
in 00. 

N = 10a + 6 = 4 m, 5a + 3 = 2 m\ : .a = 1, 3, 5, 7, or 9. 

But N 2 = (10a + 6) 2 = 100a 2 + 120a + 36 = 100a 2 + 10 Od + 
lOe + 36, where we set 120a = lOOrf + lOe. Since the last two 
digits of N 2 are the same as those of N, lOe + 36 = 10a + 6, 
a = e + 3 so that a > 3. Also, 120a = 100tf + 10(a — 3), 

11a = lOd- 3, 11a < 87, a < 7. 

Try a = 3, 36 2 = 1296 (reject). Try a = 5, 56 2 =* 3136 (reject). 
Try a = 7, 76 = 5776 (accept). =16. 


12-16 Find a base b such that the number 321b {written in base b) is the 

square of an integer written in base 10. 

Since 3b 2 + 2b + 1 = N 2 , b = ~ 2 + V4 - 12 + \2N* (quad _ 

ratic for mula). Sinc e b > 4 and integral (Why?), the expression 
— 2 + y/12 N 2 — 8 > 6k with k = 4, 5, ... . The values k = 4 
and k = 5 yield non-integral values for N. For k = 6, — 2 + 
y/\2N 2 - 8 = 36 and N 2 = 121. 
verification: 321 6 = 121 10 = ll 2 


« ./• (a - b)(c - d) 5 ^ j (a — c)(b - d) 

12 ’ 17 V (b - c)(d - a) = " \>fi nd !TZ 


(a - b)(c - d) 


T (a - b)(c - d) _ (b - c)(d - a) 1 

^ ^ = /: then = = - * 


(b - c){d - a) 


(a - b)(c - d ) f 


j 1 _ (b - c)(d - a) _ 1 (a - b)(c - d) - (b - c)(d - a) 
(a - b)(c -d) 1 / (a- b){c - d) 

_ ac — be — ad + bd — bd + ab + cd — ac 
~ (a - b)(c - d) 

= (a - c)(b - d) =1 _1 = 1 ,3 = 8 
(a - b)(c - d) 1 / 1 + 5 5 
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12-18 Solve x(x + l)(x + 2)(x + 3) + 1 = y 2 for integer values of 
x and y. 

Let P = x(x + 1 )(jc + 2)(x + 3). Since the product of four 
consecutive integers is divisible by 24, we may write P = 24m 
where m = 0, 1, 2, . . . . Since P + 1 = 24m + 1 is the square of 
an integer for selected values of m, we set 

x(x + l)(x + 2)(x + 3) + 1 

= x 4 + 6x 3 + llx 2 + 6x + 1 = (x 2 + ax + l) 2 . 

By comparing the coefficients of like powers of x on both sides of 
this identity, we find a — 3. 

Therefore, y 2 = (x 2 + 3x + l) 2 so that y = x 2 + 3x + 1 
or y = — (x 2 + 3x + 1), and, hence, there are infinitely many 
solutions in integers since we may assign to x any arbitrary 
integer value. 

12-19 Factor x 4 — 6x 3 + 9x 2 + 100 into quadratic factors with integral 
coefficients . 

METHOD i: LetP - x 4 — 6x 3 + 9x 2 + 100 = x 2 (x 2 — 6x + 9) + 
100 = x 2 (x — 3) 2 + 100. If x 2 + ax + b is a factor of P , then 
a value of x such that x 2 + ax + b = 0 will also make P = 0. 
(See Appendix II.) Setting x 2 (x — 3) 2 + 100 = 0, we have 
x(x — 3) = 10/ or — 10/ where / = \J — 1. 

By subtracting 10/ from both sides of x(x — 3) = 10/, we 
have x 2 — 3x — 10/ = 0, and by adding 10/ to both sides of 
x(x — 3) = — 10/, we have x 2 — 3x + 10/ = 0. 

Using the quadratic formula on each of these quadratic 
equations, we find x = — 1 + 2/, or x = 4 + 2/, or x = 
— 1 — 2/, or x = 4 — 2/. 

So, P = [x - (-1 + 2/)][x - (-1 - 20] 

X [x - (4 + 2/)][x - (4 - 20] 
= l(x + 1) - 2/][(x + 1) + 2/] 

X [(x - 4) - 2/][(x - 4) + 20 
= (x 2 + 2x + 5)(x 2 - 8x + 20). 

METHOD II : x 4 — 6x 3 + 9x 2 + 100 
= (. x 2 + ax + 6)(x 2 + cx + d) 

= x* + (a + c)x 3 + (b + ac + d)x 2 + (be + ad)x + bd 


:.bd = 100 = 5 • 20 = 10 • 10 = 25 • 4 = 50 • 2 = 100-1 
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Try b — 5, d = 20; then ac = —16. Since, also, a + c = —6, 
a = 2 and c= -8 or a= -8 and c = 2. The factors are, 
therefore, 

(x 2 + 2x+ 5)(x 2 - 8x + 20). 

12-20 Express (a 2 + b 2 )(c 2 + d 2 ) as the stun of the squares of two 
binomials in four ways . 

(a 2 + b 2 )(c 2 + d 2 ) = a 2 c 2 + a 2 d 2 + b 2 c 2 + b 2 d 2 

= a 2 c 2 + labcd + b 2 d 2 + a 2 d 2 

- labcd + b 2 c 2 
= (ac + bd) 2 + (ad — be) 2 

note: The other three forms are obtained in a similar manner. 
They are (ac — bd) 2 + (ad + be ) 2 , (ac + bd) 2 + (be — ad) 2 9 
and (bd — ac) 2 + (be + ad) 2 , 

12-21 Observe that 1234 is not divisible by 11, but a rearrangement 
(permutation) of the digits such as 1243 is divisible by 11. Find 
the total number of permutations that are divisible by 11. 

Since divisibility by 11 requires that the difference between the 
sum of the odd-numbered digits and the sum of the even-numbered 
digits be divisible by 1 1 (see Appendix V), all permutations with 
1 and 4 as either the odd-numbered digits or the even-numbered 
digits, are divisible by 1 1 . 

The number of such permutations is 8, namely, 1243, 1342, 
4213, 4312, 2134, 3124, 2431, 3421. 

12-22 Find all integers N with initial (leftmost) digit 6 with the property 
that , when the initial digit is deleted y the resulting number is ^ 
of the original number N. 

Let N have k + 1 digits. . . N — 6 • 10* + y, where y has k 
digits. 

6 • 10* + y = 16 y 9 y — = 4 • 10* _1 , with k > 1. 

For k = 1, y = 4, N = 64. 

For k = 2, y = 40, N = 640, and so forth. 

N = 640 ... 0 with n zeros, where n — 0, 1, 2, ... . 


12-23 Find the largest positive integer that exactly divides N = 1 l k+2 + 
12 2k+1 where k = 0, 1, 2, . . . . 



Number Theory: Divide and Conquer 169 


By adding zero to the right side in the form of 1 1* • 12 — 1 1* * 12, 
we have A = 11*11 2 + 11* 12- 11* -12+ (12 2 )* • 12. 

A = 11*(11 2 + 12) + 12(144* - 11*) 

A = 11*(11 2 + 12) + 12(1 2 2 - 1 1)(144* 1 H + ll* -1 ) 

A = U*(133) + 12(133)(144*- 1 H + ll*" 1 ) 

Since 133 appears in each term on the right, A is exactly divisible 
by 133 = ll 2 + 12 = 12 2 - 11. 

Challenge 1 Find the largest positive integer exactly dividing N = 

? k+2 + gzk+i, where k = 0, 1, 2, . . . . 

Follow the solution shown above. 
answer: 57 = 7 2 + 8 = 8 2 - 7 

Challenge 2 Show in general terms that N = A k+2 + (A + l) 2k+1 , 
where k = 0, 1, 2 is divisible by (A + l) 2 — A. 

By adding zero to the right in the form of (A k (A + 1) — 
A k (A + 1)), we have 

A = A k -A 2 + A k (A + 1) - A k (A + 1) 

+ ((A + 1) 2 )*(^ + 1). 
= A k (A 2 + A + 1) + (A + 1) l((A + l) 2 )* - A k ] 
= A k (A 2 + a + 1) + (A + 1) 

X [(A + l) 2 - A][((A + l) 2 )*" 1 + • • • + A k ~ l \ 
= A k (A 2 + A + 1) + (A + 1 )(A 2 + 2A + 1 - A) 

X [((A + l) 2 )* -1 + • * • + A k ~ l \ 
Therefore, A is divisible by ^4 2 + A + 1 = (A + l) 2 — A 
since the factor A 2 + A + 1 appears in each term. 

12-24 For which positive integral values of x, if any , is the equation 
x 6 = 9k + 1, where k = 0, 1, 2, . . . , not satisfied? 

Since we are seeking multiples of 9 (increased by one), we con- 
sider those values of x that leave remainders of 0, 1, or 2 when 
divided by 3, since the second and higher powers of 3 are multiples 
of 9. 

If x - 3a + 1, a = 0, 1, 2, ... , then x 6 = (3a + l) 6 . Of 

the seven terms in the expansion of (3a + l) 6 , each of the first 

six is divisible by 9, and the last term is 1. Therefore, x 6 = 
(3a + l) 6 may be written as 9k + 1. 

If x = 3a + 2, a = 0, 1, 2, . . . , we may write x = 3b — 1, 
b = 1, 2, 3, . . . where b = a + 1. Then x 6 = (3b - l) 6 . Of 

the seven terms in the expansion of (3b — l) 6 , each of the first 
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six is divisible by 9, and the last term is 1. Therefore, x 6 — 
(3 b — l) 6 may be written as 9k + 1. 

If, however, x = 3a, a — 0, 1, 2, ... , then jc 6 — (3a) 6 , 
which, when divided by 9, leaves a remainder of 0. 

Therefore, all those values of x such that x — 3a where 
a — 0, 1, 2, . . . , fail to satisfy the given equation, and all those 
values of x such that x ^ 3a do satisfy the given equation. 

12-25 If n, A, B, and C are positive integers , and A n — B n — C n is 
divisible by BC, express A in terms of B and C {free of n). 

Using Mathematical Induction (see Appendix VII), we note that 
for n = 1, A — B — C = k x BC so that A = B + C + k x BC 
where k x is an integer constant. Assume that, for n = k, A k — 
B k + C k + k 2 BC where k 2 is an integer constant. Then, for 
n = k + 1, 

A k+ 1 = (B k + C k + k 2 BC)(B + C + k x BC) 

= B k+1 + C* +1 + (BC k + B k C + k x B k+1 C 

H - kiBC k ~^~* -f- k 2 B 2 C -f- k 2 BC 2 -f- k x k 2 B 2 C 2 ')» 

We may write 

BC k + B k C + kxtf+'C + k x BC k+1 + k 2 B 2 C 

+ k 2 BC 2 + k x k 2 B 2 C 2 = k s BC. 

,\A k+ 1 = B k+l + C* +1 + k z BC 

Hence, BC divides A k+1 — B k+1 — C* +1 so that the theorem 
is true for all natural numbers n . 

A = B + C + mBC where m is an integer constant. 

12-26 Prove that if ad — be, then P = ax 3 + bx 2 + cx + d, a p* 0 
is divisible by x 2 + h 2 where h 2 = ~ = g * 

_ ( o . b o , c , d\ t be ad 

P = a [x 3 + - x 2 + - x + -) 9 d = — , c = — 

\ 1 a a a/ a b 

i» = a [^(x 2 + ^)+^( JC 2 + ^)],and 
P = a[x(x 2 + f) + - a (x 2 + f)} 

P = a {x 2 + f ){x + 2 ), and P = a (x 2 + f)(x + £) so 
that x 2 + h 2 divides P exactly. 
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comment: We have proved, in addition, that, if ad — be , then 

— ^ is a root of ax 3 + bx 2 + cx + d — 0, a ^ 0. Hence, also, 
d . 

is a root. 

c 

illustration: P = 2x 3 + 4x 2 + 3x + 6 is divisible by x 2 + ^ ’ 
and the real root of P = 0 is —2. 

12-27 Let R be the sum of the reciprocals of all positive factors, used 
once, of N, including 1 and N, where N = 2 P-1 (2 P — 1) with 
2 P — 1 a prime number. Find the value of R. 

The factors are 1, 2, 2 2 , . . . , 2 P ~ 1 , 2 P - 1, 2(2 P - 1), ... , 
2 p-1 (2 p - l); 

O = 1 | 1 | 1 | ... | 1 | 1 

1 ' 2 ' 2 2 ' ' 2*" 1 ' 2 P — 1 

x(j+2 + 22 + ‘‘‘ + 2p-0 
2 * - 1 1 2 * - 1 2 * - 1 / 1 \ 

— 2*~ l ' 2 p — 1 2v~ l “ 2p~ 1 V ' 2 p — 1/ 

- 2P ~ 1 2P = 0 
2 n ‘ 2* - 1 

where we use the formula for the sum of the terms of a geometric 
series. (See Appendix VII.) 

12-28 Note that 180 = 3 2 • 20 = 3 2 • 2 2 • 5 can be written as the sum of 
two squares of integers , namely , 36 + 144 = 6 2 + 12 s , but that 
54 = 3 2 • 6 = 3 2 • 2 • 3 cannot be so expressed . //* a, b are 
integers, find the nature of the factor b such that a 2 * b is the sum 
of two squares of integers . 

Let a 2 b = N 2 + M 2 . 

case i: N and M even integers so that N — IK and M = 2 L. 
Then a 2 b = 4 (K 2 + L 2 ) — 4 r where r = 0, 1, 2, . . . . 

case ii: N even and M odd so that N — 2K and M = 2L + 1. 
Then a 2 b = 4(* 2 + L 2 + L) + 1 = 4r + 1. 

case iii: N and M both odd so that N = 2K + 1 and M = 
2 L + 1. 

Then a 2 b = 4(tf 2 + K + L 2 + L) + 2 = 4r + 2. 
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Therefore, when a 2 b is divided by 4, the remainders are 0 or 1 
or 2. 

In terms of its prime factors we may write a uniquely as 
a — 2 ei * 3 C2 * 5 C$ . . . (where the exponents e u e 2 , e 3 , . . . represent 
the number of times 2, 3, 5, . . . appear as factors in a y respectively). 
Therefore, a 2 = 2 2ei * 3 2c2 • 5 2 * 3 ... so that, when a 2 is divided 
by 4, the only possible remainders are 0 or 1 (since the even 
powers of odd numbers leave a remainder of 1 when divided by 
4, and the even powers of even numbers leave a remainder of 0 
when divided by 4). 

Since a 2 b does not leave a remainder of 3 when divided by 4 
(shown above), then b does not leave a remainder of 3 when 
divided by 4; that is, b ^ An + 3, where n = 0, 1,2,..., in 
order for a 2 b to represent the sum of two squares of integers. 

12-29 Show that b — 1 divides b b ~ 2 + b b ~ 3 + * * * + b + 1, and thus 
show that b 2 — 2b + 1 divides b b_1 — 1. 

proof 1 : Let N = b b ~ 2 + b h ~ z + • • * + b + 1, and interpret 
TV as a number in base b with b — 1 digits, each a 1. Thus, N is 
divisible by b — 1 since a number in base b is divisible by b — 1 
if the sum of its digits is divisible by b — 1. (See Problem 12-3.) 

Since b h ~ l - 1 = (b - 1 )(b h ~ 2 + b h ~ z + • • • + b + 1) = 
( b — 1) N, and N is divisible by b — 1, then — 1 is divisible 
by (b - l) 2 = b 2 - 2b + 1. 

proof ii : Let 

S = b h ~ 2 + b b ~ z + * * * + b + 1 

= [( b b ~ 2 - 1) + 1] + [(Z^- 3 -1)+1]+- 

+ [0 - 1) + 1] + 1 

= 0 b b ~ 2 - 1) + 0 b b ~ 3 - 1) + • • • + (b - 1) + 

1 + 1 + ••• + 1 

b - 1 

= ( b h ~ 2 - 1) + 0 b b ~ 3 - 1) + * ■ * + (b - 1) + (b - 1) 

Since each term on the right is divisible by b — 1, S is divisible 
by b — 1. The proof concludes following the reasoning given in 
the second paragraph of Proof I. 
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13 Maxima and Minima: 

Ups and Downs 

13-1 The perimeter of a sector of a circle is 12 (units). Find the radius 
so that the area of the sector is a maximum . 

Let K represent the area of the sector. Then K — ^ rs where r is 

the radius and s is the arc-length. Since r + r + s = 12, 

s = 12 — 2r, so K = \ r 02 — 2 r) = 6 r — r 2 . Therefore, 

K — 9 — (9 — 6r + r 2 ) — 9 — (3 — r) 2 (completing the square 
and factoring). K is maximum when r = 3 (units), since K equals 
9 when (3 — r) 2 = 0, or less when (3 — r) 2 ^ 0. 

13-2 The seating capacity of an auditorium is 600. For a certain per- 
formance, with the auditorium not filled to capacity , the receipts 
were $330.00. Admission prices were 15$ for adults and 25i for 
children . If a represents the number of adults at the performance , 
find the minimum value of a satisfying the given conditions . 

Let c represent the number of children. Then a + c < 600, 

and ^ a + ^ c < 150. (I) 

We know that | a + ^ c = 330. (II) 

Subtracting I from II, we find that \a> 180 and a > 360. 
Therefore, the minimum value for a is 361. 

13-3 When the admission price to a ball game is 50 cents , 10,000 persons 
attend . For every increase of 5 cents in the admission price , 100 
fewer (than the 10,000) attend. Find the admission price that 
yields the largest income . 

Represent the admission price yielding the largest income by 
50 + 5 n. Then the income, in dollars, becomes 


7 = (^ioT^) ( 10 > 000 " 200m >- 
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I = 5000 + AOOn -10 n 2 = 10[900 - (20 - n ) 2 ] so that 
/(maximum) occurs when n = 20. The required admission 
price is 50 + 5 • 20 = 150 (cents), or $1.50. 

Challenge 3 Find the admission price yielding the largest income if, in 
addition to the conditions stated in the original problem , 
there is an additional expense of one dollar for every 100 
persons in attendance . 

/ = ( " top - 5 " ) (10,000 - 200n) - (10,000 - 200n). The 
answer is 50 + 150 = 200 (cents), or $2.00. 


13-4 A rectangle is inscribed in an isosceles triangle with base 2b (inches) 
and height h (inches), with one side of the rectangle lying in the 
base of the triangle . Let T (square inches) be the area of the triangle, 
and R m the area of the largest rectangle so inscribed . Find the 
ratio R m :T. 

Designate the base of the rectangle as 2x and the altitude as y. 
From similar triangles we have the proportion ~ — b ^ x so that 
x — ^ (h — /)• Since R - 2 xy, we have 

R = 2y- k {h-y) = j(hy- y 2 ). (I) 


Adding to the right side of equation I zero in the form 
2b /h*\ . bh t _ 2b ( h* , 2 \ . bh 

-tU) + T’ we s et R = j (-j + ky-y ; + t 

Therefore, R = J ~ J (y ~ f)* ' 


R m , the maximum value of R, is y , obtained when y = 
Since T = | (2 b)(h) = bh, the ratio R m :T = 1:2. 


h 

— • 
2 


13-5 It can be proved that the function f(y) = ay — y b where b > 1, 

a > 0, and y > 0, takes its largest value when y = (^) srT * Use 

this theorem to find the maximum value of the function F = 
sin x sin 2x. 

F = sin x sin 2x = sin x(2 sin x cos x). For sin 2 x we sub- 
stitute 1 — cos 2 x and obtain F = 2(cos x — cos 3 x). By letting 
y — cos x, we convert F into F = 2 (y — y 3 ). 
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To maximize the function y — y s , we note, by comparing it 
to f(y) 9 that a = 1 and 6 = 3. Hence, y — y 3 will take its 

/1\ l 

largest value when y = (jJ 3 - 1 = ^=. Therefore, F(max) = 

13-6 In the woods 12 miles north of a point B on an east-west road , a 
house is located at point A. A power line is to be built to A from a 
station at E on the road , 5 miles east of B. The line is to be built 
either directly from E to A or along the road to a point P ( between 
E and B), and then through the woods from P to A, whichever is 
cheaper . If it costs twice as much per mile building through the 
woods as it does building along the highway , find the location of 
point P with respect to point B for the cheapest construction . 

Represent the cost function by C, and the distance from B to P 
by x. Then C = 5 — x + 2\/lSr+~jt 5 . With the aid of a table 
of square roots, graph the given function for 0 < jc < 5. Mini- 
mum C occurs when x = 5, so that P is at E , that is, 5 miles 
east of B . 

13-7 From a rectangular cardboard 12 by 14, an isosceles trapezoid and 
a square , of side length s, are removed so that their combined area 
is a maximum . Find the value of s. 

Let A represent the combined area. (See Fig. S13-7.) Then, since 
A — ^ h(bi + b 2 ) + s 2 , where h is the altitude of the trapezoid 
and bi and b 2 are its bases, and s is the side of the square, 
A = ^ (12 — ^)(14 + s) + s 2 = ^s 2 — s + 84. 

In order to determine the maximum value of A more readily, 
we rewrite it as A — * (^ 2 “ + 1) + 84 — ^ ^ (s — l) 2 + 

83^ . Obviously, A is a maximum when s is a maximum, that is, 



SI 3-7 
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when s — 12. For this value of s 9 the area of the square is 144 
and the area of the trapezoid is zero. 

comment: Note that the minimum value of the area is 83^ » 
occurring when s = 1, but that the combined area is 84 when 

5 = 0 . 


13-8 Two equilateral triangles are to be constructed from a line segment 
of length L. Determine their perimeters Pi and P 2 so that (a) the 
combined area is a maximum (b) the combined area is a minimum . 


If we represent the perimeter of one triangle by P u the perimeter 
of the second triangle is represented by L — P x . Therefore, the 

combined area A = | (y) 2 \/3 + ~ ( L 3 ?1 ) 2 \/3 (using the 

formula ^ s 2 \/3 for the area of an equilateral triangle). Hence, 


A = ^ (Pi 2 + L 2 - 2 LPi + Pi 2 ) = ^ [2 (Pi 2 - LPi) + L 2 ]. 

JO £2 

Adding to the right side zero in the form of 2 * — — y , we 
obtain 

Since the least value for (Px — -) is zero, a value obtained when 
P i = 2 » ^ * s m * n i mum when P x = ^ so that the minimum 


confined area occurs when P x — - and P 2 = £ “ \ — \ \ 
that is, P x = P 2 = y 


Since P x > 0 we find, by inspection, that A is maximum when 
Pi = 0 so that P 2 = L, or P 2 = 0 so that Pi = L\ that is, the 
maximum combined area occurs when all of L is used for just 
one triangle. 

comment: Note that the maximum A equals twice minimum A . 


13-9 Find the least value of x 4 + y 4 subject to the restriction x 2 + 
y 2 = c 2 . 

Let F = jt 4 + y* = (x 2 + y 2 ) 2 - 2x 2 y 2 . (I) 

Since 2x 2 y 2 > 0, Pis obviously least when 2x 2 >> 2 is greatest, and 
2x 2 y 2 is greatest when x 2 >> 2 is greatest. 

Since x 2 + y 2 = c 2 9 x 2 ^ 2 is greatest when x 2 = y 2 = y • 
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(If the sum of two numbers is a constant, their product is greatest 
when each is half the constant.) Therefore, jc 2 y 2 (max) = 

C 2 C 2 C A J 2 2/ \ ~ c * C A 

2 ' 2 = 7 ’ and S0 2X y ( max ) = 2 "4 = 2 ' 

Therefore, from (I), F(min) = (c 2 ) 2 = 

Challenge Find the least value of x 3 + y 3 subject to the restriction 
x + y = c. 

C 2 

Follow the pattern of the original solution. The answer is — * 

13-10 Find the value of x such that S = (x — ki) 2 + (x — k 2 ) 2 + 
* * * + (x — k n ) 2 is a minimum where each k ; , i = 1, 2, . . . , n, is 
a constant . 

method 1 : Using the symbol Y for summation we write 

s- i l(x- ki ) 2 = E (x 2 - 2 xki + ki 2 ). 

1 = 1 1 = 1 


When written out, the terms of S are (x 2 — 2xki + ki 2 ) + 

(x 2 - lxk 2 + k 2 2 ) + (x 2 - 2 xk z + k 3 2 )- I + 

(x 2 - 2 xk n + k n 2 ). 

Therefore, S = (x 2 -b x 2 -b x 2 -b ■ • *) — 2x(k\ -b k 2 -b • * • + 
k n ) + (k\ 2 + k 2 2 + * • • + k n 2 ). 

Since, in the complete expansion of S, the term x 2 appears n 
times, S = nx 2 — IxYki + £fc.- 2 . To the right side we add zero 

in the form of («) so that 

v 7 n 2 n 


Hence, S - n (.«-—)’ + ' 

■ v 2 

x equals 

Yfr. 

zero (see Problem 13-8); that is, whenjt = , which, interpreted, 

means that x is the arithmetic mean of the ki. 


method 11 : Compare the expression S = nx 2 — IxYfei + Yb 2 
with that of y = ax 2 + bx + c, the equation of a parabola. 
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method m: If you are familiar with the calculus, solve the 
problem with the use of the first derivative. 
illustration: S = (x — 2) 2 + (x + 3) 2 ; 
x _ Z*. __ 2 + (-3) = _ 1 

5(min) = f + f = 12^ 

5(min) = D/c, 2 - = 13 - = 13- \ = 

13-11 If |x| < c and |x — x 2 | < 1, find the greatest possible value of 
|x x 2 - x 2 |. 

|*i 2 - x 2 | = \xx + x\ \xi - x|. 

Since \x x — x\ < 1, 

[jci 2 — x 2 \ < |xi + x| = \2x + x x — jc|. 

Therefore, |xi 2 — x 2 \ < \2x\ + |jci — x\ < 2c + l. 

A geometric interpretation is helpful (Fig. S 13-11). Since 
|*i — *| < 1, Xx < x + 1. Therefore, x x + x < 2x + 1 < 
2c + 1. The maximum value of \x x 2 — x 2 \ = \x x + x\ \x x — x\ 
is represented by the area of rectangle ABCD with base DC = 
2c + 1 and altitude CB = 1. 


SI 3-11 

13-12 Show that the maximum value of F = 4 ( a ™ b > 2 » where a, b are 
positive numbers , is — * 

When t>, F ± 

when a 9 * b, a + b > y/ab. (See Appendix IV.) Therefore, 

— — > ° b and > hence, < 4 ' 
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Since F = 


^ — f < 1 . 1 

4(a + bY ’ r ^ 4 4 

1 


Therefore, /’(max) = — 


16 


16 ' 


13-13 Find the area of the largest trapezoid that can be inscribed in a 
semicircle of radius r. 

method i: The upper base and the (equal) legs of the trapezoid 
may be considered three sides of a hexagon inscribed in the circle. 
Since, of all inscribed hexagons, the regular hexagon has maximum 
area, the trapezoid of maximum area is the one where the upper 
base (and each leg) equals a side of the regular hexagon, that is, 
where 2x = r. The lower base, of course, is the diameter. This 

value of x gives an area of r 2 , a maximum (i.e., the area of 

three equilateral triangles of side length r). 

method ii : K = ^ (2r + 2 x)(r 2 — x 2 f. Take r = 1; then K = 

(1 + x)(l — x 2 ) 2 ". Using a table of square roots, if necessary, 
plot the graph of K for 0 < x < 1 (Fig. S13-13). It is found that 

maximum K occurs when x = \ > and so A(max) = • 

Generally, AT(max) = pp r 2 where r is the radius of the circle. 

method hi: Use the calculus, as shown in the solution of Problem 
13-10, Method III. 



S13-13 
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14 Quadratic Equations: 
Fair and Square 


14-1 Find the real values of x such that 3 2x2 7x+3 = 4* 2 x 0 . 

With the exponents in factored form we get: 3( 2 * -1 ) C* -3 ) = 
4 (^+ 2 ) (x- 3 ) [f x = 3 > both sides are equal to 1 , and we have a 
root. If x =£ 3, we can take the (x-3)rd root of both sides to get: 

3 ( “-> =4<*+’>. j log4 

Therefore (2x-l)log3 = (jc+2)log4. Thus,* = 1 1 

2- j lQ g 4 

1 log3 

14-2 Let D = h 2 + 3k 2 — 2hk where h, k, are real numbers . For 
what values of h and k is D > 0? 

D = h 2 + 3* 2 - 2hk = h 2 - 2hk + k 2 + 2k 2 = (h - k) 2 + 
2k 2 . Since (h — k) 2 > 0 and 2k 2 > 0, D > 0 for all real values 
of A, k except h — k = 0. 

14-3 If the roots of x 2 + bx + c = 0 are the squares of the roots of 
x 2 + x + 1 = Q,find the values of b and c. 

Since the roots of x 2 + x + 1 = 0 are squares of each other 
(show this!), b — 1 and c = 1. 


14-4 If the roots o/ax 2 + bx + c = 0, a 0, are in the ratio m:n, 
find an expression relating m and n to a, b, and c. 


Let — = — ; then r\ = km, r 2 = kn , where ri and r 2 are 
r2 £ 

the roots of the given equation. Since r x + r 2 = — - and 
r\r 2 = ~ a , then (“ ^) 2 = k 2 {rn + n) 2 and ^ = k 2 mn . There- 
by 

fore, — = k ^ , and so mnb 2 = (m + /i) 2 ac. 

a 


A second form of the relation sought is — = 



” + 2 + - = 
n m 
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note: For equal roots, the discriminant ft 2 — Aac = 0 or b 2 = 
A ac. With m = n = I, the first form becomes 1 • 1 • b 2 = 
(1 + l) 2 ac; that is, b 2 = 4 ac. 

illustration: For m = 3, n = 2, b = 5, 6 * 5 2 « 5 2 ac, so that 
a = 6, c = 1, or a = 1, c = 6, or a = 3, c — 2 or a = 2, 

c = 3. For example, the roots of 2x 2 + 5x + 3 = 0 are — - 
and — 1 with a ratio 3:2. 

14-5 F/zirf a// of x satisfying the pair of equations x 2 — px + 

20 = 0, x 2 - 20x + p « 0. 

case I : When p = 20, the equations are identical and satisfied 
by two values of x, 10 + 4\/5 and 10 — 4\/5. 

case n : When p 20, then x 2 — px + 20 = x 2 — 20x + p, 
(20 — p) x = p — 20. Since p ^ 20, we obtain by division 
x = — 1. 

To satisfy the given equations with the value x = —1, the 
value of p must be —21. 

Generally, the pair of equations x 2 — px — p — 1 = 0 and 
x 2 + (p + l)x + p — 0 is satisfied by x — — 1. 

14-6 A student , required to solve the equation x 2 + bx + c = 0, in- 
advertently solves the equation x 2 + cx + b = 0;b, c integers. 
One of the roots obtained is the same as a root of the original 
equation , but the second root is m less than the second root of the 
original equation. Find b and c in terms of m. 

Let the roots of the original equation be r, s. Then r + s = — b 
and r + s — m = — c. 

r + s = m — c; —b = m — c; c — b = m (I) 
rs = c and rs — rm = b\ 

rs — b + rm; c = b + rm; c — b = rm (II) 
From (I) and (II), m - rm and r — 1. 

rs = s = c and r + s = 1 + s — —ft, or s = — ft — 1 = c, 

SO C + ft — — 1. 

Since c — ft = m (I), c = m 2 1 , ft = — ^ — - • 
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14-7 If ri and r 2 are the roots of x 2 + bx + c = 0, and S 2 = r x 2 + r 2 2 , 

51 = Ti + r 2 , andS 0 ^Ti° + r 2 °, prove that S 2 + bSi +cS 0 = 0. 

METHOD i : Since S 2 = r x 2 + r 2 2 = (r t + r 2 ) 2 - 2rir 2 , then 

5 2 = (— b) 2 — 2c = b 2 — 2c, since ri + r 2 = —b and rir 2 = c. 

• * $2 “I - cSo = b 2 — 2c -f- — fc) — |— c * 2 = 0 

METHOD II : S 2 + bSi + cS 0 

= r x 2 + r 2 2 + b(r x + r 2 ) + c(ri° + r 2 °) 
= r t 2 + bn + c + r 2 2 + ^2 + c 
Since /"i is a root of the given equation, 2 + + c = 0. 

Similarly, r 2 2 + fcr 2 + c = 0. 

Consequently, S 2 + bS x + c5 0 = 0. 


14-8 A man sells a refrigerator for $171, gaining on the sale as many 
percent {based on the cost) as the refrigerator cost , C, in dollars. 
Find C . 

Since Selling Price = Cost plus Profit, 171 = C + C, 

C 2 + 100C = 17,100. By completing the square, we get C 2 + 
100 C + 2500 = 17,100 + 2500, (C + 50) 2 = 140 2 , C + 50 = 
140, C = 90. C 2 + 100C - 17,100 = 0 implies (C - 90) X 
(C + 190) - 0, and, hence, C - 90. 

14-9 Express q and s each in terms of p and r so that the equation 
x 4 + px 3 + qx 2 + rx + s = 0 has two double roots u and v 
where u may or may not equal v. {Each of the factors x — u and 
x — v appears twice in the factorization of x 4 + px 3 + qx 2 + 
rx + s.) 

Since each of the factors x — u and x — v appears twice, we may 
write x 4 + px 3 + qx 2 + rx + s = {x — u){x — u)(x — u) X 
(x — v) = {x 2 — x{u + y) + uv) 2 . Let u + v = — b and let 
uv = c; then x 2 — x{u + v) + uv = x 2 + bx + c. 

Therefore, x 4 + px 3 + qx 2 + rx + s = (x 2 + bx + c) 2 = 
x 4 + 2 bx 3 + {b 2 + 2c)x 2 + 2fccx + c 2 . (I) 

Since (I) is an identity in x, we may equate the coefficients of 
like powers of x on both sides of the identity, and, therefore, 

p ~ 2b, r = 2 be so that - = c. 
r P 
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^2 

Since s = c 2 (from I), s = — , and since q = b 2 + 2c (from I), 

n2 P 


14-10 Let f(n) = n(n + 1) where n is a natural number . Find values of n 
such that f(n + 4) = 4f(n) + 4. 

Since f(n + 4) = 4 f(n) + 4, (n + 4)(n + 5) = 4n(n + 1) + 4. 
Therefore, 3/i 2 — 5/i — 16 = 0. This equation has no solution 
in integers. Therefore, no value of n satisfies the required 
condition. 


14-11 If one root of Ax 3 + Bx 2 + Cx + D = 0, A 0, is the arith- 
metic mean of the other two roots 9 express the simplest relation 
between A, B, C, and D. 


Let r x , r 2 , r 3 be the roots of the given equation with r 2 the arith- 
metic mean of r x and r 3 . Therefore, 2r 2 = r x + r 3 . Since 


B 


ri + r 2 + r 3 = — — , a generalization for the sum of the roots, 

B ™ B 

3 '2 = so that r 2 = - ^ • 


Since r 2 is a root of the given equation, Ar 2 3 + Br 2 2 + Cr 2 + 


0-0. Therefore, A (- £)* + B (- £)* + c(- £) + 

D = 0. Simplifying, we obtain 2 B s — 9 ABC + 21 A 2 D — 0. 


Challenge Find the simplest relation between the coefficients if one 
root is the positive geometric mean of the other two . 

Let the root r 2 be the positive geometric mean of the other 
two roots r x and r 3 , that is, let r 2 = vVir 3 . Therefore, 
r 2 2 — r x r 3 and r 2 3 = r x r 2 r 3 . 

Since r x /* 2 r 3 = — — , a generalization for the product 

A 

of the roots, r 2 3 = — ^ so that r 2 = yj— ~ . Substituting 
this value for r 2 back into the original equation, we have 

A<RY+*(<RY+c(<R ) + 

After simplification, this last equation yields B 3 D — 
AC 3 = 0. 
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14-12 If the coefficients a, b, c of the equation ax 2 + bx + c = 0 are 
odd integers, find a relation between a, b, c for which the roots are 
rational . 

We prove that if a , b , c are odd integers, there are no rational 
roots. 

method i : For rational roots, the discriminant must be the 
square of an integer. Let b 2 — 4 ac = * 2 , and b 2 — t 2 = 4 ac = 
(b — t)(b + t) where both b and t are odd. (Why is t odd?) 
Let b — 2b x + 1 and let * = 2t x + 1. 

Therefore, (2 b x + 1 — 2t x — 1X2&! + 1 + 2t x + 1) = 4 ac, 

2(b x - *0(2 )(b x + t x + 1) = 4ac, 
and (b x - t x )(b x + ti + 1) = ac. 

The product ac is odd. If bi and *i are each even, then bi — t x is 
even. If b x and t x are each odd, then b x — t x is even. If one of 
b Xi t x is odd and the other is even, then b x + t x + 1 is even. 
Hence, for all possibilities, (b x — t x )(b x + t x + 1) is even; we 
have a contradiction. 

method n: Let b = 2b x -(- 1, a = 2 a x -f- 1, c = 2c^ -|- 1. 

Then D = b 2 - 4ac = (2 b x + l) 2 - 4(2 a x + l)(2d + 1) = 
81 2 2aiCi — a x — c x — 11 + 5. Since ^ 1S 

integral, then Z) = + 5. If D = N 2 , with N odd, then, 

N 2 = %k + 5. However, the square of an odd number leaves a 
remainder of 1 when divided by 8; that is, (4 k ± l) 2 ^ l(mod 8). 
Therefore, rational roots are impossible. 


14-13 If f(x) = a 0 x 2 + aix + a 2 = 0, a 0 ^ 0, and a 0 , a 2 , and 
s = a 0 + a x + a 2 are odd numbers , prove that f(x) = 0 has no 
rational root . 

It is not much more difficult to prove the more general theorem 
for an equation of degree «, of which this is the special case 
with n = 2. If f(x) = a 0 x n + a x x n ~ x + * ■ * + a n = 0, a 0 ^ 0, 
and a 0 , a n , and s — a 0 + a x + a 2 + * * * + a n are odd numbers, 
prove that f(x) — 0 has no rational root. 

proof: (1) Assume that /( x) = 0 does have a rational root - 

expressed in lowest terms. Then, since a„ is odd, p must be odd, 
and, since a 0 is odd, q must be odd. 
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(2) We have a 0 ^ + ai + 1- a»-i f + a„ = 0. Clear- 

T '1 *1 

ing the equation of fractions, we get aop n + a\p n ~ l q + • • • + 
a n -\pq n ~ l + a n q n = 0. 

(3) Also, a 0 + a i + • * * + a n _i + a n = odd number (hy- 
pothesis). 

(4) S = ao(l + p n ) + tfi(l + p n l q) + a 2 {\ + p n 2 4) + 

• • • + a„_i(l + pq n ~ x ) + a»( 1 + ^ n ) should be equal to an 
odd number. 

(5) But 1 + p n is even, 1 + p n ~ l q is even, . . . , 1 + q n is even, 
so that S is even. 

(6) This contradiction shows that our assumption of a rational 
root was false. 

The only possibility left is that f(x) — 0 has no rational root. 


15 Systems of Equations 
Strictly Simultaneous 

15-1 Estimate the values of the four variables in the given linear system . 
Then substitute repeatedly until a definitive solution is reached . 

Xi = ^ (0 + x 2 + x 3 + 0) 

x 2 = 4 (0 + 0 + + Xi) 

x 3 = 4 ( Xl X4 1 

X 4 = ^ (x 2 + 0 + 1 + x 3 ) 

We begin by attempting a “reasonable guess” at the values of xu 
jc 2 , * 3 j and * 4 , assuming that such values exist. 

To keep things simple let us guess *1 = x 2 = == *4 = - • 

Substituting into the given equations, we find 

* l “K 0 + 3 + i + 0 )"5‘ 


• • 
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Similarly, jc 2 = ^(o + 0 + ^ + ^) = |» 

*3 = \ Q + \ + 1 + °) = | » and 

= \ (J + 0 + 1 + J) = | * 

We now repeat the process seeking to “refine” the second set 
of values found for the unknowns. It happens that no further 
refinement occurs, as we illustrate with x \ : 

Xl = \ (o + \ + | + o) — \ 9 the value we already have. 

1 3 

The values *i = *2 = g and *3 = x 4 = g are, then, the exact 

values since they satisfy the given equations. 

We happened to start with a fortunate guess. What if our 

original guess was x x = x 2 = x 3 = x 4 = \ ? We do obtain the 

1 3 z 

values xi — x 2 = o,x 3 = x 4 = z , but not until six “feedbacks.” 

5 j 8 2 

The first yields xi = x 2 = z , x 3 = x 4 = z ; the second, 

3 7 q 1 5 

*1 = *2 = 72 , *3 = *4 = 72 J the third, xi = x 2 = « , x 3 = 

13 10 * 9 25 

x 4 = — ; the fourth, *i = x 2 = jz , x 3 = jc 4 = — ; the fifth, 

17 49 04 , . , 1 

*1 = *2 = ^ , X 3 = x 4 = ^ ; the sixth, = x 2 = g , 

3 

*3 = x A = g • 

comment: The chief value in this method lies in finding values of 
the unknowns that are approximate, involving, perhaps, several 
decimal places. 


15-2 For the system x + y + 2z = a, (I) 

— 2x — z = b (II) 

x + 3y + 5z = c (III) 

find a relation between a, b, and c jo that a solution exists other 

than x = 0, y = 0, z = 0. 

Note that, if a = b = c = 0, the system is satisfied for x = y = 
2 = 0, but this solution, referred to as the trivial solution, is here 
ruled out. We seek other solutions if they exist. 

We find that the value of the system determinant 

1 1 2 

D = -2 0-1=0. 

1 3 5 
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For the system to be determined, that is, for solutions to exist 
(Cramer’s Rule, Appendix VII), D x = D y = D z = 0 where 



a 1 2 


1 

a 2 

D z = 

b 0-1 
c 3 5 

, Dy 

-2 

1 

b -1 
c 5 


D z 


1 1 a 

-2 0 b 

1 3 c 


Expanding D x , we have D x = — c + 6b — 5b + 3a. There- 
fore, 3a + b — c = 0, and this is the relation between a, and 
c that assures non-trivial solutions. The same result is obtained 
when D v is expanded and when D z is expanded. 
comment: To find the solutions, of which there are infinitely 
many, providing 3a + b — c — 0, you may choose the value of 
x arbitrarily. Eliminate z from equations I and II and obtain 
y — 3x — 5a + 2c, after replacing b by its equivalent c — 3a. 
The value of z can then be found from equation I or equation III 


to be z = —2x + 3a — c. 

To illustrate, let x = 1, then y — 3 — 5a + 2c and z — 
—2 + 3 a — c. This set of values satisfies the given system, as you 
can verify for yourself, keeping in mind that b = c — 3a. 


15-3 Find the smallest value of p 2 for which the pair of equations , 

(4 - p 2 )x + 2y = 0, 

2x + (7 - p 2 )y = 0 

has a solution other than x = y = 0, and find the ratio x : y for this 
value of p 2 . 

Multiply (4 — p 2 )x + 2y = 0 by 7 — p 2 to obtain 

(4 - p 2 )( 7 - p 2 )x + 2y(7 - p 2 ) = 0, (I) 

and multiply 2x + (7 — p 2 )y = 0 by 2 to obtain 

4jc + 2y(7 - p 2 ) = 0. (II) 

By subtracting (II) from (I) we obtain 

[( 4 _ p *xj _ p *) _ 4j* = o. 

Since x ^ 0, (4 - p 2 )U — p 2 ) — 4 = 0; that is, p 4 — lip 2 + 
24 = 0. 
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Since p 4 - Up 2 + 24 = (p 2 - 3 )(p 2 - 8), p 2 - 3 = 0 
and, therefore, p 2 = 3. The value p 2 = 8 is rejected since 8 > 3. 

Substituting p 2 = 3 into the second of the original equations, 
we have 2x + Ay = 0, so that x:y = — 2;1. 

comment: For the value p 2 = 8, the ratio x:y = 1 :2. 

15-4 If Pi = 2x 4 + 3x 3 - 4x 2 + 5x + 3, 

P 2 = x 3 + 2x 2 — 3x + 1, 

P 3 = x 4 + 2x 3 - x 2 + x + 2, 

and aPi + bP 2 + cP 3 = 0, find the value of a + b + c where 
abc 5 ^ 0. 

aPi + bP 2 + cP 3 = (2a + c) x* + (3a + b + 2c)x 3 + 

(—4a + 2 b - e)x 2 + (5a -3 b + c)x + (3a + b + 2c) = 0. 

Therefore, (1) 2a + c = 0 (2) 3a + b + 2c = 0 (3) -4a + 

2b — c = 0 (4) 5a — 3b + c = 0 (5) 3a + b + 2c = 0. 

By addition of the five equations, we obtain (6) 9 a + b + 
5c = 0. 

From equation (1), c - —2a or —8a — 4c = 0. Adding 

— 8a — 4c = 0 to equation (6), we obtain a + b + c — 0. 

comment 1: Taking a — 1 9 b - 1 , c = —2, verify the statement 
Pi + P 2 ~ 2 P 3 = 0. 

comment 2: Since aP x + bP 2 + cP z = 0 and, at least, one of 
a, b 9 and c is not equal to zero, and P u P 2 » P$ are said to be 
linearly dependent. 

15-5 If fi = 3x — y + 2z + w, 
f 2 = 2x + 3y — z + 2w, 

f 3 = 5x — 9y + 8z — w, find numerical values of a, b, c so 
that afi + bf 2 cf 3 = 0. 

For afi + bf 2 + c/ 3 = 0, 3 ax + 2 bx + 5 cx = 0, — ay + 
3 by — 9 cy = 0, 2az — bz + 8cz = 0, and aw + 2 bw — cw — 
0. (See Problem 15-4.) 

3a + 2b + 5c = 0, x 0 

— a + 3b — 9c = 0, y 0 

2a — £> + 8c = 0, Z 5^0 
a + 2i-c = 0 , H '^0 


.‘.a = —3c, b = 2c 
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We can take a = 3, b = —2, and c — — 1. 

But we may also use any values for a , b 9 c that are proportional to 
3, -2,-1. 

comment: /i,/ 2,/3 are linearly dependent. 

15-6 Find the common solutions of the set of equations 

x — 2xy + 2y = — 1 (I) 

x — xy + y = 0. (II) 

x = 1 (equation II — equation I).', xy — y = 1 andj> = * 

Consequently, there are no finite solutions. 

The geometric picture makes this clear (Fig. S 15-6). Neither curve 
I (x — 2 xy + 2y = —1), nor curve II, (x — xy + y = 0), 
crosses the line x = 1, indicating that the value x = 1 fails to 
satisfy either equation. However, as we approach arbitrarily close 
to x = 1, both on the right and on the left, the curves approach 
arbitrarily close to the line x = 1. Such a line is known as an 
asymptote. 
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15-7 Solve the system 3x + 4y + 5z = a, 

4x + 5y + 6z = b, 

5x + 6y + 7z = c, 

a, b, c arbitrary real numbers , subject to the restriction x > 0, 
y > 0, z > 0. 

For a = b = c = 0, there is no solution because of the restric- 
tions x > 0, y > 0, z > 0. 



190 SOLUTIONS 


3 

4 

5 


5 

6 
7 


Since the system determinant D 


4 

5 

6 



there can be solutions only if D x = 0, D y = 0, and D z = 0 where 



a 4 5 


3 a 5 


3 4 a 

II 

b 5 6 
c 6 7 

II 

A 

* 

4 6 6 

5 c 7 

, and D z = 

4 5 6 

5 6c 


(Cramer’s Rule; Appendix VII) 


Setting D x — 0, then, we find 2 b = a + c (setting D y = 0 
or D z = 0 yields the same result). But 2 b = a + c implies that 
a, 6, c are in arithmetic sequence. 

With a, b, c in arithmetic sequence, we have the one inde- 
pendent equation 4x + 5y + 6z = b. However, to insure that 

z > 0, b > 4x + 5y. We then obtain z = ^ (b — 4x — 5y) 

where b — 4x — 5y > 0. An infinite number of solutions is then 
obtained by assigning appropriate values to x and to y and 
solving for z. 

illustration: Here are three solution sets just for the one choice 
of b = 15. (1) x = 1, y — 1, z = 1 (with d = 3) (2) x = 1, 

y = 2, z ~ \ (with d = 3^ (3) x = 2, y — 1, z = - (with 
d — 3^) where d represents the common difference of the arith- 
metic sequence. 


15-8 For a class of N students , 15 < N < 30, the following data were 
obtained from a test on which 65 or above is passing: the range of 
marks was from 30 to 90; the average for all was 66, the average 
for those passing was 71, and the average for those failing was 56. 
Based on a minor flaw in the wording of a problem , an upward 
adjustment of 5 points was made for alL Now the average mark of 
those passing became 79, and of those failing , 47. Find the number 
N 0 of students who passed originally , and the number Nf of those 
passing after adjustment , and N. 

66N = 71Ar 0 + 56(N - N 0 ), and 1\N = 19N f + 47(tf - N/). 

. \N 0 = f N, N f = | N, and N, = | N 0 . 
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g 

No = so that N 0 is a multiple of 8 and Nf is a multiple 
of 9, since N 0 and Nf are integers. 

However, since N 0 = \ AT and 15 < N < 30, 10 < N 0 < 20, 

and, since N f = \ N 0 , llj < N f < 22\ ■ 

Since N 0 is a multiple of 8, and 10 < A^ 0 < 20, N 0 = 16. 

Since N f is a multiple of 9, and 11^ < Nf < 22~ , Nf = 18. 

Since N 0 = \ n and N 0 = 16, TV = 24. 


16 Algebra and Geometry: 
Often the Twain Shall Meet 


16-1 Curve I is the set of points (x, y) such that x = u + 1, y = 
— 2u + 3, u a real number . Curve II is the set of points (x, y) such 
that x = — 2v + 2, y — 4v+l, va real number . Find the 
number of common points . 

Since x=u+\, u = x— \, and, since y = —2u + 3, then 
u — ~~~ 2 ^ • Thus x — 1 = , or 2x + y = 5. Therefore, 

2 — x 

curve I is a straight line. Since x = — 2v + 2, v = — » 
and, since y = 4u + 1, then i? = ^ 4 ~ - . Thus 2 x = y , or 

2x + y = 5. Therefore, curve II is a straight line coinciding 
with curve I. The number of common points is infinite. 

16-2 Let the altitudes of equilateral triangle ABC be AAi, BBi, and 
CCi, with intersection point H. Let p represent a counterclockwise 
rotation of the triangle in its plane through 120° about point H. 
Let q represent a similar rotation through 240°. Let r represent a 

rotation of the triangle through 180° about line AAi. And let s, t 
represent similar rotations about lines BBi, CCi, respectively. 



192 SOLUTIONS 


If we define p * r to mean “first perform rotation p and then 
perform rotation r,” find a simpler expression for (q * r) * q; that 
is , rotation q followed by rotation r, and this resulting rotation 
followed by rotation q. 

The rotation q followed by the rotation r is the equivalent of 
the single rotation s ; that is, q * r = s (Fig. S16-2). The rotations 
followed by the rotation q is the equivalent of the single rotation t ; 
that is, s * q = U Therefore, (q * r)* q = /. 


A C B 



C rotation r B B rotation s A A rotation t C 


16-3 Figure 5 16-3 represents a transfo rmati on of the segment AB onto 
segment A'B', and of BC onto B'C'. The point s of AB go into 
points of A'B' by parallel projec tions ( parallel to AA'). The points 
of BC go into points of B'C' by projections through the fixed 
point P. 

The distances from the left vertical line AM are zero for 
point A, 3 for point B, 4 for point C, 5 for point B', and 2 for point 
A'(C'). Designate the distances of the points o n AC from AM 
as x , and the distances of their projections on A'B'(C'B') from 
AM as f. Find the values of r and s of the transformation functions 
f = rx + s (a) for 0 < x < 3 (b) for 3 < x < 4. 


A x 


M 


C 


A 


C 






B 


Si 6-3 
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The transformation function is f — rx + s where / is the dis- 
tance on A'B ' from AM of the image point of a point on AB 
whose distance from AM is x. (a) For the point A, x = 0, and 
for the image point A\ f = 2. Thus, 2 = 0 + s so that 5 = 2. 
For the point B, x — 3, and for the image point B' f f = 5, so 
5 = 3r + 5. Since s = 2, 5 = 3r + 2 so that r = 1. 

Therefore, the first transformation function is / = x + 2, 
0 < x < 3. 

(b) For the point B, x = 3, and for the image point B f , / = 5, 
so 5 = 3 r + 5. For the point C, x = 4, and for the image 
point C', / = 2, so that 2 = 4r + 5. Solving the pair of equa- 
tions 5 = 3r + 5 and 2 = 4r + 5 , we find r = —3 and s = 14. 

Therefore, the second transformation function is / = — 3x + 14, 
3 < x < 4. 

16-4 Given the three equations (1) 7x — 12y = 42 (2) 7x + 20y = 98 
(3) 2Ix + 12y = m, find the valuers) of m for which the three 
lines form a triangle of zero area . 

The triangle formed will have zero area when the lines represented 
by the equations are concurrent. 

Lines (1) and (2) intersect in ^9, . For line (3) to pass 

through this point, the coordinates must satisfy equation (3). 

21(9) + 12 = m, m = 210 

16-5 Describe the graph of \/x 2 + y 2 = y. 

x 2 + y 2 = y 2 , x 2 = 0, x = 0 (the >>-axis). However, the given 
equation implies that y > 0, since Vx 2 + y 2 is a non-negative 
number. Hence, the graph is that part of the >>-axis such that 
0 < y < oo , that is, the part on and above the x-axis. 

16-6 Transform x 2 — 3x — 5 = 0 into an equation of the form 
aX 2 + b = 0 where a and b are integers . 

Let x = X + c; then, by substitution, 

X 2 + 2cX + c 2 - 3X - 3c - 5 = 0. 

X 2 + (2c - 3)^ + c 2 - 3c - 5 = 0 
2c — 3 = 0, and c = |,c 2 — 3c— 5 = — ^ • 
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Thus X 2 — ^ = 0, or AX 2 — 29 = 0, is the required equation. 

16-7 It is required to transform 2xi 2 — 4x x x 2 + 3x 2 2 into an expression 
of the type a x y x 2 + a 2 y 2 2 . Using the transformation formulas 
yi — xi + cx 2 and y 2 = x 2 , determine the values of a x and a 2 . 

method i : Substitute into the expression a x y x 2 +a 2 j> 2 2 the 
formulas y x = x\ + cx 2 &ndy 2 = ;t 2 to obtain a x (jc x + cx 2 ) 2 + 
02 (^ 2 ) 2 * Expanding this last expression, we obtain 


a x jt x 2 + 2aicxix 2 + Q\c 2 x 2 2 + a 2 x 2 2 . (I) 

By the conditions of the problem, (I) is identically equal to 
2jc x 2 — Ax\x 2 + 3x 2 2 . 

Therefore, a x = 2, 2a x c = —4 so that c = — 1, and 
a x + a 2 = 3 so that a 2 — 1. 

method ii : From the formula y \ — x\ + cx 2 we have x x — 
yi — cx 2i so that Xi = yi — cy 2 since y 2 = x 2 . Substituting 
these values into the expression 2x \ 2 — Ax\X 2 + 3x 2 2 , we obtain, 
after simplification, 

2yi 2 - (4c + 4)y^2 + (2c 2 + 3 + 4c)j' 2 2 . (II) 

Set (II) identically equal to a x j>i 2 + a 2 y 2 2 . Therefore, a x = 2, 
4c + 4 = 0 so that c = — 1, and 2c 2 + 3 + 4c = a 2 so that 
a 2 = 2 + 3- 4= 1. 


16-8 N.B. and S.B. are , respectively , fAe and south banks of a river 
with a uniform width of one mile. (See Fig. Sl&Sa.) Town A is 
3 miles north o/N.B., /ohtj B is 5 miles south of S.B. and 15 mi/es 
east of A. If crossing at the river banks is only at right angles to 
the banks, find the length of the shortest path from A to B. 



5 


B 


Sl6-8a 
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Consider the banks merged; then, obviously, the shortest path is 
the segment AB . (See Fig. S16-8b.) AB 2 = 15 2 + 8 2 , AB = 17. 
Since at the crossing point C there is a displacement of 1 mile, 
the shortest path is 17 + 1 = 18 miles. 

From the proportionality of the sides of similar triangles, we 

find that the crossing point is miles east of A on N.B . 


A 



Challenge If the rate of land travel is miformly 8 m.p.h., and the rowing 

2 

rate on the river is 1- m.p.h. (in still water) with a west to 
1 ** 

east current of 1- m.p.h., find the shortest time it takes to go 
from A to B. 

The time required for land travel is 17 -4- 8 = 2^ hours. 

For the river crossing, the boat is pointed in the direction 
2 

of segment CD whose length is 1- miles (Fig. S16-8c). Hence, 

i ..22 

the time required for the river crossing is l- + 1^ = 
1 hour. The total time is, consequently, 2^ + 1 = 3^ hours. 


c 



16-9 Let the vertices of a triangle be (0, 0), (x, 0), and (hx, mx), m a 
positive constant and 0 < h < oo . Let a curve C be such that the 
y -coordinates of its points are numerically equal to the areas of 
the triangles for the values of h designated. Write the equation of 
the curve C. 
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Let the segment determined by (0, 0) and ( x , 0) be the base of the 
triangle; then the altitude to this base is mx. Therefore, y = 

\ x(mx) = \mx 2 . If x is restricted to the values 0 < x < oo, 

the curve is the right half of the parabola y = ^ mx 2 . 

Challenge Let the vertices of a triangle be (0, 0), (x, 0), and Q , mx) , 

m a positive constant. Let a curve C be such that the y- 
coordinates of its points are numerically equal to the perim- 
eters of the triangles thus formed. Write the equation of 
curve C. 

The equation is y = jc(1 + y/\ + 4/w2), a straight line. 


16-10 Each member of the family of parabolas y = ax 2 + 2x + 3 has 
a maximum or a minimum point dependent upon the value of a. 
Find an equation of the locus of the maxima and minima for all 
possible values of a. 

method i: Consider the general case y = ax 2 + bx + c. The 
turning point (maximum or minimum) is on the axis of symmetry 

of the parabola, whose equation is x — — r- , and, hence, the 

b 

x-coordinate of the turning point is — — . To find the ^-coordi- 
nate of the turning point, substitute — for x in y = ax 2 + 
bx + c. After simplification we find y = — ^ + c. Since, 
however, — ^ = x, we have y = ^ ^ + c = - x + c. 

Therefore, for the general case, the required locus equation is 
y — ^ x + c (independent of a!). 

In the given problem b = 2 and c = 3. Hence, the required 
equation for the given problem is y = x + 3. 


method n : In addition to the turning point with coordinates 

( — ^ , ~~ + c) , the required locus contains the point (0, c). 

Therefore, for the general case, the required equation is 
-b 2 . 

— b c — c 

y — c 4d 

7 , which, after simplification, becomes y = 


x - 0 


-£“° 


- x + c. For the particular case where b = 2, c = 3, and 
a — a, we have y = x + 3. 



Algebra and Geometry: Often the Twain Shall Meet 197 


16-11 Let A, B, and C be three distinct points in a plane , such that 
AB = X > 0, AC = 2AB, and AB + BC = AC + 2. Find the 
values of X for which the three points may be the vertices of a 
triangle. 

AB = X. Since AC = 2 AB, AC = IX. Since AB + BC = 
AC + 2, BC = X + 2. 

Since AB + AC > BC, X + 2X > X + 2, /. X > 1. 

Since AB + BC > AC, X + X + 2 > 2X, A" is any (positive) 
number. 

Since AC + BC > AB, 2X + X + 2 > X, X > -1. 

The intersection of these three sets of AT-values is the set X > 1. 

16-12 The area of a given rectangle is 450 square inches. If the area 
remains the same when h inches are added to the width and h inches 
are subtracted from the length , find the new dimensions. 

Let L (inches) represent the original length, and let W (inches) 
represent the original width, with L > W. By the conditions of 
the problem LW — 450 and ( L — h)(W + h) = 450. 

Therefore, LW = (L - h)(W + h) and so LW = LW + 
h(L — W) — h 2 . Therefore, h(L - W) - h 2 = 0 or h(L - W - 
h) = 0. For h 5 * 0, Z, — W — A = 0 so that h = L — W. Hence, 
the new length L’ — L — h — L — (L— W) = W, and the new 
width W' = W + h = W + (L- W) = L. 

comment 1 : When h = 0, L ~ W since h = L — W. Then 
U = w = L and W* = L = W so that there is no change in 
the dimensions. 

comment 2: When h > 0, L > W. Then U = W and W f = L, 
and the change is merely one in name, the original width be- 
coming the new length and the original length becoming the new 
width. Why is this so? 

comment 3: An expression such as LW = A where A is a con- 
stant, or, more generally, xy — c where c is a constant, illustrates 
inverse variation in the variables x and y. To keep the product 
constant, a change in one variable needs to be offset by a “proper” 
change in the other. How do we determine the “proper” change? 

comment 4: Since xy = c, y = - . Let us, for example, change y 

4 4 x c 

to - y so that / = - y. Since, also, x f y r — c, then x f = -p , and. 
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since / = ~ and y = ^ , we have x* = (c) -r- . There- 
fore, x! = ^ . As verification we have x'y' = = xy = c. 

Note that the multiplier of y t \ , is the reciprocal of the multiplier 

r 3 

for x, - • 


comment 5: In the problem here posed, we have L changed to 

— - — ) L, and W changed to W + h so 

that W ' = (^7^) W. Since the multiplying factors for L and 

W are reciprocals, their product is 1. Hence, - * W + h — 1. 

When simplified, this equation becomes h(L — W — h) = 0, so 
that, as we have already found, h = 0ovh = L— W . These 
values for h lead, respectively, to the results L f = L and W f — 
W y and L! = W and W f = L. In Challenge 1 we illustrate 
further the importance of comment (4) above by introducing a 
significant change in the dimensions. 


Challenge 1 Solve the problem when 12 inches are added to the width , 
and 10 inches subtracted from the length . 


Let us increase the width by 12 inches and decrease the length 

by 10 inches. Then LW = (L - 10 ){W + 12). LW = LW + 

i or _ ion 

12 L - 10 W - 120 . 12Z, - 10H^ = 120, and so W = 1Q • 

Consequently, LW = L ( 12£ ~ 12 ° ) = 450; L 2 - 10L - 

375 = 0; (L - 25 )(L + 15) = 0. L = 25 and W = 18. Therefore, 
1! = L — 10 = 15 and W' = W + 12 = 30. 

We note that W was changed from 18 to 30, that is, W ' = 

anc j l was changed from 25 to 15, that is, 

L' = — L = - L. This illustrates the point made in comment (4) 

above that the multiplying factor for one of the variables, | » 

is the reciprocal of the multiplying factor for the second variable, 

3 

- , when the product of the variables is to remain constant. 


16-13 Show that if the lengths of the sides of a triangle are represented by 
a, b, and c, a necessary and sufficient condition for the triangle to 
be equilateral is the equality a 2 + b 2 + c 2 = ab + be + ca. 
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That is, if the triangle is equilateral, then a 2 + b 2 + c 2 = ab + 
be + ca, and //a 2 + b 2 + c 2 = ab + be + ca, then the triangle 
is equilateral. 

The condition is necessary. Given A ABC with a = b = c, prove 
a 2 + b 2 + c 2 = ab + be + ca. 

(1) a — b, so ab — b 2 ; b — c, so be = c 2 ; c = a, so ca = a 2 . 

(2) .’.ab + be + ca = a 2 + b 2 + c 2 

The condition is sufficient. Given A ABC with sides a, b , and c , 
and a 2 + b 2 + c 2 = ab + be + ca, prove a = b = c. 

(1) a 2 + b 2 + c 2 = ab + be + ca 

:.c 2 — ca — cb + ab = — a 2 + lab — b 2 
-(a - b) 2 = (c - a)(e - b) 

If c > b > a or c > a > b, the left side of (1) is negative while 
the right side is positive, a contradiction. 

(2) -(b - c ) 2 = (a- b)(a - c) 

If a > b > c or a > c > b, the same contradiction appears. 

(3) -(c - a) 2 = (b - c)(b - a) 

If b > c > a or b > a > c, the same contradiction appears. 
.‘.a — b — c 

16-14 Select point P in side AB of triangle ABC so that P is between A 
and the midpoint of AB. Draw the polygon (not convex ) 
PPXP2P3P4P5P6 such that \\AC, P^ II AB, ra II CB, 
P 3 P 4 II AC, P 4 P^|| AB, P 5 P 0 || CB, with P u P 4 in CB, P 2 , P 5 in 
AC, P 3 , P 6 in AB. Show that point P 6 coincides with point P. 

Designate the length of AP by kc , where 0 < k < - . Then 

CP\ = ka, CP 2 = kb, BP 3 = kc, BP 4 = ka, AP 5 = kb, AP & = 
kc. But AP = kc. Therefore, P 6 coincides with P. 

16-15 Let P 1 P 2 P 3 * . . P n Pi be a regular n-gon (that is, an n -sided 
polygon) inscribed in a circle with radius 1 and center at the origin, 
such that the coordinates of Px are (1, 0). Let S = (P 1 P 2) 2 + 
(P 1 P 3) 2 H + (PiP n ) 2 . Find the ratio S:n. 

method 1 : Designate the length of P X P 2 by d\, the length of 
Pfl by d 2 , * . * , P 1 P n by dn — X? and, in general, for any point 
Pi, the length of P X P{ by rf,*_ 1 , where / = 2, 3 
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Using the Law of Cosines, we have 
d x 2 = l 2 + l 2 - 2 - 1 • lcos^ = 2(l - cos^) 

d 2 2 = l 2 + l 2 - 2 - 1 • lcos^ = 2(l - cos^) 

df-i = l 2 + l 2 - 2 • 1 • 1 cos (/ - 1)^ 

= 2(l -C08(»- 1)£) 

* 

= l 2 + l 2 - 2 • 1 • 1 cosg - (/ - 1)]£ 

= 2(1 +cos(/- 1)^) 

since — (/' — 1)] ^ is the supplement of (/ — 1) ^ , where 

\ - (i - 1) > 0. 

Therefore, df - 1 + = 2*2. When « is even, P« +1 

2 2 

is one of the vertices, but when n is odd, Pn , ! is not one of the 

2 

vertices. In either case </« is a diameter, since ck 2 = 2 ( 1 — 

2 2 V 

cos \ * — ) = 2(1 — cos 7r) = 2 • 2, so </« = 2. 

Ilf 2 n— 1 

Therefore, S = rf! 2 + d 2 2 + • • • + <%- 1 = E * a = 
5 • 2 • 2 = 2n. Hence, S:n = 2 h:« = 2: 1. ,=I 

method ii : From right triangle P \ P^A (see Fig. S 16-15) we have 
< / 1 2 =(l-cos^) 2 + sin 2 (|) 

2 = ( 1 — cos^-) — i 2 sin 2 (replacing 1 by — i 2 ) 



S16-15 
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Factoring the difference of two squares, we have 

d 2 = ( 1 — cos — + / sin 1 — cos — — i sin — ) * 

1 \ « n / V n n / 

dS = [l - (cos + i s ' n ~~ )][l - (cos £ + /sin^)], 

since cos ( — ^ = cos ~~ and sin ^ ^ = — sin — . We may 

now write di 2 = (1 — w)(l — w"” 1 ) where w is the first imagin- 
ary root of the n n- th roots of 1 and w n_1 is the (n — l>th 
imaginary root. We, therefore, have di 2 = 1 — w — w n ~ x + 
w n = 2 — w — w n ~ l since w n = 1 . 

In a similar manner we obtain 

di- 1 = (1 - - w) = 2 - w - w n ~\ 

and d 2 2 = (1 — w 2 )(l — w n ~ 2 ) = 2 — w 2 — w n ~ 2 , 
and di- 2 = (1 — w n _ 2 )(l — w 2 ) = 2 — w 2 — w n ~ 2 , 
and so forth. 

S' = d \ 2 + d 2 2 + d $ 2 + • • • 

= 2n - 2(w + w 2 + w 3 + • • * + w n ~ 3 + w n “ 2 + w n_1 ) 
:.S = 2n- 2 W ' (1 1 ~_ >V J~ 1) . (See Appendix VII.) 

Since, however, w n — 1, S = 2n 9 and S:n = 2:1 


17 Sequences and Series: 
Progression Procession 

17-1 Find the last two digits of N = 11 10 — 1. 

N = II 10 - 1 = (10+ l) 10 - 1 = 10 10 + 10 • 10 9 + + 

10 * 10 + 1 - 1 (See Appendix VI.) Each of the terms 10 10 + 
10 * IO 9 + * • • + 10 • 10 ends in at least two zeros. Conse- 
quently, there is a common factor of 100 so that N ends in 00. 
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17-2 Give a recursive definition of the sequence j^J , n a natural number . 


Since the reciprocals of are in arithmetic progression, 

_! !/_L + _«4 

f{n + 1) 2 \f{n) ^ f{n + 2)/ 

• f(M n - + 2 > _ A _ I . 

• •/(«+ 1 ) /(«) +/(w + 2) ’ ^ ^ 4 > /( 2 ) 8 

17-3 A perfectly elastic ball is dropped from height h feet. It strikes a 

perfectly elastic surface seconds later . It rebounds to a 

height rh (feet), 0 < r < 1, to begin a similar bounce a second 
time , then a third time, and so forth. Find (a) the total distance 
D (feet) traveled and (b) the total time T (seconds) to travel 
D feet . 

D = h + 2rh + 2 r 2 h + ■■■ = h = h (fAr) (See 

Appendix VII.) 

T = + 2 yM + 2 Vi? + " ' 

- - Vs - T ■ • rrvr <S“ App™*- v "> 


17-4 For the arithmetic sequence a 1? a 2 , . . . , ai 6 , it is known that 
a 7 + a 9 = ai 6 . Find each subsequence of three terms that forms 
a geometric sequence . 

tfi 6 = 0 i + 1 5d, where d is the common difference, a 7 = 
ai + 6 d and 09 — a x + &/. Since 07 + a 9 = a XG , a x + 6 d + 
a x + &/ = a x + 1 5d, Therefore, d = a x . Therefore, the /- th 
term of the sequence a, = 0 1 + (/ — 1 )d, where i = 1, 2, 3, ... , 
16. Since d = a x , ai ~ a x + ia x — a x = ia x so that a x = la x , 
a 2 ~ 2a x , a 3 = 3a x , .... 

Consequently, one subsequence forming a geometric sequence 
is a x , a 2 , a 4 (with a common ratio r = 2). A second subsequence 
is a x , a 3 , a 9 (with a common ratio r = 3). A third subsequence is 
01 , a 4 , a i6 (with a common ratio r — 4). The fourth, fifth, and 
sixth subsequences are a 2 , a 4 , a 8 (r = 2 ); a 3 , a G , a X2 (r = 2 ); 
04, 08, 016 (r = 2). 

For non-integer values of r such that 1 < r < 4, we have 
3 4 

only r = - and /* = - , so that additional sequences are a 4 , a 6 , 
09 and a 9 , a X2 , a XG . 
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17-5 The sum of n terms of an arithmetic series is 216. The value of the 
first term is n and the value of the n-th term is 2n. Find the common 
difference , d. 

Since the sum of n terms of the given arithmetic series is 216, 
we have (see Appendix VII) ^ n(n + 2 n) — 216, n = 12. (Why 
is n = —12 not acceptable?) 2n = 24 = 12 + \\d, d = jy 

17-6 Find the sum of n terms of the arithmetic series whose first term is 
the sum of the first n natural numbers and whose common difference 
is n. 

Probably the difficult part of this problem is the seemingly con- 
fusing language! 

Let T n be the first term of the given series where T n — 
y n(n + 1). (See Appendix VII.) Then 

S = T n + (T n + «) + (T n + 2n) + * • • 

+ (T n + (n - 1 )n) = -n(2T n + n 2 - «). 

. .S = \n(n 2 + n + n 2 — n) = n 3 

1 1 
illustration: Let n = 4, then T n = ^ (4)(5) = 10. The series 

is 10 + (10 + 4) + (10 + 8) + (10 + 12) - 64 = 4 3 . 

Challenge Prove that the sum of n terms of the arithmetic series , whose 
first term is the sum of the first n odd natural numbers , and whose 
common difference is n, is equal to the sum of n terms of the 
arithmetic series whose first term is the sum of the first n natural 
numbers and whose common difference is 2n. 

Let O n be the first term of the series first described. Then O n — 
1 + 3 + 5 + • • • + (2/i - 1) = n 2 . (See Appendix VII.) 

*^1 = O n + (O n + n) + * • • + (O n + (n — 1 )n) 

= ^ n(20 n + n 2 - n) 

= \ n(2n 2 + n 2 - n) = j 

Let T n be the first term of the second series. Then 
S 2 = T n + (T n + 2n)+(T n + 4n) + --- + (T n + 2 (n - 1 )n) 
= \n(2T n + 2« 2 — 2n) 

= ^«(« 2 + « + 2« 2 - 2«) = |« 3 - j , so that S 2 = Si. 
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17-7 In a given arithmetic sequence the x-th term is s and the s -th term 
is r, r ^ s. Find the (r + s )-th term. 

Since the sequence is arithmetic, the r-th term is a + (r — 1 )d 9 
where a is the first term and d is the common difference. Therefore, 
s — a + (r — \)d. In a similar manner we obtain 

r = a + (s - \)d. (I) 

By subtraction, s — r ~ (r — s)d. Dividing both sides of the 
equation by r — s, we have d = — 1. Therefore, a = r + s — 1 
(from I). Also, since the (r + s)-th term is a + (r + s — 1 )d 9 
we have the (r + $)-th term equal to a + a(— 1) — 0 (sub- 
stituting — 1 for d and r + s — 1 for a). 

Challenge If S n = ^ (r + s)(r + s — 1), find n. 

Since \(r + s)(r + s - 1 ) = l(r + s — 1 )(/* + s) f n = r + s - 1 

or r + s. 

Since the (r + ^)-th term is zero, this is possible. 
illustration: Let r = 5, s = 9. Then, since d = — 1, a = 13. 
The first 14 terms of the sequence are 13, 12, 11, 10, 9, 8, 7, 6, 
5, 4, 3, 2, 1, 0. The 5th term is 9, the 9th term is 5, the 14th term 
is zero, and the sum of thirteen terms equals the sum of fourteen 
terms. 

17-8 Define the triangular number T n as T n = ^n(n + 1), where 

n = 0, 1, 2, . . . , n, . . . , and the square number S n as S n = n 2 , 

where n = 0, 1, 2, . . . , n, . . . . Prove 

(a) T n+1 = T n + n + 1 (b) S n+1 = S„ + 2n + 1 (c) S n+1 = 
Tn +1 + Tn (d) S n = 2Tn - n. (See Fig. 517-8.) 

(a) T n+ i = \{n + 1)(« + 2) = \n(n + 1) + \ (2 n + 2) 

= \n(n + 1) + n + 1 = T n + n + 1 

(b) S n+1 = (h + l) 2 = n 2 + 2n + 1 = S n + 2« + 1 

(c) S n+ i = (n+ 1)(« + 1) = \ (n + 1)(« + n + 2) 

= \ (« + 1)(« + 2) + \n(n + 1) = T n+ i + T n 

(d) S n ~ S n +i 2/i 1 = T n +\ H - 7« 2n 1 

= + m + 1 + T n — 2/2— 1 = 2T n — n 
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A. 
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• *S 3 # 

• • • 




7> 4 + 1 - T 5 
T^n+l - r„ + , 


S 3 + 2 3 4 1 - s 4 t 4 + r 3 - s 4 


2r 5 -5 = S 5 


S„ 4 2 /? + 1 - S n+ , 


r t 


n t 1 


r - 


s 


n + i 


27" 0 - n = S 

Si 7-8 


17-9 Beginning with the progression a, ar, ar 2 , ar 3 , . . . , ar n_1 , . . . , 
form a new progression by taking for its terms the differences of 
successive terms of the given progression , to wit 9 ar — a, 
ar 2 — ar, . . . . Find the values of a and r for which the new pro- 
gression is identical with the original . 


Since the progressions are the same, so are the (n — l)-th terms. 
ar n — ar n ~ l - ar n ~ l :.ar n - 2ar n ~ l 


For a t* 0, r 9 ^ 0, r — 2. For r — 2, a is arbitrary. 
illustration: From 3, 6, 12, 24, 48, . . . , we obtain 6 — 3, 
12 — 6, 24 — 12, 48 — 24, ; that is 3, 6, 12, 24, ... . 


17-10 The interior angles of a convex non-equiangular polygon of 9 sides 
are in arithmetic progression . Find the least positive integer that 
limits the upper value of the common difference between the 
measures of the angles . 

We may represent the angle measures by a 9 a + d 9 . . . , a + %d. 
/. 9a+ 36d = 7(180), or a + 4d = 140. Also, a + 8d < 180. 
(Why?) 

Therefore, 4d < 40, d < 10; that is, the common difference is 
less than 10°. 

17-11 The division of s ^ r , where r « s, that is 9 where r is very much 

smaller in magnitude than s, is not exact , and is unending. If 9 
however , we agree to stop at a given point , the quotient is a poly- 
nomial in - whose degree depends upon the stopping point . Find a 
® r 

second-degree polynomial in - best approximating the function 
^ s 

— — where r « s. 
s + r 
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We may divide the numerator and the denominator of by s 
to obtain — - — . By actual division, or by binomial expansion, 

1 + " 2 3 

we find — l — = 1 — - g + (^) ~ (’) + ’ ‘ • Since r « s, 

S 

T ST 

- <1. Therefore, we may truly say that — — - =1 — + 

s i i - r J 

3 

+ • • • .For a second-degree polynomial approxima- 

S T 

tion to — — , we therefore have 1 — + 

s + r 9 s 

illustration 1 : Suppose r — .1 and s = 10. Using the approxi- 

l / i \ 2 

mating polynomial, we have 1 — + ( Jq ) = .9901. By 
division we find that —7— = . = —77 = .99009900 . . . . 

s H- r 10 + .1 10.1 

The approximate value agrees with the exact value in the fourth 
decimal place. 

illustration 2: Suppose /*=—.! and s = 10. Using the 

— 1 /— 1 \ 2 

approximating polynomial, we have 1 — —■ + j = 1 . 0101 . 

Working directly with ^ 7 -^ , we have ^ — 1.0101 

Again there is agreement to four decimal places. 



© - © 


17-12 When P n (x) = 1 + x + x 2 + • * • + x n is used to approximate 

the function P(x) = 1 + x + x 2 + • • • + x n + • • • when x = ^ 
(see Problem 17-1 1), find the smallest integer n such that 


|P(x) - P n (x)| < .001. 


Pn G) = 1 + \ + h + ' " i _ K 4 - 4-) 

Appendix VII), while — 


‘"4 


4 

3 


When* = j,|/>(x) -/>,(*)| = 
so n > 5, when n is an integer. 


3 \3 3 • 4v 


4 _ _1__ 
3 3 -4* 


(see 


1 1 
3 • 4 n < 1000 ’ 


Challenge 3 Show that the values of n are large for those values of x 
that are toward the middle of the interval (—1, +1). 
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hint for proof: First show that for any jc in — 1 < 
* < i, IfW - p.w - ' 

17-13 Find the numerical value of S such that S = a 0 + a! + a 2 + • • • + 
a n + • • • where a 0 = 1, a n = r n , and a n+2 = a„ — a„+i. 

a 2 = a 0 - fli .• r 2 = 1 - r, r 2 + r - 1 = 0, r = -1 * ^ 

1 3 -f- \/5 


Therefore, S = 


1 - 


— 1 + \/3 


. or 


5 = 


3 - V5 


1 - 


-1 - V5 


Challenge Solve the problem with a 0 = 2. 

r = — 2 or 1 ; but both must be rejected. Why? 


17-14 A group of men working together at the same rate can finish a job 
in 45 hours. However , the men report to work singly at equal 
intervals over a period of time. Once on the job , however , each 
man stays until the job is finished. If the first man works five times 
as many hours as the last man , find the number of hours the first 
man works. 

The number of man-hours required for the job is h = 45n where 
n represents the number of men. Let x represent the number of 
hours the first man works. Then the second man works (x — d) 
hours where d is the hour interval between the first and second 
man, and the «-th man works x — (n — \)d hours. 

Let S = x + (x — d) + (x — 2d) + * * * + (x — (n — l)cT) = 

^ n[2x — (n — 1 )d]. (See Appendix VII.) 

:\n[ 2x - (n - l)d] = h = 45n (I) 

4a - 

Since x = 5[x — (n — \)d], d = ^ ^ . Substituting the value 

1 I 4a\ 

for </ into (I), wehave*«(2x — t-J = 45«. Therefore, 3x = 225 
and x = 75. 


17-15 A sequence of positive terms Ai, A 2 , . . . , A n , . . . satisfies the re- 


cursive relation A n+ i = 


3(1 + An) 
3 + An 


For what values of Ai is 
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the sequence monotone decreasing (i.e., Ai > A 2 >** > 
A„ > * * ’)? 

For a monotone decreasing sequence, A\ > A 2 > ••• > 

An > * • ■ . 

Therefore, = \ + J* x < A x . 

3 -f- 3Ai < 3/4i + v4i 2 ; ^ 

17-16 If S = n 3 + (n + l) 3 + (n + 2) 3 + • • • + (2n) 3 , n a positive 
integer , find S in closed form (that is, find a formula for S), given 

that l 3 + 2 3 + • • • + n 3 = ^n 2 (n + l) 2 . 

Let Si = l 3 + 2 3 + 3 s + • • • + (2n) 3 = \ Qn)\2n + l) 2 

(using the given formula for 1,2,..., 2 w). 

Let S 2 = l 3 + 2 3 + 3 3 + • • • + (« - l) 3 = \ (« - l) 2 (n) 2 
(using the given formula for 1, 2, ... , n — 1). 

£ (2/i) z (2« + l) 2 - \ (n - 1) 2 («) 2 

= + 1)(5« + 1) 

illustration 1: Find S where S = 3 3 + 4 3 + 5 3 + 6 3 . 

S = 7 • 3 2 • 4 • 16 = 432 
4 

illustration 2: Find S where S = 50 3 + 51 3 + • • • + 100 3 . 

S = \ (50) 2 (5 1 )(25 1 ) = 24,001,875 

17-17 If S(k) = 1 + 2 + 3 + • • • + k, express mn in terms of S(m), 
S(n), and S(m + n). 

S(m + n) = l+2 + 3 + -- - + (/n + n) 

= \ (m + n)(m + n + 1) 

= ^ (m 2 + 2mn + n 2 + m + n) 

= ^ (m 2 + m) + j (w 2 + n) + mn 

S(m ) = 1+2 + 3 + • • • + m = ^ m(m + 1) = ^ (m 2 + m) 

Similarly, S(n) = ^ (n 2 + n). 

S(m + n) = S(m) + S(n) + mn 
mn = S{m + n) — S{m) — S{n) 
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17-18 Each ai of the arithmetic sequence a 0 , ai, 25, a 3 , a 4 is a positive 
integer . In the sequence there is a pair of consecutive terms whose 
squares differ by 399. Find the largest term of the sequence . 

METHOD i : Try 25 2 — a x 2 = 399. Then a x 2 = 226. Reject, 
since a x is not an integer. 

Try a 3 2 - 25 2 = 399. Then a 3 2 = 1024 - 32 2 . .\a 3 = 32 and 
d = 7. Therefore, the largest term is a 4 = 39. 

METHOD ii : a 0 = 25 — 2d, a x = 25 — d, a z = 25 + d, a 4 = 
25 + 2d. 

Try 25 2 - (25 - d) 2 = 399. Then d 2 - 50d + 399 - 0. The 
discriminant is 904, so that d is not an integer. Reject. 

Try (25 + d) 2 - 25 2 = 399. Then d 2 + 50d - 399 - 0 - 
(d — l)(d + 57). Using the value d = 7, we obtain a 3 = 32 
and a 4 = 39. With the value d = —57, the sequence is 139, 
82, 25, —32, —89. With the condition in the problem that each 
ai is a positive integer, this result is rejected. If the problem is 
changed so that each ai is an integer, then the result 139 is 
acceptable. 


17-19 Let Si = 1 + cos 2 x + cos 4 x + * • • ; let S 2 = 1 + sin 2 x + 
sin 4 x + * * * ; let S 3 = 1 + sin 2 x cos 2 x + sin 4 x cos 4 x + • * • , 

with 0 < x < ^ . Show that Si + S 2 = SiS 2 , and that S x + S 2 + 

S 3 — S X S 2 S 3 . 

For 0 < x < ~ , 0 < cos x < 1 /.Si = : ^-y: = -r^— 

2 7 1 — cos -4 x sin 2 x 

(See Appendix VII.) 


0 < sin x < 1 S 2 = . _ ■ 

A SI 


l 


l 


sin 2 x cos 2 x 


cos 2 x + sin 2 x 


1 


g i c _ * _L * _ _ 

1 ' 2 sin 2 x ' cos 2 x sin 2 x cos 2 x sin 2 x cos 2 x 

= S X S 2 (since cos 2 jc + sin 2 x = 1) 


S* = 


1 


3 1 — sin 2 x cos 2 x 


1 


* *^ 2 *^ 3 sin 2 x cos 2 x X — sin 2 ;ccos 2 x 

_ cos 2 *(1 — sin 2 A- cos 2 a~) 4~ sin 2 *(1 — sin 2 .r cos 2 .*) 4- sin 2 .rcos 2 x 


1 


sin 2 x cos 2 x(\ — sin 2 x cos 2 x) 


sin 2 x cos 2 *(1 — sin 2 x cos 2 x) 


— E X S 2 S Z 
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17-20 A square array of natural numbers is formed as shown. Find the 
sum of the elements in (a) the yth column ( b ) the \-th row (c) the 
principal diagonal {upper left corner to lower right corner ). 


1 2 3 

n + 1 n + 2 

2 n + 1 2 n + 2 


n 

2 n 


(n — l)n + 1 (n — l)n + 2 


(a) In the y-th column the first element is j and the last element 
is (n — \)n + j 9 with a common difference of n. Therefore, the 

sum Sj = ^ n[j + (n — l)w + j] = \ n(n 2 — n + 2 j). 

(b) In the /- th row the first element is (/ — \)n + 1 and the last 
element is «/, with a common difference of 1. Therefore, the sum 

Si = ~ «[(/ — l)n + 1 + «/] = \ n{2ni - n + 1 ). 

(c) In the principal diagonal the first element is 1 and the last 
element is n 2 y with a common difference of n + 1* Therefore, 

the sum S D = ^ w( 1 + n 2 ) = \n(n 2 + 1). 


17-21 Let S = 2x + 2x 3 + 2x 5 + • • • + 2x 2k ~ 1 + * • • , where |x| < 1, 
be written as ^ ^ . Express P and Q as polynomials in x with 

integer coefficients . 

5 — 2x{\ + x 2 + x 4 + * • • + x 2K ~ 2 + *•*)• Since |x| < 1, 

S = 2* . (See Appendix VII.) 

Let rz~i = j— + t-—-; be an identity in x. Then 2x = 

A( 1 4- x) + #0 — *). Letting x = 1, we find ^ = 1. Letting 

x = —I, we find B = — 1. Therefore, 5 = 7 —^ — so 

that P = 1 — x and Q — 1 + x. 


17-22 Let I = lim 


l 2 4 2 2 4 


4 n 2 


, that is , the limiting value of the 


fraction as n increases without bound; find the value of I. 
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Let 5= ^(l 2 + 2 2 + --- + « 2 ) 

= h\ n ( n + W 2/I + 

_ In 3 + 3m 2 + n _ 2 n 2 + 3n + 1 
6 n 3 6 n 2 

Therefore, $ = 3 + ^ + ^- 


(See Appendix VII.) 


1 


1 


As n increases without bound, both ^ and ^ approach 
arbitrarily close to zero. Therefore, the limiting value of S, which 
we labeled /, equals \ * 


In general, if / = lim 


r + r + 


+ rf 


i r +i 


, / = 


1 


r + 1 


. In this 


problem, r = 2 so that / = - • 

A geometric interpretation is helpful (see Fig. S 17-22). Consider 
the area K between the x-axis and the parabolic arc;; = x 2 , 
0 < x < 1. Partition OA into n equal segments and erect rect- 
angles as shown. The sum of the areas of these rectangles approxi- 
mates K, the approximation improving with increasing n . The 

heights of the rectangles are (“) 2 . (“) 2 » • • • » > (^) > 

the widths are each equal to ~ * Therefore, the sum K* equals 


- (-) 2 + - (-) 2 + ***+“ (“) 2 = - 
n \n/ tt \n/ ft \tt/ 


+ 2 2 + 


+ « 2 


. As n in- 


creases without bound, K* — * K . But K equals the area of rect- 
angle OABC minus the area of parabolic segment OBC . 
2 1 

. .K = 1 — - = -. (We use a theorem of Archimedes which 



SI 7-22 
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2 

states that the area of a parabolic segment is - the area of the 
circumscribed rectangle.) 


17-23 Let S = y^ 2 + F3 + 3^4 + ‘ " + „(n + 1) * Find a simple 
formula for S. 

Noting that n(n ' + = £ - , we may write 5 as 

^Ll 2 ' 2 3^3 4 ' ^ n - 1 ft « + lj 

S = 2(1 r-r ) = — ; — r , since all but the first and last 

\ fl + 1/ ft -h I 

terms are removed by “cancellation.” 

2 2 2 

Challenge Find the values of lim S; that is, y-r + 777 + 777 + • • • . 
lim 5 = Jim 2 ( 1 = 2 

\ n + 1 / 


n— > « 


comment: The terms of series S are the reciprocals of the 
triangular numbers \ n(n + 1). (See Appendix VII.) 


17-24 An endless series of rectangles is constructed on the curve - , each 

l 1 x 

with width 1 and height - — n ^ , n = 1, 2, 3, ... . Find the 
total area of the rectangles . 


method i: Since the width of each rectangle is 1, the area is the 
same numerically as the height. The total area is, therefore. 


(H)+(H)+(H) + 

(™)+ 


+ C4i-D + 

- Jr. (* - rb) - 


method ii : In Fig. S17-24, R x represents the rectangle with width 1 
and height - — ^ , R 2 represents the rectangle with width 1 and 

height ^ | , and so on. 

Let the rectangles be translated to the left to come in contact 
with the^-axis, as shown by the dotted lines. Then Ri + R 2 + *** 
now occupy the rectangular region whose vertices are (0, 0), 
(1,0), (1, 1), and (0, 1). The area of this region is 1 X 1 = 1. 
Therefore, the total area of the rectangles as described in the 
problem is 1. 
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comment: An alternative way of stating this problem is, find S 

where • S '=^ + | + ^H h - (n * + 1} H (See Problem 

17-23.) 

17-25 Let S„ = + yyy H h (3n _ 2 )( 3 n + i) w ^ ere n = 2 

Find a simple formula for S n in terms of n. 

We note that = (3> , _ 2) \ 3fl + 1} = \ ( 3^2 ~ 3 ^ 1 ) ‘ 
Then 

S n = U n + W n -1 + * * * + W 2 + U \ 

3 \3« - 2 3/f H- 1/ 

= I / 1 ? — \ = — 

3 \ 3/1 + 1/ 3« + 1 

comment: The limiting value of S n as n increases without bound 
. 1 



17-26 Let S = a x + a 2 + * * * + a n _! + a n be a geometric series with 
common ratio r, r ^ 0, r ^ 1. Let T = bi + b 2 + * • * + b n _i 
be the series such that bj is the arithmetic mean (average) of a, 
and a i+1 , j — 1, 2, 3, . . . , n. Express T in terms of a n , and r. 

As defined in the problem, b x — ^ (ai + a 2 ), b 2 ~ ~ (a 2 + a 3 ) f 
and so on. 

Since a u a 2i a 3 , ... is a geometric sequence with common ratio r , 
a 2 = a x r, a 3 — a x r 2 , and so on. 
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Therefore, b x = ^(l+r), b 2 = \a x r{\ + r), b 3 = 
\a x r 2 (\ + r), . . . , b n ~i = ^flir n-2 (l + r). Consequently, T = 

fe *)* 1 +'•+•••+ r n ~ 2 ) = (+-') (« i ) ++ ‘ 

/o a j- ,m 1 + r , n-K 0 + r)(fli - d n ) 

(See Appendix VII.) F = 2(1 _ r) (a x - a x r n *) 2(1 __ r) 

since a n — a x /* n_1 . 

17-27 The sum of a number and its reciprocal is 1. Find the sum of the 
n-th power of the number and the n-th power of the reciprocal 

method i: We have 

x + \ = i 

* 2 + i = (* + *) - 2 = 1 - 2 = -1 

* 3 + i = (* + IX* 2 + h)~ ( x + x) = - 1 = 

-2 

* 4 + i = (* 2 + i )(* 2 + p ) ~ 2 = ~ 2 

* 8 + r . = (* 3 + i 0(* 2 + i ) ~ ( x + ;) = 

-1 = 1 

*° = (* 3 + lOC** ^ X s ) - 2 = (~ 2 X -2 ) “2 = 2 

It will be seen shortly that it was not necessary to develop 
the values for n — 5 and n = 3 and even for n = 6. 

We now show by mathematical induction (see Appendix VII) 

that x n + = 2 for all n of the form 6k, k = 0, 1, 2, ... . 

For k — 0 we have x° + - 1 - = 1 + 1=2. For k = 1 we have 

x° + = 2, as shown above. 

Assume that x Gk + ~ = 2, for an arbitrary integer value of 
k>l. Then *' i( * +1) + = (x°* + £)(*• + - 

(* 6< * -1) _|_ -JL^ = 2 • 2 - 2 = 2, since x 6 * + = 2 and 

__ L_ = 2 by assumption and x° + = 2 by veri- 

fication. 
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For 6k + 1 and 6k + 5, we may use the single form 6k =t 1 
since 5 = 6—1 and x + ~ = x” 1 + pi . Since x 6fc±1 + 

3+1 = (* 6 * + +X** 1 + +) - (x 6k±1 + ^ir), we have 
2 (* 64±1 + +i) = (* 6 * + +X* ±x + +) = (2)(1). There- 
fore, x 6k±1 + = 1. 

For 6k + 2 and 6k + 4 we use the single form 6k ± 2, 
because 6k + 4 = 6 (k +1) — 6 + 4 = 6/: — 2. Since x 6 * ±2 + 

-jLj = ( x 6 * + ^X* ±2 + +) “ (* 6 * ±2 + +), it follows 

that 2 (x 6 ** 2 + +) = (*«* + ^i)(x ±2 + = 2(-l)so 

that ^ 6i±2 + ^+5 1. 

In a similar manner, we have x 6 * ±3 + pj~ = — 2. 

In summary, x n + p = 2 when n = 6k 

1 when n — 6k ± 1 

— 1 when n — 6k zh 2 

— 2 when n = 6A: ± 3. 


method ii : Since x + - = 1, x 2 - x + 1 = 0, with roots 


'i = 


1 + *V3 1 


= -j , and r 2 = 


1 - /V3 


ri 


2 ~ r 2 > “““ ' z — 2 

Consider the equation x 3 — 1 = 0, with roots 1, w, w 2 y where 


w = 


-1 +iV 3 


1 


,2 _ 


~ ~2 » W = 
H?2 > 


-1 - (V 3 


1_ 


Since w 3 = 1, w 3fe = 1, and 1 + w + w 2 = 0, and 

1 2 j 1 

ri = - = -w 2 , and r 2 = - = -w. 

Therefore, x + ~ = —w 2 — w = 1, 


x 2 + p = w 4 + w 2 = w + w 2 = —1, 

x 3 + p = — w 6 — w 3 = — 1 — 1 = —2, 

X 4 + p = w 8 + w 4 = w 2 + w = — 1, 

X 5 + p = — w 10 — w 5 = — w — w 2 = 1, 
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x 6 + ^ = w 12 + w 6 = 1 + 1 = 2. 

Hence, x 6fc + -^ = w l2k + w 6k =1 + 1 = 2, 

X 6k±1 + -L = -H^ 2 - ^ = 1, 

x 6i±2 + +; = w ±4 + w ±2 = w ±1 + w ±2 = -1, 

* 6 * ±3 + ^ = - M - ±6 - M ' ±3 = - 2 . 

method iii: Using trigonometry, we have x + “ = 1, * 2 — x + 

in 1 + *V 3 , n0 I • • l “ *V3 

1 = 0, /*! = — z — = cos 60° + / sin 60°, r 2 = — ~ — = 

^11 z 
cos 60° — i sin 60°, r x = — , r 2 = — • 

* f 2 ri 

Therefore, x + - = (cos 60° + / sin 60°) + (cos 60° — i sin 60°) 

= i + + I_^ = 1 
2 * 2*2 2 

Since (cos 60° + i sin 60°) n = cos 60«° ± / sin 60«° (De Moivre 
Theorem), we conclude as follows. 

x 2 + ^~ = (cos 120° + i sin 120°) + (cos 120° — i sin 120°) = 

1 , iVl l /V3 _ _ 

2 ' 2 2 2 1 

x 3 + ~^ — (cos 180° + / sin 180°) + (cos 180° — / sin 180°) = 

— 1 + 0 — 1— 0 = —2 

x 4 + ^= (cos 240° + / sin 240°) + (cos 240° — / sin 240°) = 

_ 1 _ *\/3 _ 1 V 3 = _ . 

2 2 2 * 2 1 

x 5 + ^ = (cos 300° + i sin 300°) + (cos 300° — / sin 300°) = 

I_ V3 , 1 , N/3 = ! 

x 6 + ^ = (cos 360° + i sin 360°) + (cos 360° — i sin 360°) = 


1+0+1— 0 = 2 
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x 6k + = (cos 360 k° + / sin 360fc°) + 

(cos 360fc° — i sin 360fc°) = 

1 + 0 + 1 — 0 = 2, and so on. 

17-28 Alpha travels uniformly 20 miles a day. Beta, starting from the 
same point three days later to overtake Alpha , travels at a uniform 
rate of 15 miles the first day , at a uniform rate of 19 miles the 
second day , and so forth in arithmetic progression. If n represents 
the number of days Alpha has traveled when Beta overtakes him , 
find n {not necessarily an integer). 

Using a routine procedure, we may write 

20(n + 3) = 15 + 19 + • * • + [15 + (n - 1)4] 

= \ n[30 + (n - 1)4] 

(See Appendix VII.) Then In 2 - In - 60 = 0 = (2n - 15) X 

(n + 4). Therefore, n = 7^ and n + 3 = lo| • 

Checking, we find Alpha’s distance is 210 miles and Beta’s 

distance is 210^ miles. What is wrong? 

1 1 

We misused the formula ~n[2a + (n — l)rf]; the formula is 

valid only for n a positive integer, as proved by mathematical 
induction. (See Appendix VII.) 

After 10 days Alpha has traveled 200 miles while Beta has 
traveled 189 miles. Sometime during the eleventh day Alpha and 
Beta meet. Let x be the number of hours on the eleventh day 

when the meeting occurs. Then ~ * 43 = 1 1 + ~ (20), 23x = 

11 • 24, x = ■ 24. Hence, n = 10^ days. 

11 220 
check: In 10^ days Alpha has traveled 200 + miles while 

Beta has traveled 189 + ^ * 43 = 189 + 11 + ^ = 200 + 

220 .. 

~ miles. 

Let us view the problem geometrically (Fig. S 17-28). Alpha's 
distance is represented by the area of the series of rectangles 
60 + 7 * 20 + 20/. Beta’s distance is represented by the area of 
the rectangles 15+19 + 23 + -- - + 39 + 43/. 

Below RS (see diagram) the excess of the Alpha area over the 
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Beta area is 60 + 5 + 1. Above RS the excess of the Beta area 
over the Alpha area is 

.-.66 = 55 + 23 t, t = Yi 


17-29 Find a closed-form expression for S„, where S n = 1 • 2 + 2 • 2 2 + 
3 • 2 3 + • • • + n • 2 n ; that is, find a simple formula for S. 

S„= 1 • 2 + 2 • 2 2 + 3 • 2 3 + • • • + (« - I)2 n_I + n • 2“ 

2 S n = 1 • 2 2 + 2 • 2 3 + '•• + (« - 2)2 n_1 + (n - 1)2“ 

+ n • 2 n+1 

By subtraction, S n = n ■ 2 n+1 - (2 + 2 2 + 2 3 + h 2") 

= n ■ 2 B+1 - 2 ( f_~ = 2 + (n - l)2 n+1 

(See Appendix VII.) 

illustration: For /j = 4, S 4 = 2 + 3*2 5 = 98 = 2 + 8 + 
24 + 64. 


17-30 Show that £ < 2 w/rm? E^ = t^ + ^+ , **+;^ + 

r = l r r = 1 F 1 Z 1 


First we show that ]T 3 — 

r = i Kr + l) 


= 1, and that £ 


=2 Kr - 1) 


= 1. 


Since 


l 


r(r + 1) 


~ r — r ^ { (see Problem 17-23), 


r § kHm) = (l “ D + G “ 1) + G “ 0 + 


Since 


r(r - 1) 


r - 1 


1 

- » 
r 


5 *^-G-D + G~i) + G -9 + 


= 1. 


= 1. 
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Since r{r - 1) < r 2 < r(r + 1), <±< 

Therefore, 




1) 


1 


l + E^= E^<i+L^-n 

r=2 r r = l r r=2 

00 1 00 1 00 1 

y ; — - — < t — < l -i- y — - — 

ro! Kr + 1) ^ r ti r* ^ 1 ^ r t 2 Kr - 1) 

Thus, 1< £ <4<1 + 1 = 2. 

r = 1 r 


17-31 Express S n /« 0 / n, where S n — 1*1! +2-2! + 3*3! 

+ • • • + n -n!. 

METHOD 1 : Sn = 1 • 1! + 2 ■ 2! + • • • + n • n! = 1 • 1! + 

2 • 2! H [- n • «! + n! - n\ 

But n ■ n\ + n\ = (n + 1)!. 5„ = 1 • 1! + 2 • 2! + * • • + 

(n - 1)(« - 1)! -«! + («+ 1)!. 

But ( n ~ 1 )(« - I)! - «! = -(« - 1)! .\S„ =1-1! + 

2 • 2! + ••• + (« — 2)(n — 2)! — (n — I)! + (n + 1)!. 
Continue in this manner to obtain S n = 1 • 1! + 2 • 2! — 3! + 
(« + I)!- 

Therefore, S n = (n + 1)! — 1. 

method ii : Using mathematical induction, we have 

S y = 1 • 1! = 1 = 2! - 1 and S 2 = 1 • 1! + 2 • 2! = 5 = 3! — 1. 

Assume that S* = (k + 1)! — 1 ; then ( k + l)(fc + 1)! + Sk = 
S*+i = (k + 1)! — 1 + (k + \)(k + 1)!. 

Therefore, S k+l = (k + l)!(Jk + 2) - 1 = (k + 2)! - 1. 
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18 Logarithms: A Power Play 

18-1 Find the real values of x such that x log 2 3 = logiQ 3. 

Since x log 2 3 = log 10 3, x = l ° gl ° 3 . Let Iog 2 3 = a, then 
2 a = 3 (I). ° g2 

Taking logarithms of both sides of (I) to the base 10, we have 
a log 10 2 = log 10 3. 

Therefore, x = a >0gl<? - = logi 0 2. Hence, x « .3010. 

Challenge Find the real values of y such that y log i0 3 = log 2 3. 

method i: (Quickie Solution) Since y is the reciprocal of 

X > y ~ .3010 * 

method ii : (Formal Solution) Follow the pattern used in 
Problem 18-1. 

18-2 Find the real values of x for which (a) F is real ( b ) F is positive , 
where F = log & 2x - ^ - 4 , a > 0, a ^ 1 . 

2x -f 4 

(a) F is real when 0 < — so that either 2x + 4 > 0 and 

3x > 0 or 2x + 4 < 0 and 3 jc < 0. Therefore, F is real for jt in 
the union of the sets x > 0 and x < — 2. 

2x 4' 4 

(b) F is positive when 1 < — ^ — so that x < 4. However, since 

F is not real for — 2 < x < 0, F is positive only for the set 
0 < x < 4. 

18-3 If f is a function of x only and g is a function of y only, determine f 
and g such that log f + log g = log( 1 + z) where z = x + 
xy + y. 

log (1 + z) = log (1 + x + xy + y) 

= log ((1 + x)(l + y)) = log /+ logg = log fg 
:.f = 1 + xand g = 1 + y. 

18-4 7/'(ax) ,0 ‘' a = (bx/^h, a, b positive, a ^ b, a ^ 1, b ^ 1, and the 
logarithmic base is the same throughout, express x in terms of a 
and b. 
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Taking logarithms of both sides of the equation to the same base, 


log a log ax = log b log bx 
log «(log a + log x) = log 6(log b + log x) 

(log a) 2 + log a log x = (log b) 2 + log b log x 
log x(log a — log b) = (log b) 2 — (logo) 2 

= (log b + log n)(log b — log a) 
log x = - (log b + log a) 

— —log aft 
= log (ah)” 1 

Therefore, x = (ah) -1 . 


/ 1 \loga / 1 \log6 /l\loga /l\log6 

verification: (« ■ ~ b ) =[b- ~ b ) or • 

Let log c a = u so that a = c“, and let log c b — v so that b = c v . 

/l\logeO /l\u 1 /l\loge6 /1\» i 

t) = t) = and (a) = (?) = Wlth re ’ 

versible steps, or, taking logarithms of both sides of the tested 

equality Q)* ° g ° = Q) l0E \ we have lo S a(log 1 “ log *0 ^ 

log6(log 1 — logo). Since log 1 = 0, we have — log a log b — 
—log a log b with reversible steps. 

18-5 Find a simple formula for S„ = ^ ^ + • • • + * 

N > 1. 

Since log*, b = , then S„ = logAr 2 + log# 3 + • • • + 

logAr 25 = logAr 25! 

Challenge Find a simple formula for T„ = ^ - 




, N > 1. 


T n = logAr 2 — logAr 3 + logAr 4 — logAr 5 + * * * — logAr 25 

= logAr 2-4*6 24 — log at 3*5*7 25 

= logAr 2*4*6 24 — 

. (3*5*7 25)(2 *4*6 24) 

lo g* 2-4-6 24 

_io ... . 25! 


= logAr 2 12 * 12! -lo 

. ( 2 12 ■ 12!) 2 
— logAr 251 
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19 Combinations and Probability: 
Choices and Chances 


19-1 Suppose that a boy remembers all but the last digit of his friend's 
telephone number . He decides to choose the last digit at random in 
an attempt to reach him . If he has only two dimes in his pocket 
(the price of a call is lOi), find the probability that he dials the 
right number before running out of money . 

The probability of dialing correctly the first time is The 


probability of failing on the first attempt and succeeding on the 

9 11 . 

second attempt is Jq 9 = lb ^he re< l u ^ re ^ probability is, 

therefore, 17; + ^ = A = \ • 


19-2 In a certain town there are 10,000 bicycles , each of which is assigned 
a license number from 1 to 10,000. No two bicycles have the same 
number . Find the probability that the number on the first bicycle 
one encounters will not have any 8’y among its digits . 

An 8 can occur in the unit’s place, the ten’s place, the hundred’s 
place, and the thousand’s place, each with a probability of .1, and 
so the probability of a digit other than 8 in any one of these 
positions is .9. The probability that a digit other than 8 occurs in 
all four positions is (.9) 4 = .6561, and this is the probability 
that there will be no 8’s in the license number. 


19-3 Suppose Flash and Streak are equally strong Ping-pong players . 
Is it more probable that Flash will beat Streak in 3 games out of 
4, or in 5 games out of 8? 

For 3 games out of 4, the probability is (3)^) (^) ” = ^ ’ 

where means ^ and, in general, means k)\ 9 ^ — w ‘ 

For 5 games out of 8, the probability is (5)^) (^) = 
Therefore, the more probable is 3 games out of 4. 

19-4 Show that in a group of seven people it is impossible for each 
person to know reciprocally only three other persons . 
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The number of groupings of 3 elements from 7 elements is 
71 

= ^ = 35. Since, however, in this case the relation is 
reciprocal, only half as many groupings are required. But 
- (35) = 17^ groups is an obvious impossibility. 

19*5 A t the conclusion of a party , a total of 28 handshakes was exchanged . 
Assuming that each guest was equally polite toward all the others , 
that is , each guest shook hands with each of the others , find the 
number of guests , n, at the party . 

Represent the number of guests by n. Then = 28; that is, 
= 28, /i 2 - n- 56 = 0, (n - 8 )(« + 7) = 0; n = 8. 

If we designate the guests as A, B, C, D, E, F, G, H, the 28 
handshakes are AB, AC, AD, AE, AF, AG, AH; BC, BD, BE, 
BF, BG, BH; CD, CE, CF, CG, CH; DE, DF, DG, DH; EF, 
EG, EH; FG, FH; GH. Note that each letter appears 7 times in 
this list, corresponding to the seven handshakes made by that 
guest. 

19-6 A section of a city is laid out in square blocks. In one direction the 
streets are £1, £2, . . . , £7, and perpendicular to these are the 
streets NX, N2, . . . , N6. Find the number of paths , each 1 1 blocks 
long , in going from the corner of El and NX to the corner of El 
and Nb. 

Going from A to B (see Fig. S19-6), one can choose six (7 — 1) 
“east” streets and five (6—1) “north” streets. At each inter- 

N6 iU 2 E3 E 4 E5 E6 _JZ W 

Start 
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section there is a choice of traveling along an east street or along 
a north street (except at the eastern boundary and the northern 
boundary). 

Now we consider the trip composed of 1 1 blocks. By letting e 
represent an east block and n represent a north block, we can 
describe some possible paths as: e , e, e, n, n , e, n , e, n, n, e; or 
e, n, e, n , e, w, e, n, e,n,e; or e, e, e, e , e, e, n , n,n,n ; or e, e, /i, 
e, e, «, e,e,n; etc. . . We seek the number of different paths; 
that is the number of different arrangements of the e’s and ri* s. 

In all, then, there are or ^y^ choices. Since 

and (y) = , these, of course, are equal. Therefore, the 

number of paths is = 462. 

comment: In general, for m east streets and n north streets, the 
number of paths is ~ ^ ^ ^ ~ - ^1 -f « - 1 ) _ 

(m - 1 + n - 1 )! 

(m - l)!(/i - 1)! 


19-7 A person , starting with 64 cents , makes 6 bets , winning three times 
and losing three times. The wins and losses come in random order , 
and each wager is for half the money remaining at the time the 
wager is made . If the chance for a win equals the chance for a loss, 
find the final result . 

After each win, the amount at the time of the bet, A i9 becomes 
\ Ai, and after each loss, the amount at the time of the bet, Aj , 
becomes - Aj. After three wins and three losses, in any order, 
the amount left is A h)(\ A h) ! 

that is, — A where A is the original amount, since one of A ir A t - 2 , 
* s ^* 

Consequently, if A — 64 (cents), there is a loss of 64 — 27 = 
37 (cents). 

19-8 A committee of r people , planning a meeting , devise a method of 
telephoning s people each and asking each of these to telephone 
t new people . The method devised is such that no person is called 
more than once . Find the number of people, N, who are aware of 
the meeting . 
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We start with r people. The first set of telephone calls adds rs 
people. The second set of calls adds srt people. (See Fig. S19-8.) 
Therefore, N = r + rs + rst — r(l + s + ^0- 
illustration: If r = 4, s = 3, / = 2, AT = 4(1 + 3 + 6) = 40, 
with similar trees for r 2 , r 3 , r 4 . The separate branches total 
4(1 X 4), 12(3 X 4), 24(6 X 4), in all, 4 + 12 + 24 = 40. 


-(1 ♦ 3 + 6) = 10 


Si 9-8 

19-9 Assume there are six line segments , three forming the sides of an 
equilateral triangle and the other three joining the vertices of the 
triangle to the center of the inscribed circle . It is required that the 
six segments be colored so that any two with a common point must 
have different colors . You may use any or all of 4 colors available . 
Find the number of different ways to do this . 

case i : Three colors are used. (See Fig. S 19-9.) We can choose 

/4\ 4* 

the three colors in ( 3 ) = jyj] = 4 (ways). Designate the colors 

as Ci, C 2 , C 3 , C 4 . One possibility is 4Ci, 5C 2 , 6 C 3 , 2 C u 1 C 2 , 
3C 3 . Any permutation of these subscripts will yield the same 
pattern. 



Si 9-9 


case 11 : Four colors are used. We can choose 3 out of the 4 
colors in 4 ways for segments 1, 2, 3, and the fourth color for 
either of the segments 4, 5, or 6 . The colors of the remaining two 
segments are then determined. That is, there is only one way to 
assign the colors to the remaining two segments. Hence, when 
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four colors are used, the six segments may be colored in 4 * 3 = 12 
ways. The total number of different colorings is, therefore, 
4 + 4 = 8. 


19-10 A set of six points is such that each point is joined by either a blue 
string or a red string to each of the other five . Show that there 
exists at least one triangle completely blue or completely red . 

We may consider the six given points as the vertices of a six-sided 
polygon with nine diagonals since the number of diagonals of an 

/i-sided polygon is d = 2 ^ . Alternatively, we may reason 

as follows: there are 6 points to be joined by straight line seg- 
ments, and this can be done in “ 2 ^i “ ^ ways; of the 
15 segments, 6 are sides and 9 are diagonals. (See Fig. S19-10.) 


p. 



Each triangle consists of either 2 sides and 1 diagonal, or 
1 side and 2 diagonals, or 0 sides and 3 diagonals. 

When there are more than 8 red or more than 8 blue there will be 
at least one single color triangle. 

The other possibilities in tabular form are as follows. 

Red Blue Result 

(1) 6s, 2d Os, Id at least 1 blue triangle with 3 diagonals 

(2) 5s, 3d Is, 6 d at least 1 blue triangle with 3 diagonals 

(3) 4s, 4 d 2s, 5 d at least 1 blue triangle with 3 diagonals 

(4) 3s, 5 d 3s, 4 d at least 1 blue triangle with 3 diagonals 

(5) 2s, 6 d 4s, 3d at least 1 blue triangle with 3 diagonals 

(6) Is, Id 5s, 2d at least 1 red triangle with 3 diagonals 

(7) Os, 8 d 6s, 1 d at least 1 red triangle with 3 diagonals 
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Explanation of (1). If red strings are used for the 6 sides and 2 of 
the diagonals, and blue strings are used for the remaining 7 
diagonals, then there is at least 1 blue triangle all of whose sides 
are diagonals. Similar interpretations are to be given to the other 
six cases. 

19-11 Each face of a cube is to be painted a different color , and six colors 
of paint are available . If two colorings are considered the same 
when one can be obtained from the other by rotating the cube , find 
the number of different ways the cube can be painted . [If the center 
of the cube is at the origin (0, 0, 0) the rotations are about the 
x-axis , or the y -axis, or the z -axis through multiples of 90°.] 

We can start with any one of the faces, say the top, and for it, 
we have a choice of 6 colors. We can then paint any one of the 
four side faces, say the front, and for it, there is a choice of 5 
colors. This makes 6 • 5 = 30 different ways the cube can be 
painted. 

Number the faces as follows: top #1, bottom § 2 , front #3, 
rear #5, right #4, left #6. If, instead of painting #1 and #3, we 
chose #1 and #4, the result would not constitute a different 
pattern since a 90° turn brings #4 into position #3. The same is 
true for faces #5 and #6. If, instead of the top, we choose the 
bottom, the pattern is not different since two 90° turns bring the 
bottom face into the top position. All other changes may be 
analyzed in a similar manner. 

19-12 An 8X8 checkerboard is placed with its corners at (0, 0), (8, 0), 
(0, 8), and (8, 8). Find the number of distinguishable non-square 
rectangles , with corners at points with integer coordinates , that 
can be counted on the checkerboard . 

It is just as easy (except for an actual count) to solve the general 
case of the n X n checkerboard. 

The total number of rectangles is S x — ^«(/z + 1)) since, 

for each row and each column, there are rectangles 1 X 1, 1 X 2, 

1 X 3, . . . , 1 X n f a total of ^ n(n + 1) for each row and each 
column. 

The total number of squares S 2 = l 2 + 2 2 + * * • + n 2 = 
^ n(n + l)(2/7 + 1) (see Appendix VII), since there are n 2 
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squares each 1 X 1, (n — l) 2 squares each 2 X 2, . . . , 2 2 squares 
each (n — I) X (n — 1), and I 2 square n X n. 

Therefore, the number of non-square rectangles is 

S 3 = Sj - s 2 = [\n(n + l)] 2 - + 1)(2 n + l) 

= Yl (« - OfoX* + 0(3» + 2). 

For n = 8, S 3 = ^ ■ 7 ■ 8 • 9 • 26 = 1092. 

19-13 A group of 11 scientists ore working on a secret project , the 
materials of which are kept in a safe . In order to permit the opening 
of the safe only when a majority of the group is present , the safe is 
provided with a number of different locks , and each scientist is 
given the keys to certain locks. Find the number of locks , ni, 
required , and the number of keys , n 2 , each scientist must have. 

The number of six-groupings of 11 items is . Therefore, 
(g 1 ) = 462 locks are needed. 

For any one scientist, his 5 companions can be chosen m 
ways. Therefore, each scientist needs = 252 keys. 

Following is an illustration with smaller numbers, say 4 
scientists with 3 present at any one time. Then ^ — 4 locks are 
needed. For any one scientist, his companions can be chosen in 
= 2 ways so that each scientist needs 2 keys. If we designate 

the scientists as S i, S 2 , S 3 , and S 4 , then Si can be provided with 
keys to locks 1 and 2, S 2i with keys to locks 1 and 3, 5 3 , with 
keys to locks 2 and 4, and S 4 , with keys to locks 3 and 4. 

All four locks can be opened with S u S 2 , and S 3 present, with 
Si, S 2 , and S 4 present, with S u S 3 , and S 4 present, and with S 2 , 
S 3 , and S 4 present. 
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20 An Algebraic Potpourri 


20-1 If we define (2n + 1)! to mean the product (1)(2)(3) • • • (2n + 1) 
and (2n + 1)!! to mean the product (1)(3)(5) • • • (2n + 1), 
express (2n + 1)!! in terms of (2n + 1)!. 

(2 « + »)» = d)(3)(5) ' ' ' (2n + 1) = (2)(4)(6) . . . (2ft) 

Since (2)(4)(6) • ■ • (2 n) = 2(1)2(2)3(2) • • • n(2), it follows that 
(2)(4)(6) • • • (In) = 2 n [(l)(2)(3) • • • («)] = 2" • «!. 

Therefore, (In + 1)!! = ’ 

20-2 T/’a, b, c are three consecutive odd integers such that a < b < c, 
find the value of a 2 — 2b 2 + c 2 . 

method i : Since b = a ^ c , 

a 2 - 2b 2 + c 2 = a 2 - 2 (f^l) 2 + c 2 = • 

But c - a = 4 (Why?), :.a 2 - 26 2 + c 2 = y = 8. 

method II : c — a = 4 and c + a = 2b, 

c 2 — lac + a 2 — 16, and c 2 + lac + a 2 = 4b 2 , 

By addition, 2(a 2 + c 2 ) — 4 b 2 + 16, 

a 2 + c 2 = lb 2 + 8, and a 2 — 2b 2 + c 2 - 8. 

20-3 At the endpoints A, B of a fixed segment of length L, lines are 
drawn meeting in C and making angles a, 2a, respectively , with the 
given segment. Let D be the foot of altitude CD and let x represent 
the length of AD. Find the limiting value of x as a decreases 
towards zero; that is, find Urn x. 


x tan a — (L- x) tan 2 a = (L - x) t 
As a — » 0, tan x — » 0 \ lim x = ~L. 

a — >0 3 


3 — tan 2 a 


20-4 Find the set of integers n > 1 for which \/n — 1 + yjn + 1 is 
rational. 

If \/n — 1 is rational, let n — 1 = k 2 ; then n + 1 = k 2 + 2. 
But k 2 + 2 cannot be the square of an integer. (Why?) Similarly, 
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if we assume that n + 1 = k 2 , we find that y/n — 1 is not 
rational. 

Therefore, the required set is the empty set. 

Challenge 1 Solve the problem for \/n — k + \/n + k where k w 
integer such that 2 < k < 8. 

answer: k = 4, /j = 5; k = 6, n = 10; k = 8, n = 17 
Challenge 2 For what positive integer values of n is \/4n — 1 rational ? 
answer: None. (See proof below.) 
proof: Suppose V An — 1 is rational. We may express 

\/4n — 1 as the fraction - , in lowest terms, with p and 

Q ‘2 

q positive integers. Then An — 1 = — and (4/2 — 1 )q 2 = p 2 . 

If q is even then q 2 is even. (See Lemma below.) 
Then p 2 is even so p is even. (See Lemma below.) Since 

^ is in lowest terms this is impossible. 

If q is odd then q 2 is odd. Since 4n — 1 is odd, p 2 is 
odd and, p is odd. Let p = 2a + 1 and q = 2b + 1. 
Then (4/2 — 1)(4 b 2 + 4b + 1) = 4a 2 + 4a + 1, or 
4/2(4fc 2 + 4b + 1) — 4b 2 — 4fc — 1 = 4a 2 + 4a + 1. 
When the left side of this equation is divided by 4, the 
remainder is —1. When the right side is divided by 4, 
the remainder is +1. Since this is a contradiction, 

the assumption that \/4n — l = ^ is untenable. There- 
fore, \/4n — 1 is irrational for all positive integer values 
of n. 

lemma: If q is even, that is q = 2 r, then q 2 is even. 
Since q = 2 r, q 2 = 4 r 2 = 2(2 z* 2 ), an even number. 

If q 2 is even, that is q 2 = 2s, then q is even. Suppose q 
is odd, that is q = 2t + I* Then q 2 = 4/ 2 + 4/ + 1 = 
2(2/ 2 +2 1)+ 1. Therefore, 2s = 2(2/ 2 + 2t) + 1. The 
left side of this equation is even while the right side is 
odd. This is an impossibility. The assumption that q is 
odd is untenable. Therefore, q is even. 

20-5 The angles of a triangle ABC are such that sin B + sin C = 2 sin A. 

B C 

Find the value of tan - tan - • 
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q I £ q ^ 

sin B + sin C - 2 sin — ^ — cos — 2 — 

2 sin A = 2 sin [180° - (B + C )] 

= 2 sin (B + C) = 4 sin -y C cos — y C 

B-C „ B + C 
cos — 2 — — 2 cos — 2 — 

B C . B . C - 5 C 

COS - COS 2 + Sin - sin - = 2 COS y COS y — 2 Sin y COS y 

3 sin y sin y = cos y cos y ; 3 tan - tan - — 1 

. B ^ C 1 
. . tan y tan - = - 


7 X 3 — j[2 — X — J 

20-6 Decompose F = x3 ^ x _ ^ into the sum of fractions with 

constant numerators. 


Divisors of the denominator x 3 (x — 1) are x 3 , x 2 , x, and x — 1. 
T j-t 7x 3 — x 2 — x — l A , B C , D u .j 

ut F ^ + ^ + - + 7TT bean lden - 


tity in x. 

Then 7x 3 - x 2 - x - 1 = A(x - 1) + Bx(x - 1) + 
Cx 2 (x — 1) + Dx z holds for all x. 

Let x = 0; then —1 = —A, A — 1. 

Let x = 1 ; then D = 4. 


Let x = — 1 ; then — 8 = — 2 + 2B — 2C — 4, and B — C = 
- 1 . 


Let x — 2; then 49 — 1 ~|- 2 B ~\~ 4C ~|- 32, and B ~\~ 2C = 8. 
Thus, 5=2andC = 3. ^=^ + 4 + - + — ^ 

’ X 3 X 2 X X — 1 


20-7 On a transcontinental airliner there are 9 boys, 5 American children , 
9 wen, 7 foreign boys , 14 Americans , 6 American males , a/irf 7 
foreign females . Fwrf r/ze number of people on the airliner . 

The table shown is constructed as follows: 


(1) Enter 7 

(2) Enter 2 

(3) Enter 3 

(4) Enter 4 

(5) Enter 5 


at the intersection of row 5 and Column F. 
at the intersection of row B and Column A . 
at the intersection of row G and Column A . 
at the intersection of row Af and Column A. 
at the intersection of row W and Column A . 
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(6) Enter 5 at the intersection of row M and Column F. 

(7) Enter X at the intersection of row G and Column F . 

(8) Enter 7 — X at the intersection of row W and Column F . 


A (American) F (Foreign) 


Children B (boys) 

2 

7 

G (girls) 

3 

X 

Adults M (men) 

4 

5 

W (women) 

5 

7 - X 

The total is 14 H- 19 = 33. 

14 

19 


note: The number of foreign girls is not determined except to say 
that it can vary from zero to seven. 

20-8 If a and b are positive integers and b is not the square of an integer , 
find the relation between a and b so that the sum of a + y/b and 
its reciprocal is integral . 

Let a + y/b + - * y. = m; then ma + my/b = (a 2 + b + 1) + 
2 ay/b. a + V 

/.my/b — layfb so that m — 2a, and ma = a 2 + b + 1. 
la 2 — ma — a 2 + b + 1 a 2 ~ b + 1 

Challenge Solve the problem so that the sum is rational but not integral . 

Let 5 = a + y/b + = a + V~b + • 73$ 

a 3 — ab + a + a 2 y/b — by/b — y/b 
” a 2 - b 

For 5 to be rational the numerator must be an integer, 
so that a 2 — b — 1 = 0; that is, a 2 = b + 1. But we 

have already established that when a 2 = b + 1, 5 is an 

integer. Therefore, the Challenge has no solution. 

20-9 Find the simplest form for R = y / 1 + y/—3 + yj 1 — yf — 3. 

Let yfa + \J —b = y / 1 + y/—3 , with a > 0, b > 0. Then 

a — b + liyfab = 1 + iy/3 where / = — 1. So a — b = 1 and 

2 y/ab = V3- Squaring each of the last two equations, we have 
a 2 -lab + b 2 = \ (I) and 4ab = 3 (II). 
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By addition of (I) and (II) we have a 2 + lab + b 2 — 4, so that 
a + b = 2. (Why is the value —2 rejected?) 

We now solve the pair of equations a — b = 1 and a + b = 2 

to get a = ^ and b = - , and, hence, \/ 1 + V“ 5 = + 


v-i- 


In a similar manner we obtain \/ 1 — V —3 = yj? — yj— | • 
Therefore, = \/l + + Vl - V^3 = + >/- 5 + 


~ sl~ ^ = 2 \li = ^ 


20-10 Observe that the set {1, 2, 3, 4} con be partitioned into subsets 
Ti {4, 1} and T 2 {3, 2} so that the subsets have no element in 
common , and the sum of the elements in T i equals the sum of the 
elements in T 2 . This cannot be done for the set (I, 2, 3, 4, 5} or 
the set {I, 2, 3, 4, 5, 6}. For what values of n can a subset of the 
natural numbers S n = {1, 2, 3, . . . , n } be so partitioned? 


The sum of the elements of S n is T n = ~n(n + 1) (see Appendix 
VII). In order that - T n be integral, the number | n(n + 1)J = 
\n(n + 1) must be integral. Consequently, either n is a multiple 


of 4 or n + 1 is a multiple of 4; that is, either n = 4k or n + 1 = 
4 k, where k — 1, 2, 3, ... . 

illustration: When k = 1, n = 4 or 3. The case n — 4 is the 
favorable case given in the problem. The case n = 3 is somewhat 
trivial, namely, {1, 2, 3} with T\ = {1, 2} and T 2 = {3}. 

The two unfavorable illustrations given in the problem are, 
respectively, cases of n = 4/c + 1 and n = 4k + 2 with k = 1. 


20-11 Suppose it is known that the weight of a medallion , X ounces , is 
represented by one of the integers 1, 2, 3, . . . , N. You have avail- 
able a balance and two different weights , each with an integral 
number of ounces , represented by Wi and W 2 . Let S = N + Wi + 
W 2 . Find the value of S /or the largest possible value o/N /Aa/ 
con be determined with the given conditions. 

( For this problem we are indebted to Professor M. /. A is sen, 
Fordham University.) 
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Suppose W\ = 2. If X < 2, then X = 1. If X = 2, then X = 2. 
If A!' > 2, go to the next step. 

Suppose W 2 = 6. If X + 2 < 6, then ^ = 3. If X + 2 = 6, 
then X = 4. 

If X + 2 > 6, go to the next step. 

If X < 6, then X = 5. If X = 6, * = 6. 

If X > 6, go to the next step. 

If Z < 6 + 2, then Z = 7. If Z = 6 + 2, then 
X = 8. 

If AT > 6 + 2, then Z = 9, the largest deter- 
minable value. Therefore, N + W\ + W 2 = 
9 + 2 + 6-17. 

20-12 If M is the midpoint of line segment AB, and point P is between 
M and B, and point Q is beyond B such that QP 2 = QA • QB, 
show that , with the proper choice of units , the length of MP equals 
the smaller root of x 2 — lOx + 4 = 0. (A, M, B, P, and Q are 
collinear .) 

Since x 2 — 10jc + 4 = 0, 

x 2 - lOx + 25 = 21. (5 - x) 2 = 7 * 3, x = 5 - y/21 

If we let QB = 3 and QA = 7 (Fig. S20-12), 

then BA = 4, BM — MA = 2. Represent MP by x. 

Then QP = {QB + BM) — MP = (3 + 2) — x. 

A M x fl Q 


The geometric relation QP 2 = QA • 25 corresponds to the 
algebraic relation (5 — x) 2 = 7 • 3 

QP = QM — AfP corresponds to 5 — x so that MP = x — 
5 - V2L 


20-13 Consider the lattice where is the i-th row and C } is the j-th 
column , i, j, = 1, 2, 3, . . . , in which all the entries are natural 
numbers . Find the row and column for the entry 1036. 

The initial entry in Rn+i is ^ n(n + 1) + 1, n = 0, 1, 2, 3, . . . , 
and the number of entries is n + 1 ; R\ contains the single entry 1. 
(See Fig. S20-13.) We therefore set 1036 = ^n(n + 1) + 1 from 
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which we get n 2 + n — 2070 = 0. Solving by factoring, we have 
(n + 46)(n — 45) = 0 so that n = 45. Hence, the initial entry 
R 4 q is 1036 so that 1036 is at the intersection of row 46 and 
column 1. 

In the case of an entry such as 1036, we successfully, and 
fortunately, found a positive integral root for the equation in- 
volving n. Is this the case with an entry such as 212? 


c, C 7 Cj • • • 


*3 


1 

2 

4 


3 

5 



S20-13 

Following the procedure used before, we set 212 — 

~n(n + 1) + 1. From this we get n 2 + n — 422 = 0, and this 

equation does not have a positive integral root. However, we do 
find that 20 < n < 21. Since the initial entry for R 2 1 is 

^ (20)(21) +1 = 211 and the initial entry for R 2 2 is ^ (21)(22) + 

1 = 232, we see that 212 is at the intersection of row 21 and 
column 3. 


20-14 Express P(c) = c 6 + 10c 4 + 25c 2 as a polynomial of least 
positive degree when c is a root of \ z + 3x 2 + 4 = 0. 

method i: Since c is a root of jc 3 + 3x 2 + 4 = 0, we have 
c 3 + 3c 2 + 4 = 0 (I). We multiply (I) successively by c , c 2 , and 
c 3 to obtain c 4 + 3c 3 + 4c = 0 (II), c 5 + 3c 4 + 4c 2 = 0 (III), 
andc G + 3c 5 + 4c 3 = 0 (IV). From (I) we have c 3 = —3c 2 — 4 
(V), and from (II) we have c 4 = —3c 3 — 4c (VI). Substituting 
(V) into (VI), we get c 4 = 9c 2 - 4c + 12 (VII). From (III) we 
get c 5 = -3c 4 - 4c 2 (VIII) so that c 5 = -31c 2 + 12c - 36 
[after substituting (VII) into (VIII)]. Finally, by similar opera- 
tions, we get c 6 = -3c 5 - 4c 3 = 105c 2 - 36c + 124 (IX). 

The sum of (IX) and 10 times (VII) and 25c 2 is, therefore, 
c G + 10c 4 + 25c 2 = 220c 2 - 76c + 244. 
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method ii : P(c) = Q(c)(c 3 + 3 c 2 + 4) + R(c ) where Q(c) is 
the quotient obtained when P(c) is divided by c 3 + 3c 2 + 4 and 
R(c ), of degree less than 3, is the remainder. But c 3 + 3 c 2 + 
4=0. Therefore, P(c) = R(c\ which is found by actual division 
to be 220c 2 - 76 c + 244. 


r e bo + biX + • * ■ + b„X n . . , n L 

20-15 Let S — = r 0 + rjx + • • • + r n x n be an 

identity in x. Express r n in terms of the given b’s. 

Multiply both sides of the identity by 1 — x. 

b 0 + bix + * * * + b n x n = r 0 + r x x + r 2 x 2 + • • • + r n x n 

— r 0 x — r ix 2 — * * * — r n _iX n — r n x n+l 
. .r 0 = b 0 ; ri — r 0 = so that /*i = b 0 + b u and so forth. 
r-n = ^0 4" b\ *T **’ H” b n 

20-16 F/W the numerical value of the infinite product P whose factors 

n 3 — I 

are of the form r3 ^ , vvAerc n = 2, 3, 4, . . . . 

n 3 _ i = _ 1)(/2 2 + „ + i) and 

« 3 + l = ( n + 1)(« 2 - n + 1) (See Appendix VII.) 

_ 1 • 7 2 • 13 3 ■ 21 (/* - 1)(/? 2 + n + 1) 

F " 3 * 3 * 4-7 ‘ 5 * 13 ” * (/i + U(« 2 - * + 1) 

/K» 2 + 3/i + 3) (« + 1)(» 2 + 5 n + 7) 

‘ (« + 2X/I* + « + 1) ’ (#i + 3)(/i 2 + 3/i + 3) 

Every factor in the numerator is matched with an equal factor in 
the denominator, with the exception of 1 and 2 in the numerator 
and 3 in the denominator. 

Therefore, P = | • 


20-17 Express F = j + 5^2 + 7-^4 wt ^ a ratl0na ^ denominator. 
METHOD 1 : Let r = 1 + 5x^2 + 7^4. 

(r - l) 3 = (5^2 + 7v / 4) 3 

r 3 - 3r 2 + 3r - 1 = 250 + 1050^2 + 1470^ + 1372 

= 1622 + 210(5v / 2 + 7v^) 

= 1622 + 2 10(r - 1) 

= 1412 + 2l0r 
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r 3 - 3r 2 - 207a* = 1413, r 2 - 3r - 207 = — 

r 

1 r 2 - 3r - 207 r{r - 3) - 207 
r ~ 1413 " 1413 

= (1 + 5^2 + 7^4)(-2 -+ 5^2 + - 207 

1413 

-23 + 31^2 + 6^4 
” 471 


Therefore, F = — 

r 


+ 31^4 + 12 
471 


method h : In this method we use the identities 

m 3 — « 3 = (am — n)(m 2 + mn + « 2 ) and 

Art 3 + rt 3 = (/« + rt)(Art 2 — mn + « 2 ). (See Appendix VII.) 

Start with trinomial 1 + ax + bx 2 , with x = $ 2 . Then 
(1 + ax + tx 2 )(l — ax) - (1 — abx z ) — {a 2 — b)x 2 = c — dx 2 
where c - 1 — afot 3 and d — a 2 — b are both rational. 

Since c — dx 2 is still irrational, we apply the method a 
second time. ( c — dx 2 ){c 2 + cdx 2 + d 2 x 4 ) = c 3 — </ 3 x 6 , a 
rational expression. 

In the given problem, a = 5, b — 1, c = —69, d = 18, 
c 2 = (— 69) 2 , «/x 2 = (— 69)(18)v / 4, </ 2 x 4 - (18) 2 (4 2 ). 
F is rationalized by multiplying the numerator and the de- 
nominator by (1 - 5\/2){69 2 - 69 • 18^4 + 18 2 • 4 2 ) or, 

more simply, by (1 - 5v / 2)(23 2 - 23 • 6^4 + 6 2 • 4 2 ), where 
the second factor was divided by 3 2 = 9. 

With these operations performed correctly, we obtain the 
value of F shown in Method I. 


Challenge 


Express F = 


1 + </2 + 


with a rational denominator . 


This can be done by Method I or by Method II, but also 
by a specialized method resulting from the fact that 
1 + *i/2 + x/4 is a geometric series. 


F = 


Since 1 + y/2 + ^4 


i 


= #4- i/2. 


{</!)* ~ 1 1 
</2 - 1 “ \^2 — 1 
(See Appendix VII.) 


\/2 - 1 


20-18 Starting with the line segment from 0 to 1 {including both end - 

1 2 

points ), remove the open middle third; that is , points j and - of 
the middle third remain . Next remove the open middle thirds of 
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the two remaining segments ( points ^ remain along with 

| and . Then remove the open middle thirds of the four segments 

remaining , and so on endlessly . Show that one of the remaining 
. 1 

points is - * 

In succession, starting with the point ^ , we have intervals repre- 
sented by the sums s n of the series \ \ + ^ ~ + • * ' d= j; ; 

that is, Si = | , s 2 — ^ ^ > and so forth. 


1 



Expressed in the base 3, the number is ^ ^ ^ plus 

Ja “ Ji = Pl us • • • » or .020202 . . . (base 3) or .02 

(base 3). 

comment: The set of points formed from the closed interval 
[0, 1] by removing first the middle third of the interval, then the 
middle third of each remaining interval, and so on indefinitely, 
is known as the Cantor Set, and also the Cantor Discontinuum. 
It has unusual and interesting properties. 

20-19 Write a formula that can be used to calculate the n-th digit a n 
of N — .01001000100001 . . . , where all the digits are either 0 or 1, 
and where each succeeding block has one more zero than the 
previous block . 

The digit “1” appears in positions 2, 5, 9, 14, ... . To find a 
formula for generating this sequence, we may proceed as follows. 
The first differences of successive terms in the sequence are 
3, 4, 5, ... , that is, 5 - 2 = 3, 9 - 5 - 4, 14 - 9 = 5, . . . 
and the second differences are 1, 1, 1, ... . 

Since the second differences are constant, we try the formula 
Ak 2 + Bk + C, k = 1, 2, 3, ... . 

When k = 1 we have 2 = A + B + C. 

When k = 2 we have 5 = 4A + 2B + C. 

When k — 3 we have 9 = 9A + 3B + C. 
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The common solution of this set of equations is A = - , B = - » 

C = 0. Therefore, the generating function is \k 2 + 
k = 1,2,3, .... 

Therefore, a n = I 1 when " - 5 ** + f *. * “ 1. 2. 3, ... ; 

10 otherwise. 

Challenge Find a n the n-th digit , of M = .101001000100001 .... 

method i: Use the method shown above. 

method ii : The digit “1” appears in positions 1, 3, 6 , 
10 , . . . , but these are the triangular numbers Tu To, To, 
T 4 , . . . . (See Appendix VII.) 

Therefore, a n = f 1 when " = + \k,k = 1 . 2 , 3, . . . ; 

10 otherwise. 


N>l w 
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1-13 Challenge 1: 4 Challenge 2: 1 
1-2 See solution. 

1-3 See solution. Challenge 1: At least one box with 3 or more 
letters Challenge 2: At least one box with 3 or more letters 
Challenge 3: At least one box with 4 or more letters 
Challenge 4: 26 

1-4 See solution. Challenge 1: See solution. Challenge 2: 4 
Challenge 3: 4 
1-5 192 m.p.h. 

1-6 n — 9 Challenge : n = 7 

1-7 1:06 p.m. 

1-8 14- hours Challenge 1 : 9- hours Challenge 2: 1:06 a.m. 


1-9 3 

1-10 54 Challenge 1 : 70 
1-11 120 Challenge : 248 oz. 

1-12 Plan I yields $200 more. Challenge : For the 5-year interval, 
earnings are the same. 

1-13 See solution. 


1-14 (a) L = j + n — 1 (b) M = j + for odd n; M = j + 

~ — I, or j + \ for even n Challenge 1 : (a) S = j — n + 1 

(b) M - j — for odd n\ M - j — ^ + 1, or j — ^ for 


even n Challenge 2: (a) L = j + 2(n — 1) (b) M — j + 

n — 1 for odd n; M = j + n — 2, or y + w for even w 
Challenge 3: Same answers as for Challenge 2 Challenge 4: 


. . 3/7 , . « . . 3 « - . . 3/1 . 

y + T“ 1;./ Z *■/ + T — 2;y + -y — 2 
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1-15 \x — y\ = max(jc, y) — min(x, y) Challenge 1 : Yes Chal- 
enge 2: min(x, ^ 2 y * 

1-16 (a) * = *+-*- (b) |jc| = *+ + *- (c) x+ = \ (M + x) 

(d) jc“ = |(|jc| - x) 

1-17 1 or 0 Challenge 1: (a) 2y — 1 or 2[y] (b) — 2[y] or 1 — 2 y 
Challenge 2: (a )F - 1 (b)0 < F < 1 (c) 1 < F < oo C/k?/- 

lenge 3: (a) D = 0 (b) Z> = 0 or 1 or 2 (c) D = 0 or 1 or 2 or 3 

2 

or 4 Challenge 4: x - 3 j Challenge 5: (jc + = (x) + 

09 when (x) + (y) < 1, (x + y) = (jc) + (y) - 1 when (jc) + 
00 > 1 

1-18 4:21^ Challenge 1: 7:54^ Challenge 2: 5:17^ 

Challenge 3: 8t|i hours 


2-1 44.25 Challenge 1: -17^ Challenge 2: 42.5 Chal- 
lenge 3: (a) 4.2 or (b) 4.3 Challenge 4: (a) — | (b) 

Challenge 5 : 1 Challenge 7: 70^ 

2-2 4|A.M.| Challenge: No change. 

2-3 No Challenge: No 

2-4 n = 40 Challenge: Set m = — n in order to solve. 

2-5 1, - ’ — : — » - » — 
c a + c a ac 

2 6 (a) 6 (b) 4 (c) 3 (d) 4 (e) 2 Challenge: (a) 5 (b) 8 (See 
solution.) 

2-7 24 Challenge: 4 

2-8 18 Challenge 1: 9 Challenge 2: 14 

2-9 8 possibilities (See solution.) Challenge: 8 possibilities (See 
solution.) 

2-10 k = 8 Challenge 1: 25 Challenge 2: 1 Challenge 3: 
60 days 

2-11 0 or 4 Challenge: Only 1 

2-12 Even integers (See solution.) 

2-13 mi — 2, m 2 = 3, m 3 = 1 Challenge 1: See solution. 

2-14 —7 Challenge 1: 8 Challenge 2: —23 
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2-15 1 or —1 Challenge 1: —7 Challenge 2: m 6 + 1 , m 6 + 1 , 
m 3 + 1 

2-16 N = 51,051, or 69,069 

2-17 No 

2-18 24; 93,324 

2-19 k = 1, 2, 19 Challenge : k = 3, 8 

2-20 r when r is odd, 2 r when r is even Challenge l : 2 r when r is 
odd, r when r is even Challenge 2: r when r is odd 
2-21 \/n 


X "j - 1 

3-1 y 6 = x, ^ioo = x, j’soi = Challenge 1: 2 Chal- 

lenge 2: 3 Challenge 3: Undefined Challenge 4: Undefined. 
3-2 (a) s x s 2 — 2s i — 2s 2 + 4 (b) 2si + 2s 2 — 4, or 2[(Si — 1) + 
(s 2 - 1)] (c) Sis 2 Challenge: N(I ) = s 2 - 4s + 4, N(B) = 
4s — 4, N = s 2 , where s is the number of lattice points in the 
side of the square. 

3-3 The change in the value of p is 13.5 mm. (decrease). Challenge: 
715 mm., 760 mm. 

3-4 $1.65 Challenge 1: $1.85 Challenge 2: $2.05 Chal- 
lenge 2: See solution. 

3-5 x = — y = —1 Challenge 1: x = 3 > y = V2« or 

x = 3 + ^ , y = — \/2 Challenge 2: x — 2, y = 1, and 

2 t 
*= — 3 > y = -i 

3-6 /i = 12 Challenge : n = 6/c — 1, & = 1, 2, 3, ... . 

3-7 33^ Challenge: 100 - 100 (l + ^ + 

3-8 x — — ^ — Challenge 1: p > m Challenge 2: Fixed over- 

P m 100 “I - b 

head (expense) Challenge 3: x = p _ m Challenge 4: 

x = D + b Challenge 5 : b dollars 

P tfl j 

3-9 60% Challenge 1 : 50% Challenge 2: 66| % 

3-10 « i :«2 — 1:2 Challenge : See solution. 

3-11 See solution. 

3-12 jc = ^ (a + b) Challenge 1: x = Challenge 2: x — \ 

L 1 1 3 Z 

Challenge 3 : x = — 1 or 1 Challenge 4\x — — - or - CAa/- 
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3 4 

Ienge 5: x — - Challenge 6: x = 2 or ^ Challenge 7: 
x = 0 or 2 

3-13 Smith and Jones cannot get together. Challenge 1: 65 days 
for first reunion 

3-14 No Challenge 7 : (a) No (b) Likely, but there is no certainty. 
Challenge 2: One possibility is 1 quarter, 2 nickels; a second 
possibility is 1 dime, 2 nickels. 

3-15 12 ways Challenge : Yes 

3-16 3 ways 


4-1 See solution. 

4-2 0 Challenge 1: 1 Challenge 2: 0, 1, 2 Challenge 3: 1, 
2,3 

4-3 See solution. Challenge 7: 11 Challenge 2: 19 

4-4 All bases b > 4 Challenge 7:111 (base 4) Challenge 2:12 

4-5 See solution. 

4-6 9 Challenge 7: Yes, Yes Challenge 2: 495 
4-7 110.11 (base 2) Challenge 7: 10011.10101 (base 2) Chal- 
lenge 2: No (See solution.) 

4-8 r = 9 Challenge : r — 6 or 10 

4-9 £(.1,0), £>(.01, 0), £(.02,0) Challenge : C(.2, 0), £(.21,0), 

G(.22, 0) 

4-10 See solution. Challenge 7: Eighth Challenge 3: See solution. 


5-1 The empty set Challenge : The empty set 

5-2 x = 3, y, any real value except 3^ ; or jc, any real value, y = 4 
Challenge : y = 1, jc, any real number, or jc = 3, y any real value 
except 3^ or - 

5-3 3 — 2\/2 < jc < 3 + 2y/2 Challenge : b — a — 6 

5-4 jc = 1 Challenge : jc = ^ 

5-5 a > 3, 6 = 2 Challenge: a < 3, 6 = 2 

5-6 TV = 35A: + 16, * = 0, 1, 2, 3, . . . Challenge 1:N= 35 m + 
22, m = 0, 1, 2, 3, . . . Challenge 2: See solution. 

5-7 20 Challenge 1: p = y , s = a + y Challenge 2: p = 


/V2 




5 = + 




(*) 


r x r 2 - 1 


rir 2 - 1 
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5-8 ^ seconds 

5-9 x = 12, y — 3 Challenge : Yes 

5-10 j— yj Challenge 1 : j— yj Challenge 2: {— a — 

5-11 Least possible, 17; largest possible, 19 Challenge 1 : Smallest 
combination, 6-6-6 Challenge 2: Smallest combination, 6-6-6 
Challenge 3: See solution. Challenge 4: See solution. 

5-12 Questionable answer: 3 item A , 2 item B , 15 item C (See solution.) 
5-13 8, 16, 3, 48 Challenge 1: 6, 12, 3, 27 Challenge 2: 6, 10, 
4, 16, 64 
2 

5-14 6j miles 

5-15 200 miles 
5-16 25 f.p.s. 

5-17 jc = 12 

5-18 113, 223 Challenge : 17, 31, 53 

5-19 5:20 p.m. Challenge 1 : 4:48 p.m. Challenge 2: Change ^ 

11 6 
to =7 Challenge 3: The professor is right. 

z 2 

5-20 z — kw , j; = z + w, jc = z H , w an integer, A: = ±1, ±2, 

tv 

. . . (See solution.) 

5-21 See solution. 


6-1 21 Challenge 1: 36 Challenge 2: See solution Chal- 
lenge 3: /( 10) = 55, /( 100) = 5050 Challenge 4: n = 9 
Challenge 5: n = 2 

6-2 (a) /(w) = 1-/2 (b) /(/ 2 ) = /2 + 1 (c) f(n) = 1 - 2/2 

(d) /(«) = n + \ (e) f(n) = n-\ Challenge : /(w) = 2n - 3 

6-3 5, 12, 13 Challenge: 5, 12, 13 

6-4 4, 3; 5, 3; 5, 4 

6-5 [o, Challenge: See solution. 

6-6 20 

6-7 4n 

6-8 ^ (« 2 + n + 2) Challenge 1: ^(r 2 + r + 2) + k(r + l) 
Challenge 2: ^n(n + 1) Challenge 3: (k\ + 1 )(/c 2 + 1) 
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Challenge 4\ k\ -|- k 2 + 1, k\k 2 H- 2{k\ + k 2 1) Chal - 

/enge 5:^(n 2 + n — 2) 

6- 9 32 Challenge : 24 

7- 1 A = 0 

7-2 AT 2 + Y 2 = 2 

7-3^ 

' * 37 

7-4 -jg- Challenge 1: ^ Challenge 2: See solution. 

7-5 See solution. 

7-6 190 

7-7 See solution. Challenge : See solution. 

7-8 * = 11, y - -2 

7- 9 /i = 2 and n = 3 
7-10 jc = 4, j = 5 

7-11 x = 1.1, y = 0.9, z = -0.5; x = ^, y = z = - ^ 

7-12 jc = , y = ^ (See solution.) 

7-13 maximum 17, minimum — ^ 

7- 14 10 item A , 30 item 60 item C 

8- 1 jc = ^ 

8-2 (a) 2,-2 (b) 2 Challenge : (a) none (b) — 2 

8-3 (a) 18 (b) One possibility is P\ (0, 5), P 2 (2, 7); a second possi- 

bility is Pi -j), ^2 (yj). 

8-4 7 Challenge 7:14 Challenge 2\ 3 Challenge 3: 6 
8-5 3 Challenge-. 3 

8-6 All integral values of jc and Challenge-. Same answer 

8-7 a + b + c = 0 Challenge : The only solution is a = b = 
c = 0. 

8-8 (jc + y)(jc — 2y — 1) Challenge 1: (jc + y + 1)(jc — 2y — 3) 

8-9 36 

8- 10 See solution. 

8-11 See solution. 

8-12 No Challenge-. Yes 
8-13 See solution. 

8-14 17 

8-15 / (minimum) occurs when mx = ny; that is, when x:y = n:m. 
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9-1 L — 11, 5=5 Challenge : The result is not unique, but 
L — 24, 5 = 8 seems most reasonable. 

9-2 No solutions in integers Challenge l : x = 12, y = 5 
9-3 9 buses, 14 cars each with 32 persons Challenge : 15 buses, 
21 cars each with 33 persons, 1 car with 23 persons; a second, less 
satisfactory, answer is 9 buses, 21 cars each with 21 persons, 1 car 
with 11 persons. 

9-4 \q , 2d, 2 n, 4 5c, and 2d, 8 n, 40 c Challenge : 2d, 8 n, 40 c 

9-5 37 solutions Challenge : 33 solutions 
9-6 48 by 60, 40 by 72, 36 by 80 

9-7 a = //(« + 1), where /z = 0, 1, 2, . . . , or a = m(m — 1) + 1, 
where m = 1, 2, 3, . . . 

9-8 20 gallons 

9-9 2 n — 1 solutions, where n is the number of positive divisors of p 2 . 
9-10 3/4 — 9 

9- 11 See solution. 

10- 1 10 Challenge : 55 

10-2 /(jc + 1) = f(x— 1) Challenge 1 : Yes Challenge 2: 
1 — /(jc — 1) Challenge 3: f(x + /z) = 1 — /(jc — 1) when 
/z is even, and f(x + n) = f(x — 1) when n is odd. 

10-3 (a) ac = 1 and ad + b = 0 (b) See solution. Challenge 2: 

ac = 1 and ad — b = 0 
10-4 Zero Challenge: Zero 

10-5 Y(max) = kV 2 , where A: is a positive constant (See solution.) 

3 

Challenge : A^max) — kV 2 
10-6 5 = ^ Challenge: T = g2 ' ~J glg3 

10-7 No such values (See solution.) Challenge 1: m = 3, n = 2 
Challenge 2: m — 5, n = 2 

10-8 jc = 1 or 2 Challenge: 0<jc< 1 or jc > 2, 1 < jc < 2 
10-9 Zero Challenge: See solution. 

10-10 JC = v/3 - 1 Challenge 1: -\/3 - 1 Challenge 2 : 

10-11 ^7= Challenge 1: Challenge 2 : ^ Challenge 3 : 

10-12 a 

10-13 n ■ 2" -1 Challenge: n ■ 3 n -\ n • a” -1 
10-14 f = x 2 Challenge 1: f = (jc + l) 2 Challenge 2: 
f=x 2 + 1 
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11-1 P > 8 

11-2 x - 32, y = 27 Challenge 1: x = 32, y = 27 
Challenge 2: x = 45, = 38 

11-3 No (See solution.) 

11-4 — 1 < x < 1 and jc > 1 Challenge : ;c > 1 
11-5 (6,6,1), (6,5,2), (6*4,3), (5,5,3) Challenge: (7,7,1), 
(7, 6, 2), (7, 5, 3), (6, 6, 3), (6, 5, 4) 

11-6 18- years Challenge : 18^ or 13- 

11-7 /-n+l 

11-8 Ri is the set of real numbers, R 2 is the empty set. Challenge : 
Same answers 

11- 9 See solution. Challenge : See solution. 

11-10 vOof > ^9f 

11-11 x > 5.76 Challenge: x > 12.005 
11-12 " = ? (See solution.) 

11- 13 4 2 — 16 Challenge 1 : When a x = a 2 = a 3 = a 4 

12- 1 .1 (base 9) Challenge 1 : .1 1 1 . . . Challenge 2 : .14 
12-2 jc = 3 + 5k or 4 + 5k, where /c = 0, ±1, ±2, . . . 

Challenge l: x = 4 + 10/c or jc = — 2 + lOfc Challenge 2: 
x = 5 + 17fc or x = — 3 + 17/c 
12-3 8, 2, and 4 Challenge : Yes 
12-4 Only for w = 1 Challenge: Same answer 
12-5 y = (a, 6); that is, y is the greatest common divisor of a and b . 
Challenge: Yes 

12-6 a(x) — 1 — x 2 , b(x) = x 2 + 4; or a(x) = x 2 — 1, b(x) — 
- (x 2 + 4) 

12-7 k = 9 

12-8 .20462046 . . . (base 7) Challenge 1 : .25412541 . . . 

Challenge 2: .333 
12-9 See solution. 

12- 10 See solution. 

12-11 x e S where S = {0,-2, —1, 3, 6, 14} Challenge: x = 19 

12-12 Vn 

12-13 See solution. 

12-14 TV = 615,384 Challenge: N = 820,512 
12-15 TV = 76 (N = 00 is a trivial solution.) 

12-16 b — 6 Challenge : b = 4 

12-17 | Challenge: - | 



248 ANSWERS 


12-18 An infinite number of solutions, with y = ±(jc 2 + 3jc + 1) and 
jc any integer Challenge : An infinite number of solutions, with 
y = ±(x 2 + 5jc + 5) and jc any integer 

12-19 (jc 2 + 2jc + 5)(jc 2 — 8jc + 20) Challenge : (jc 2 — x + 5) X 

(jc 2 — 9jc — 4) 

12-20 (ac + bd) 2 + {ad - be ) 2 , (ac + bd) 2 + {be - ad) 2 9 
{ac — bd) 2 + {ad + be) 2 , {bd — ac) 2 + {be + ad) 2 

12-21 8 (See solution.) Challenge : None 

12-22 N = 640 ... 0 with n zeros, where n — 0, 1, 2, . . . Challenge : 
N = 960 ... 0 

12-23 133 Challenge 1 : 57 Challenge 2: See solution 

12-24 jc = 3 a, where a — 0, 1, 2, . . . 

12-25 A = B + C + mBC , where m is an integer 

12-26 See solution. 

12-27 R = 2 

12-28 b ^ An + 3, where n = 0, 1, 2, . . . 

12-29 See solution. 


13-1 r = 3 Challenge, r = \p 

13-2 a (min) = 361 Challenge 1: C = 237 Challenge 2: 

C = 240 — 3/c, where = 1, 2, 3, . . . 

13-3 $1.50 Challenge l : 6000 Challenge 2: $9000 
Challenge 3: $2.00 

13-4 1:2 Challenge : Same answer 


13-6 P is 5 miles east of B. 

13-7 5 — 12 Challenge: s = 1 

13-8 (a) Pi = L, P 2 = 0 or P X = Q,P 2 = L (b) />, = P 2 = | 
13-9 y Challenge: — 


13-10 * equals the arithmetic mean of k x + k 2 + • * • + k n . 


13-11 2c + 1 
13-12 See solution. 


13-13 


3V3 

4 


r 


2 


14-1 jc = 3 Challenge 1: x = 3 Challenge 2: x - 3 or 8 
14-2 All real values of h and k except h — k = 0 Challenge : 
(a) h > k (b) h < k 

14-3 b = c — 1 Challenge : 6 = — 2, c = 1 



Answers 249 


14-5 When p - 20, jc = 10 ± 4\/5; when p 7 * 20, x — —1 (See 
solution.) 



14-7 See solution. Challenge : /*! + r 2 + /* 3 = —6; + 

'*3 r l = c \ r \ r 2 r 2 = *S*3 + bSz + cS\ + dSo — 0 

14-8 C = 90 Challenge 1: C ~ 110 Challenge 2 : C = 110 

14-9 s = = + ~ Challenge l : u — v = 1 Challenge 2: 

v = u 2 = — 1 2 /v ^ , where / = V^T 

14-10 None (See solution.) Challenge 1: n = 4, m = 6 CTia/- 
fertge 2: h = 2, m = 3 

14-11 25 3 - 9,4£C + 21 A 2 D = 0 Challenge : 2? 3 Z) - ^C 3 = 0 
14-12 See solution. 

14-13 See solution. 


15-1 


1 3 

*1 = *2 = g , *3 = *4 = g 


15-2 jc, any real number, y = 3jc — 5a + 2c, z = — 2jc + 3a — c, 
where 3a + b — c = 0 

15-3 /> 2 = 3, =-2:1 

15-4 a + 6 + c = 0 

15-5 a:6:c = 3 : — 2 ; — 1 

15-6 No finite solutions Challenge : jc = 3, = 1 

15-7 jc, any non-negative real number, y> any non-negative number, 

z = \ {b — Ax — 5y ), where b — 4jc — 5y > 0 and 2 b = a + c 


15-8 N 0 = 16, Nf = 18, TV = 24 


16-1 Infinite Challenge 1: None (parallel lines) Challenge 2: 
One point (1,3) 

16-2 t Challenge l : Yes Challenge 2 : Yes 

16-3 (a) / = jc + 2 with 0<;c<3(b)/ = — 3x + 14 with 

3 < jc < 4 

16-4 m = 210 Challenge 1: 


m = a 3 


C162 — C2&I 
0162 — 02^1 


+ ^3 


fllC2 — fl2Ci 
fll^2 — ^2^1 


Challenge 2: Formula of Challenge 1 inapplicable since ai& 2 — 

a 2 6j = 0 
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16-5 

16-6 

16-7 


16-10 


The non-negative portion of the y-axis Challenge: The non- 
positive portion of the y-axis 
AX 2 - 29 = 0 

2 

Q\ = 2, a 2 — 1 Challenge 2: a 2 = 3, a x — r Challenge 2: 

_ (2d + 2) 2 _ (2c + 3) 2 , , 2c + 2 

fll 3d 2 + Ad + 2 ’ fl2 2c 2 + 4c + 3 ’ where d 2c + 3 

18 miles Challenge: 3- hours 

1 O 

j = ~mx 2 , x > 0 Challenge : = jc( 1 + Vl + 4/n 2 ), 


JC > 0 

y = x + 3 (See solution.) 


16-11 X > 1 Challenge : * = 1 + y/3 or X = 


l + Vs 


16-12 

16-13 

16-14 

16-15 


See solution. 
W' = 2 L 
See solution. 
See solution, 
solution. 

S:n = 2:1 


Challenge /: 25 by 1 8 Challenge 2\L' = .W, 


Challenge 1 : See solution. Challenge 2: See 


17-1 00 Challenge 1: 02 Challenge 2 : 20 

17.2 /<„ + 1) - with /(l) -i./<2)-| Chat. 

lenge 2: Same formula with /(l) = - , /(2) = ^ Challenge 2: 
Same formula with /(l) = | , /(2) = ^ 

17-3 (»)£>-* (iil) (b) T - ^ Challenge: D„ - 

\ (rb) • D * - i (n^O 

17-4 See solution. Challenge : (a) a l5 <7 2) <* 4 , and a 2 , tf 4 > <*8* a i6 
(b) flrj, a 2 , a*, a 8 , flfie 

17-5 </ = y x Challenge l:d= 12 Challenge 2:n = 3,d = 69; 

the third term is 141 = 47w. 

17-6 tf 3 Challenge: See solution. 

17-7 Zero Challenge: n = r + s — 1 or // = /* + .? 

17-8 See solution. 

17-9 / = 2, a is arbitrary. 

17-10 d < 10 (degrees) Challenge 2 : d < 6 (The value obtained is 

5 n ) 1 < *T?TI 



Answers 251 


17 .„ i _ ; + Q s 

17-12 5; that is, n > 5 Challenge 1: n > 10 for jc = - , n > 3 for 

1 1 L 
x = g Challenge 2: n > 4 for x — — - , n > 9 for x = 

— ^ , n > 3 for x = — ~ Challenge 3: See solution. 

L o 

17-13 S = Challenge: See solution. 

17-14 75 Challenge: arbitrary 

17-15 A i > V3 Challenge 1: v 7 3, \/3, v 7 !, . . . Challenge 2: 

2 l 7 ... 

’ 5 ’ 4 ’ 

17-16 S = 4 fl2 ( /2 + 1)(5« + 1) Challenge: S = n 2 (ln 2 — 1) 

17-17 = S(m + n) — S(m) — S(n) 

17-18 = 39 

17-19 Se e solution. 

17-20 (a )\n(n 2 -n + 2j) (b) \n(2ni - n + 1 ) (c )\n(n 2 + 1 ) 

17-21 P = l — x, <2=l + x Challenge 1 : S = | when x — | , 
S = Yj when x = ^ Challenge 2: P = I — x, Q = 1 + x 

17-22 / = 3 

17-23 -S' = " . Challenge : lim 5 = 2 

H 1 n— >« 

17-24 1 

17-25 S n = 3n " + t Challenge I : S„ = 2/) t Challenge 2: 
S n = (See Problem 9-23.) 

17 26 T — ^ "h r)(ai — 

2(1 - r) 

17-27 See solution. 

17-28 n = 10^ (days) 

17-29 S n = 2 + (« - 1) • 2 n+1 Challenge 1: S n = J [3 + (2n - 1) 

3 n+1 ] Challenge 2: S n = ^ [4 + (3n - 1) • 4 n+1 ] 

Challenge 3: S n = ^ [5 + (4 n - 1) • 5 n+1 ] 

17-30 See solution. 

17-31 S n = (n + 1)! - 1 
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18-1 x = logio 2 « .3010 Challenge : y — - — 

logio2 

18-2 (a) a: > 0 or x < — 2 (b) 0 < x < 4 Challenge : (a) x > 2 or 
x < 0 (b) —4 < x < 0 

18-3 / = 1 + x, g = 1 + y Challenge : / = 1 — x, g = 1 — jy 
18-4 a = (aft)" 1 

18- 5 S n = log* 25! Challenge: T n = log* 

19- 1 | Challenge: £ + | | 

19-2 (.9) 4 = .6561 Challenge: .4096 

19-3 3 games out of 4 Challenge: 3 games out of 5 

19-4 See solution. Challenge: Yes 

19-5 n = 8 Challenge l:n = 9 Challenge 2: Impossible 
19-6 462 (See solution.) 

19-7 37-cent loss 
19-8 N = r + rs + rst 
19-9 16 

19-10 See solution. 

19-11 30 

19-12 1092 (See solution.) 

19-13 = 462, n 2 = 252 


20-1 

20-2 

20-3 

20-4 

20-5 

20-6 

20-7 

20-8 

20-9 

20-10 

20-11 

20-12 


( 2 « + 1 )!! - 

8 Challenge 1: No change Challenge 2: No change 
| L Challenge: ^ L 

The empty set Challenge 1: k = 4, n = 5; k = 6, n = 10; 

A: = 8, #i = 17 Challenge 2: None 
1 
3 

r, 1 , 2 , 3 , 4 ^ 11,8 

+ ^ + I + Challenge: F = - ^ — 

33 

a 2 = b + 1 Challenge : No solution possible 

= \/6 Challenge 1: Challenge 2: 2\/c,2\/^d, 

u \/a 2 + 6 + a , \/« 2 + b — a 

where c = , d = ^ 

/2 — 4k or n + 1 — 4&, where k = 1, 2, 3, . . . 

S' = 17 
See solution. 
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20-13 Row 46, column 1 ; row 21, column 2 

20-14 P(c ) = 220c 2 — 76 c + 244 Challenge : P(c) = 170c 2 — 
76c + 244 

20-15 r n = b 0 + bi + b 2 + * ■ * + b n Challenge : \ {n + 1)(« + 2) 

20-16 P = | 

20-17 F = ~ 23 ^ + 12 Challenge: ^ ~ ^ = v^4 - 

20-18 See solution. 

1 3 

20-19 cr rt = 1 when n = - k 2 + - k, where k = 1, 2, 3, . . . ; a n = 0 

z Z | j 

otherwise Challenge : a n = 1 when n ~ -k 2 + -k, where 
A: = 1, 2, 3, . . . ; n rt = 0 otherwise 
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APPENDIX I Terminating Digits 

For any natural number /i, n 5 td n\ that is, the terminal digit of n 5 is 
the same as that of n itself. 

Proof 

(1) Certainly it is true that 1 5 td 1 . 

(2) Assume that k is the largest value of n for which the theorem is 
true; that is, assume that k 5 td k. 

Then (k + l) 5 = k 5 + 5 k A + 10 k z + 10 k 2 + 5k + 1. 

Whether k is even or odd, the terminating digit of 10A 3 + 10 k 2 is 0. 
Now consider 5k 4 + 5k — 5k(k 3 + 1). If k is even, then the terminat- 
ing digit of 5k(k 3 + 1) is zero. If k is odd, then k 3 is odd and k 3 + 1 
is even. Therefore, the terminating digit of 5k(k 3 + 1) is 0, whether 
k is even or odd. It follows that the terminating digit of (k + l) 5 is 
the same as that of k 5 + 1. But, by assumption k 6 TDk. Therefore, 
(A: + 1) 6 td* + 1. 

(3) We now know that, no matter what the value of k , the theorem is 
true for the successor of k; that is, the theorem is true for all natural 
numbers n, since it is true for k = 1. 

It can also be shown that n Am+l td h, when m — 0, 1 , 2, ... . 


APPENDIX II Remainder and Factor Theorems 

If a polynomial P( x) = x n + c\x n ~ l + * * * + c„_ ix + c n is di- 
vided by x — a until no x appears in the remainder, the remainder has 
the value P(a) — a n + Cja” -1 + • * * + c n . 

For example, if P(x) — x 3 — 2x 2 + 3 is divided by x — 1, the 
remainder is P(l) = 1 — 2 + 3 = 2. 


Appendices 255 


Proof 

P(x) = Q(x)(x — a) + R, by the definition of division; R is a con- 
stant. We have, upon substituting a for x , P(a) — 0 + R; that is, the 
remainder equals P(a). 

If R = 0, the division is exact and jc — a is a factor of P(x). 
Conversely, if x — a is a factor of />(*), then R = 0, and the division 
is exact. 


APPENDIX III 


Maximum Product, Minimum Sum 


Let S = a + 6, where S is a constant and a and b are positive 

( Cl | 2 ^2 

— 2 — ) = *4- • 

Proof 

Since S - a + b 9 b - S — a. P — a(S — a) = Sa — a 2 . 

P = ^ — (a 2 — Sa + ^ — [a — |) 2 . The largest value of 


£ 2 


P , namely — , occurs when a = ^ > and when a = then b = ~ 

a + b\ 2 


Therefore, /’(max) = ^- = 


Let P — ab where P is a constant and a and b are positive numbers. 
Let S = a + b. Then ^(minimum) = 2 Vab = 2 VP. 

Proof 

(Va — V5) 2 >0, . a + b > 2\/ab . The equality sign holds only 
when Va — Vb, and when Va = \/5, then a ~ b. Therefore, 
S = a + b — 2 VP is a minimum when P = a 2 — b 2 , that is, when 
a = b = VP = Vab. 


APPENDIX IV 


Means 


For positive numbers, the harmonic mean (H.M.) < the geometric 
mean (G.M.) < the arithmetic mean (A.M.), where 
H.M. = • +a„-y = _ 


1 h 

Ol 02 


+ — 
On 


G.M. = Va x a 2 * * * a„, 

^ __ 01 + 02 + ‘ * ‘ "h 0» 
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Proof 


(1) Let g = \fa x a 2 '"a n \ then 1 = — * * * » , and 1 = “ 

* * * — • But — + — +••• + — >n (see Lemma below). Therefore 

g g g g 7 

a * + «» . t • • • + «» > g . that is, g.M. < A.M. 

(2) Using this result, we have x / ai a a 2 < ‘" • a„ a < a ‘ + a2 + a '- ■ 

When - < 0, [vai a a 2 * * * tf» a ] a > l a . Take 

s ^ n/~ - ^ far 1 + A2- 1 + • • • + a n -n-i _ . 


a = — 1 ; then \/a x a 2 ’ ’ ’ a n > [“ 


— ]«. Take 
J , so that 


H.M. < G.M. 


lemma: If the product of n positive numbers equals 1, their sum is not 
less than «. The proof by Mathematical Induction follows. 

(1) The theorem is true for n = 2. Since (a x — a 2 ) 2 > 0 ,a x 2 + a 2 2 > 

2aia 2 . Therefore, — + — > 2, since a positive number plus its 

o i j ^ ^ 

reciprocal > 2. Because a\a 2 — 1 ,a 2 = — , and therefore, — + — = 

t ^2 O 1 

“ 2 + Si* 2 - 

(2) Assume a x + a 2 + • • * + a k > k when a x a 2 • • * a k = 1. 

case i: If a x = a 2 — • ■ * = a k = 1, then a x + a 2 + • * • + a* + 
fl*+i = & + L 

case ii : Some of the numbers are greater than 1, and some smaller; 
say a x < 1, a/t+i > 1. Then ba 2 a$ • • * a k - 1 where b - a x a k + x . 
Therefore b + a 2 + a z + * • * + a k > k. But a x + a 2 + * * * + 

&k + tffc+i — (b + a 2 + as + * • * + a k ) + a k +x — b + ai > k + 

— b + a x = k+ \ + ajt+i — b + a x — 1. 

Therefore a x + ci 2 + • ■ • + tf/t+i > (k + 1) + tffc+i — a x ak+i + 

— 1 = (& + 1) + Ofc+i(l — tfi) — (1 — a x ) = (k + 1) + 

(a fc+1 - 1)(1 - a i). 

Since a x < 1 and a k +i > 1, fat+i — 1)0 — ct x ) > 0. 

Therefore a x + a 2 + - - - + a k + tf*+i > k + 1 + a positive num- 
ber > k + 1. 

APPENDIX V Divisibility 

Let N — QnQn-i * * * a x a$ be an integer with n + 1 digits, expressed 
in base 10. Then divisibility can be determined by the following 
theorems: 
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(a) 2 divides TV if 2 divides a 0 . (i.e. TV is exactly divisible by 2 if A 0 is 
exactly divisible by 2.) 

(b) 5 divides TV if a 0 = 0 or a 0 = 5, because multiples of 5 end either 
in 5 or 0. 

(c) 3 divides TV if 3 divides S where S = a n + a rt _! + * * * + a x + a 0 . 

9 divides TV if 9 divides S where S = a n + a n _ x + * * * + a x + a 0 * 

(d) 7 divides TV if 7 divides P where P = (1 * a 0 + 3a i + 2a 2 ) — 

(1 * a$ + 3«4 + 2 a 8 ) + (1 * + 3a7 + 2a 8 ) — * • * 

(e) 1 1 divides TV if 1 1 divides Q where Q = a 0 — a x + a 2 — * ’* * =fc a«. 
Proofs 

(c) Let N — asa 7 a^a 5 a 4 a^a 2 a x aQ t (The proof of the general case 
a n a n - 1 * * * aia 0 is similar.) 

TV = a 8 ( 9 + l) 8 + a 7 (9 + l) 7 + * • * + a x ( 9 + 1) + a 0 . 

Using the expression M,( 9) to mean a multiple of 9, for / = 1, 2, 3, 4, 
5,6, 7, 8, we can rewrite TV as TV = a 8 [M 8 (9) + 1] + a 7 [M 7 ( 9) + 1] + 
* * * + a i [Mi (9) + 1] + a 0 . (See Appendix VI.) 

Therefore N = M( 9) + fl 8 ~b tf 7 + fle ~b #5 #4 + 03 4" ^2 ~b 

a x + ct 0 . Certainly a multiple of 9, M(9), is exactly divisible by 3. 

So whenever S = a 8 + a 7 + • • * + tfi + is exactly divisible by 

3, then 3 divides N . And whenever S is divisible by 9, then 9 divides V. 

(d) Taking TV = a 8 a 7 a 6 * * • a x a 0 . 

V = a 8 (7 + 3) 8 + a 7 ( 7 + 3) 7 + • • • + aj(7 + 3) + a 0 . 

V = a 8 [M 8 (7) + 3 8 ] + a 7 [M 7 (7) + 3 7 ] + • • • + 

(7) + 3] + ao' (See Appendix VI.) 
N = M(7) + 3 8 a 8 + 3 7 a 7 + ■ • • + 3ai + ao- 
Since 3 2 = 7 + 2, 3® = 4 • 7 - 1, 3 4 = 12 • 7 - 3, 3 s = 35 • 7 - 2, 

3® = 104 • 7 + 1, 3 7 = 312 • 7 + 3, 3 8 = 937 • 7 + 2, 

V = M*( 7) + (ao + 3a i + 2a2) — (a 8 + 3a4 + 2 a 8 ) + 

(a 8 + 3a 7 + 2a 8 ). 

Since a proof of this kind can be applied to the general case when 

V = a»a„_i • • • aiao, whenever 7 divides P, 7 divides N. 

(e) Let N = a 8 a 7 a 6 • • • aia 0 . 

N = a 8 (ll - l) 8 + a 7 (ll - l) 7 + • • • + arfll - 1) + a 0 . 

N = a 8 [A/ 8 (ll) + 1] + a 7 [A/ 7 (ll) - 1] + • • • + 

ai[A/i(ll) — 1] + a 0 . (See Appendix VI.) 
N = M( 11) + a 8 — a 7 + a 6 — a 8 + a* — a 8 + — ai + ao. 

Therefore, if 1 1 divides Q, 1 1 divides N. 
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ILLUSTRATION 1: We can test N « 317,142 for divisibility by 7 using 
Theorem (d) or modular division. 

(1) By Theorem (d), we have 

(1 • 2 + 3 * 4 + 2 * 1) - (1 * 7 + 3 * 1 + 2 * 3) = 16 - 16 = 0. 

Since 0 is divisible by 7, 7 divides 317,142. 

(2) Using modular division, we have 

N = 3 * 10 5 + 1 * 10 4 + 7 • 10 3 + 1 • 10 2 + 4 • 10 + 2. 

We use synthetic division, reducing coefficients modulo 7 as we proceed 
with the division. The divisor is 10 — 7, or 3. 

31 / 0/4 2 Ll 

/2 fl 6 0 if.5 

3 3 2 /0 4 /0 

Since the remainder is 0, the division is exact, and 7 must divide N . 

illustration 2: Test N = 41,631 for divisibility by 7, by Theorem 

(d) , and by modular division. 

(1) By Theorem (d) 

(1 • 1 + 3 • 3 + 2 • 6) - (1 • 1 + 3 • 4) = 22 - 13 = 9. 

Since 9 divided by 7 leaves a remainder of 2, 7 does not divide N. 

(2) By modular division, (reducing coefficients modulo 7) 

4 1 6 3 1 ll 

ih M ji ii\ 

4 6 //3 5 2 

Since the remainder is 2, the division is not exact and 7 does not 
divide N . 

illustration 3: Test N = 317,152 for divisibility by II, by Theorem 

(e) , and by modular division. 

(1) By Theorem (e) 

(2 + 1 + 1) - (5 + 7 + 3) = 4 - 15 = -11. 

Therefore, 1 1 must divide N . 

(2) The divisor for modular division is 10 — 1 1, or — 1. 



3 
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17152 I -1 
-3 2 -9 8 -2 

3-2 9-8 ffi 0 

Since the remainder is 0, 11 must divide N. 

illustration 4: Test N = 71,351 for divisibility by 11, by Theorem 
(e), and by modular division. 

(1) Theorem (e) shows that 1 1 does not divide N. 

(1 + 3 + 7) - (5 + 1) = 11 - 6 = 5 

(2) Modular division shows the same result. 

The divisor is 10 — 1 1, or — 1. 

7 13 51 1-1 

-76-94 

7-69-45 

illustration 5: Test N = 24,041 for divisibility by 13, using modular 
division. The divisor is 10 — 13, or —3. 

2 4 0 4 1 Li 

-6 6 -ft -5 3 

2-26 -1 4 

Since the remainder is 4, the division is not exact and 13 does not 
divide 24,041. 

general theorem: A number N , written in base b , is divisible by 
b + 1 if the sum of the odd-numbered digits, less the sum of the 
even-numbered digits, is divisible by b + 1 . The absolute value of the 
difference of the sums is used. 

Specific Case 1 : A number N , written in base 10, is divisible by 1 1 1 0 if 
the sum of the even-numbered digits less the sum of the odd-numbered 
digits is divisible by 1 1 1 0 . 

Specific Case 2: A number N, written in base 9, is divisible by 11 9 if 
the sum of the even-numbered digits less the sum of the odd-numbered 
digits is divisible by 11 9 . 
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Example 1: 52789 1 0 is divisible by 11 10 since 5 + 7 + 9 = 21 1 0 
less 2 + 8 = 10 io equals 11 xo , which is obviously divisible by 11 xo . 
Actually, 52789 10 + 11 10 - 4799 xo . 

Example 2: 718181© is divisible by 11© since 7 + 8 + 8 = 25 9 less 
1 + I + 1 = 3© equals 22 9 , which is divisible by 11 xo . Actually, 
718181 9 ^ 11 9 = 64371 9 . 

Example 3: 18192 x 2 is divisible by 11 X2 since 8 + 9= 15 i 2 less 
1 + 1 + 2 = 4 X2 equals 1 1 1 2 , which is obviously divisible by 11 X2 . 
Actually, 18192 X2 - 5 - 11 X2 — 16720 X2 . 

Proof 

N = a<Jb n + ai b n ~ l + ajb n ~ 2 + • • • + a„_ 2 b 2 + a n - X b + a„ 

N = <*„[(& + 1) - l] n + ad(b + 1) - l] n ~ l + • • • + 

On— l[(b + 1) “ 1] + On 

After expansion we can express N as M x (b + 1) + M 2 (b + 1) + 

* • • + M n _i(b + 1) + R, where M{(b + 1) represents a multiple of 
b + 1, and 


R = cto — a i + a 2 — * • * — a n -i + a n , if n is even, and 
R — — a 0 + a\ — a 2 + * * * — a n + a n> if n is odd. 

N = M(b + 1) + R , where M(b + 1) = M x (b + 1) + 
M 2 (b + 1) + • • ■ + M n _ x (b + 1). 

N is divisible by b + 1, if R is divisible by b + 1. 


APPENDIX VI Binomial Theorem 


If a and b are two real numbers and n is a natural number, then 
(a + b) n = (S) a n b° + (") a"" 1 * 1 + © a n ~ 2 b 2 + • • • + 

© a""*** + • * • + („ - i) + © a ° bn > 

where ( k ) = kl(n - *)! * 


The number of terms in the expansion of (a 4- b) n is n + 1. 
Two terms symmetrically placed with respect to the beginning and end 
of the expansion have equal coefficients. That is, 



illustration: ( a + b ) 4 - a* + 4 a 3 b + 6 a 2 b 2 + 4 ab* + b* 
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APPENDIX VII Miscellaneous 

1. Factors 

(a) Factors of the sum of two cubes 

x s + y 3 = (x + y)(x 2 - xy + y 2 ) 

(b) Factors of the difference of two cubes 
x 3 — y 3 = (x — p)(x 2 + xy + y 2 ) 


2. Summations 

(a) S = 1 + 2 + 3 + • • • + n = | n(n + 1) 

S=l+3 + 5 + -- + 2n-l=n 2 

S = l 2 + 2 2 + 3 2 + • • • + n 2 = (|n)(n + l)(2n + 1) 

S = l 3 + 2 s + 3 s + b n 3 = \ n 2 (n + l) 2 

(b) S = a + (a + d) + (a + 2 d) + * • • + [a + (n — 1 )d] = 

\n[2a + (n - l)rf] 

S = a + ar + ar 2 + • ■ • + ar" -1 = ^ , r ^ 1 

S = a + ar + ar 2 + • • • = , |r| < 1 . 

3. Cramer’s Rule 

The solutions of the system of the linear equations 

a x x + b x y + c x z = d x 
a 2 x + b^y + c 2 z = d 2 
a 2 x + b^y + c 3 z = d 2 

a x b x cj 
ct 2 b 2 c 2 — 

Q% b 2 c 3 

Qib 2 c 2 + 02^3^1 + Q$b x c 2 — a x b z c 2 — ct 2 b x c 2 — &zb 2 c x ^ 0 



d x b x c x 


a x d x ci 


ax &i </i 

D t = 

d 2 b 2 c 2 
d% b$ c 3 

> “ 

#2 ^2 ^2 
Cf 3 </ 3 c 3 

, />, = 

a2 ^2 

fits </ 3 


D x 

are x = — , y = 


D 


z = 


£, 

D 


where D = 
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4. Polygonal Numbers 

We designate the «th r-agonal number by P n r , where n = 1, 2, 
3, . . . and r — 2, 3, 4, ... . 

(a) P„ 2 , the /ith linear number is n = n + ° — - • 

(b) P n 3 , the «th triangular number is ^ 2 ^ = w 4- 1 ~ • 

(c) P n 4 , the wth square number is rt 2 = n + “ * 

(d) P n 5 , the «th pentagonal number is — “ = n + — “ * 

(e) P n 6 , the «th hexagonal number is * ^ 2 ^ = w + ^^ 2 — “ ' 

(f) P n r , the nth r-agonal number is 

n[ 2 + (n- 1 )(r - 2)] , n(r - 2 )(n - 1) 

2 = " + 2 

5. Finite Mathematical Induction 

To prove that a formula or sentence involving one or more variables 
is true for all natural numbers greater than or equal to a given natural 
number, it is sufficient to show that 

(a) the formula holds for the given natural number (usually the 
number I), 

(b) if the formula holds for the natural number k , where k > 1, (or 
the given natural number), it also holds for k + 1 . 

Step (a) is referred to as the verification step. 

Step (b) is referred to as the induction step. 



